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Suggested  Time  Schedule 


Following  Is  a  suggested  schedule  for  teaching  the  chapters 
of  this  text.    This  schedule  Is  based  on  Information  obtained  from 
the  centers  where  Intermediate  Mathematics  was  taught  experi- 
mentally during  the  1959-60  academic  year.     Strict  adherence  to 
this  schedule  Is  not  recommended.    Teachers  should  feel  free  to 
modify  It  In  accordance  with  the  background  and  ability  level 
of  each  class. 

Number 
Of  Weeks 


Chapter    1  Number  Systems  4-5 

Chapter    2  Introduction  to  Coordinate  Geometry  2 

Chapter    3  Functions  2 

Chapter    4  Quadratic  Functions  and  Quadratic  Equations  2 

Chapter    5  Complex  Numbers  3 

Chapter    6  Coordinate  Geometty  -  Straight  Lines  and 

Conic  Sections  2 

■  Chapter    7  Systems  of  Equations  In  Two  Variables  2 

Chapter    8  Systems  of  Equations  In  Three  Variables  2 

Chapter    9  Logarithms  and  Exponents  k 

Chapter  10  Introduction  to  Trigonometry  3-4 

Chapter  11  Vectors  3 

Chapter  12  Polar  Form  of  Complex  Numbers  2 

Chapter  13  Sequences  and  Series  2 

Chapter  14  Permutations  and  Combinations  2 

Chapter  15  Algebraic  Structures      ( Supplementally ) 
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Commentary  for  Teachers 
Chapter  1 


NUMBER  SYSTEMS 

1-0.    General  Observations. 

Chapter  1  is  devoted  to  a  careful  study  of  the  number  systems 
of  elementary  algebra.     (Chapter  15  is  an  introduction  to  some  of 
the  corresponding  systems  of  higher  algebra.) 

Scientists  often  speak  of  mathematics  as  a  "language,"  and 
their  point  of  view  is  certainly  justified  by  the  way  they  use 
mathematics.    However,  there  is  an  implication  here  that  they  are 
the  "poets"  while  mathematicians  are  the  "grammarians."    This  im- 
plication is  not  very  generous,  for  there  is  little  similarity  in 
the  aims  of  grammarians  and  mathematicians.    If  we  may  say  that 
the  grammarian  analyzes  statements,  breaking  them  down  for  purposes 
of  classification,  vre  may  say  on  the  other  hand  that  the  mathe- 
maticians' aim  is  to  show  the  relationships  between  statements 
and  in  particular  their  logical  dependence  on  each  other.  Mathe- 
matics is  concerned  with  inferences— the  processes  of  drawing 
conclusions  from  given  statements.    Thus  mathematicians  are  con- 
cerned with  collections  of  statements  and  the  "structure"  of  such 
collections,  rather  than  the  "structure"  of  individual  utterances. 

Students  are  introduced  to  geometry  organized  as  a  mathema- 
tical, or  deductive,  system,   so  they  have  some  familiarity  with 
the  mathematical  approach.     In  Chapter  1  we  organize  our  knowledge 
of  the  familiar  number  systems  along  similar  lines.     Some  of  the 
advantages  of  this  organization  are  indicated  on  pages    1    and  2 
of  the  text  and  need  not  be  repeated  here. 
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The  basis  of  this  organization  is  the  Euclidean  method  of 
postulates,  theorems,  and  proofs.     There  is  nothing  'modern'  about 
this  method;  what  is^  'modern'  is  the  appreciation  of  its  v/ide 
range  of  applicability  and  the  recognition  of  its  power-  Studying 
geometry,  a  student  sees  how  tidy  the  subject  becomes,  and  how 
tightly  knit  our  knowledge  of  it  is  when  it  is  organized  this  way. 
He  sees  that  by  setting  down  relatively  few  assertions  as 
postulates  and  by  using  some  common  sense  and  ingenuity  we  can 
derive  from  these  postulates  the  other  assertions  which  go  to 
make  up  the  body  of  geometrical  knowledge.    However,  what  he  is 
not  as  likely  to  see  in  a  first  course  in  geometry  is  that 
Euclid's  ideas  on  organizing  the  subject  have  a  significance  far 
beyond  the  fact  that  they  enable  us  to  detect  a  logical  structure 
in  a  single  body  of  knov/iedge.     Their  value  is  enhanced 
tremendously  when  we  use  them  as  a  basis  for  the  "comparative 
anatomy"  of  mathematical  systems. 

The  comparative  anatomy  of  different  geometries  is  something 
beyond  the  experience  of  most  students,  for  they  have  seen  only 
one  geometrical  system.     On  the  other  hand,  they  are  already 
familiar  with  several  different  number  systems.     Thus,  once 
these  systems  are  organized  along  Euclid's  lines,  a  study  of 
their  comparative  anatomy  is  possible  and  appropriate.  Moreover, 
the  problems  encountered  in  organizing  our  knowledge  of  the 
simpler  numerical  systems  (the  natural  numbers,  the  integers,  and 
the  rationals)  are  much  less  involved  than  the  logical  problems 
encountered  in  casting  geometry  in  deductive  form^    For  this 
reason  algebra  may  well  be  a  better  vehicle  for  presenting 
Euclid's  ideas  than  geometryl 

Why  should  we  study  comparative  anatomy  anyway?    We  have 
several  reasons-    We  want  to  consolidate  and  reinforce  our 
knowledge  of  the  familiar ^ number  systems.    We  want  to  bring  out 
as  clearly  as  possible  their  similarities  and  differences.  And 
we  also  want  to  study  tv/o  number  systems  not  so  familiar  and 
considerably  more  complicated  than  the  more  familiar  ones. 
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(They  are  the  real  number  system  and  the  complex  number  system.) 
The  main  thing  all  these  systems  have  in  common  is  their  logical 
structure.     The  *numbers^  involved  in  them  are  quite  different. 
Shifting  cur  attention  from  the  numbers  themselves  to  the  structure 
of  the  systems,  we  find  that,  to  a  considerable  extent,  in  t>^ 
various  systems  we  are  saying  much  the  same  things  but  say: 
about  different  things.     It  is  this  similarity  which  makes 
real*  and  complex  number  systems  fit  more  comfortably  into  our 
thinking  about  numbers. 

We  therefore  start  by  "backing  up"  to  the  very  beginning  of 
our  knowledge  about  numbers  and  have  a  good  deal  to  say  about 
counting  and  other  ideas  which  the  students  first  met  as  far  back 
as  first  grade.     Many  of  the  things  we  discuss  are  often  called 
"obvious"--meaning  apparently  that  they  are  thoroughly  familiar. 
What  we  do  here  with  such  things  is  generally  anything  but 
obvious.     Two  statements  may  be  obvious;  for  example, 

a(b  +  c)  =  ab  +  ac    and    a  •  0=0; 

but  that  one  of  them  follows  from  the  other,  or  that  we  can^t 
prove  one  of  them  without  using  the  other;  these  statements  are 
certainly  not  obvious  in  the  same  aense  that  the  formulas  them- 
selves are  "obvious". 


It  will  be  noticed  that  there  is  not  a  single  picture  in 
Chapter  1,  not  even  a  "number-line".     This  is  no  accident;  it  is' 
quite  intentional.     One  of  our  objectives  is  to  present  the  real 
number  system  in  such  a  way  that  there  may  be  no  reservations 
about  using  it  as  a  basis  for  geometry^-as  is  done,  for  example. 
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in  the  SMSG  Tenth  Grade  Course.     By  emphasizing  that  our  discussion 
of  the  real  numbers  is  based  entirely  on  arithmetical  considerations, 
we  demonstrate  that  there  is  no  possibility  of  logical  circularity 
when  it  is  used  in  geometry.    There  have  been  many  presentations 
of  the  real  number  system  using  the  "number-line"  for  purposes  of 
illustration  of  mar^y  of  its  important  properties.     In  some  of 
these  presentations  it  may  not  be  absolutely  clear  to  the  students 
that  such  illustrations  are  not  central  to  the  presentation,  that 
they  are  merely  asides  or  aids.    Vie  are  confident  that  no  such 
misinterpretations  can  occur  reading  Chapter  1. 

Prom  time  to  time  in  this  Commentary  we  suggest  places  where 
such  illustrations  may  contribute  to  class  discussion  and  help  to 
clarify  matters.    The  fact  that  they  are  irrelevant  for  our 
proofs  in  Chapter  1  is  what  is  important. 

There  are  many  ways  a  class  can  study  Chapter  1.    We  do  not 
think  that  any  class  should  spend  more  than  5  weeks  on  it  and 
that  most  classes  should  soend  h  or  fewer. 

Students  who  have  been  through  the  SMSG  Ninth  Grade  Course 
and  have  a  thorough  understanding  of  the  real  number  system  and 
the  solution  of  inequalities  may  find  it  possible  to  skip  from 
Section  1-1  directly  to  Section  1-8,  with  only  a  brief  review 
of  the  basic  properties  of  the  rational  number  system  listed  on 
pages  63, 

Students  without  this  preparation  may  pursue  a  variety  of 
routes.    The  chapter  is  written  in  such  a  way  that  a  class  with 
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relat^-vely  v/eak  preparation  and  slight  interest  in  fine  points  can 
skip  through  the  first  10  sections  (1-1  to  I-IO),  reading  perhaps 
only  the  summaries  of  each  number  system  (at  the  ends  of  Sections 
1-3,  1-5,  1-7,  1-9),  and  then  settle  down  to  the  review  of 
radicals,  factoring  and  the  manipulation  of  rational  expressions 
in  Sections  1-10,  1-11,  1-12.     This  is  one  extreme,  which  should 
take  approximately  4  weeks. 

The  other  extreme  is  to  take  the  whole  thing  lly  ana 

in  detail.     A  class  with  strong  preparation  and  :    ..rea  of 
interest  might  be  able  to  cover  everything  in  5  v/c 

Between  these  two  extremes  is  a  whole  spectrum  of  possi- 
bilities.   By  the  time  a  class  hits  the  second  or  third  set  of 
exercises  in  Section  1-2,  the  teacher  should  have  fair  ideas  of 
what  his  students  can  take  and  how  much  he  can  get  them  to 
absorb.     Depending  on  reactions  by  this  time,  or  at  any  later 
time,  adjustments  can  be  made  in  plans.    For  instance,  instead 
of  taking  each  proof  to  bits,  after  the  first  couple  of  sections 
a  class  could  just  read  the  definitions  and  theorems,  illustrate 
them  with  numerical  examples,  omit  all  problems  calling  for 
proofs,  and  go  on  to  the  next  nunb^r  system.     Even  this  way,  the 
class  ought  to  get  a  better-than-average  picture  of  number  ^ 
systems  and  their  organizatipn  and  be  prepared  for  the  work  in 
later  chapters,  which  makes  few  demands  on  the  specific  proof- 
techniques  presented  in  Chapter  1.     If  later,  a  class  finds  it 
needs  a  better  f oundation--f or  instance,  in  Inequalities^-lt  is 
always  possible  to  go  back  and  get  it.     There  is  Tiuch  to  be  said 
for  the  point  of  view  that  a  demonstrated  need  for  some  skill  or 
piece  of  knowledge  adds  to  one's  appreciation  of  it  and  to  his 
motivation  in  studying  It. 

V/e  do  feel,  however,  that  many  students--and  most  of  all, 
teachers--will  have  sufficient  Interest,  curiosity,  and  drive  to 
want  to  cover  everything  in  this  uhapter.     If  we  had  not  thought 
so,  we  wouldn't  have  written  it. 
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1-1.     Introduction . 

The  first  page-and-a-half  is  devoted  to  telling  the  student, 
in  language  we  think  he  can  understand,  some  of  the  things  we  have 
said  in  this  commentary  under  the  heading  "General  Observations." 

The  remainder  of  Section  1-1  is  devoted  to  a  discussion  of 
statements  having  the  form  "If    A  ,  then    B  ."    We  give  examples 
of  such  statements,  discuss  their  converses,  and  say  how  we  shall 
use  the  expression  "only  if."    The  last  point  is  quite  important 
for  "only  if"  is  used  repeatedly  throughout  this  book  and  in 
nearly  every  piece  of  mathematical  writing  in  the  English  language. 
Its  meaning  seems  to  be  something  students  must  he  told;  whether 
mathematical  use  of  "only  if"  conforms  to  that  in  conversational 
English  is  a  disputed  question. 

We  resist  the  temptation  to  go  into  any  real  questions  of 
logic— although  an  excellent  case  may  be  made  for  presenting  a 
good  deal  of  symbolic  logic  at  this  level -icr  w.^  have  so  many 
other  things  we  must  get  on  to.  We  don't  ven  tt-y  to  say  ^hat 
"if  ...  then  ..."  means,  although  we  do  i^c  a-as^  it  in  several 
ways.  We  rely  on  the  student's  past  experLencR  with  statements 
having  this  form  and  take  it  that  he  has  tuiderstanding"  of 

them.    We  believe  that  this  understanding  ^-r: :     "se  strengthened  by 
making  him  think  about  such  statements  in  vhe  ^^xiarcises. 


The  Exercises  are  q-lte  "formal"  in  t'ciB  s^npe  that  the  mean- 
ings of  the  statements  to  be  reworded  are  •■  nrele: >^-int  as  far  as  the 
problem  of  rewording  them  is  concerned.  fv-r  example,  the 

converse  of 

Hottentots  are  polytheists  only  ..  eristentialism 
Is  nominalistic 

is  obtained  by  deleting  the  word  "only"j  a  J  thx.-  fact  has  nothing 
whatever  to  do  with  the  meaning  of  the  enti        t  -tement  (if  it  has 
any),  or  any  of  the  words  in  it  (ej^cept  f ":-ai.ly"  and  "lf"--of 
course),  or  whether  either  the  original  statemeni  or  its  converse 
is  "true." 

17 


8 


Ansv/ers  to  Exercises 

Exercises  1-la: 

1.  (a)     If    y    is  greater  than    x  ,  then    x  +  3  =  y  . 

(b)  If  a  natural  number  is  a  multiple  of  2  ,  then  it  is  even, 

(c)  X  =  1    if    x^  =  1  . 

(d)  If    X    is  less  than    z  ,  then    x    is  less  than    y  . 

(e)  If    "If    B  ,  then    .A  "  is  the  converse  of    "If    A  ,  then' 
B  "  ,  then     "If    A  ,  then    B  "  is  the  converse  of  "If 

B  ,  then    A  "  . 

2.  (a)     If    X  +  z  =  y  +  z  ,  then    x  =  y  ,  and,  if    x  z=  y  , 

then-  X  -f  z  =  y  -f  z  . 

(b)  If    y  -  1  =  X  ,  then    x  +  1  =  y  ,  and,  if    x  +  1  =  y  , 
then  y  -  1  =  X  . 

(c)  If    X  =  3  ,  then    2x  +  1  =  7  ,  and,  if    2x  .^  1  =  7, 
then  X  =  3  . 

O  ''^ 

(d)  If    X  or    y    is  zero,  then     (x  +  y)"^  =  x    -^Y^ ,  and, 

2        2  2 
if    X    -f  y    =  (x  -f  y)     ,  then    x    or    y    is  zero, 

(e)  If    "If    B  ,  then  A  "  is  true,  then  the  converse  of 
"If    A  ,  then    B  is  true,  and,  if  the  converse  of 
"If    A  ;  then    B  "  is  true,  then     "If    B  ,  then    A'  " 
is  true. 
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'^^^  System  of  Natural  Numbers, 

In  this  section  we  collect  a  list  of  properties  of  the 
natural  number  aystem.     Our  attitude  is  that,  to  a  greater  or 
lesser  extent,  these  properties  are  ones  which  the  student  has 
encountered  before.    For  some  classes  a  considerable  amount  of 
review  will  be  required  here. 

Some  students  may  never  have  seen  these  properties  stated  as 
general  propositions  before,  although  they  will  have  used  particu- 
lar instances  in  arithmetical  work.     For  them  It  will  be  necessary  - 
to  have  some  class  discussion  of  "symbols",  the  meaning  of 
""arbitrary",  and--in  general--a  review  of  the  differences  between 
algebra  and  arithmetic.     (in  arithmetic  we  deal  with  given  numbers 
and  ai'e  concerned  v/ith  calculations;  in  algebra  we  deal  with 
arbitrary  symbols  and  are  concerned  with  derivations--with  proving 
formulas  and  solving  equations.) 

For  other  students,  a  larp-e  part  of  the  section  will  itself 
be  review.     For  them,  the  biGL:    t  task  will  be  putting  the  names 
to  the  various  properties  and  o^tting  them  all  clearly  in  mind  to 
prepare  for  what  is  coming  in  later  sections. 

The  first  page  (bottom  of  k  and  top  of  5)  is  extremely  informal 
and  carefree.     We  mer^ely  set  the  stage  and  introduce  some  of  the 
actors.     There  is  no  real  plot,  except  for  the  word  "closed." 
The  words  "subtraction"  and  "division"  appear  here,  but  they  are 
really  out  of  place  from  a  logical  point  of  view.     They  are 
mentioned  merely  to  emphasize  that  "closure"  Is  an  important 
notion;   that  one  makes  a  significant  assertion  when  he  says  such-and- 
such  a  system  is  closed  under  such-and-such  an  operation.  Sub- 
traction v;lll  be  introduced  formally  on  page  24,  division  on 
page  48;  until  then  they  play  no  official  part  whatever  in  our 
considerations,  except  that  we  have  to  learn  to  live  without  them 
in  the  meantime. 
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On  pages  5  and  6  we  refer  to  the  "relation"  equality  and  the 
"operations'^  addition  and  multiplication.     These  words  require 
careful  interpretation  if  their  use  is  to  be  understood.  The 
relations  we  consider  (equality,  order)  and  the  algebraic  oper- 
ations we  work  with  (the  so-called  rational  operations)  are  binary.. 
This  means  two  symbols  are  involved:     a=b,     aj«^b,  a<b, 
a>b;a  +  b,a-b,a-b,'|.     The  grammatical  result  of 
compounding  a  pair  of  symbols  with  the  sign  for  a  relation  between 
tbem  is  tn  f'-^^-i  a  statement-    Thus    a  =  b,a?^b,a<b  and 
a  >  b    are  each  statements;  they  assert  something  about  numbers 
(or  more  precisely  about  letters  representing  numbers).     On  the 
other  hand,  the  grammatical  statxis  of  the  result  of  compounding 
a  pair  of  symbols  with  the  sign  for  an  operation  between  them  is 
that  of  a  noun.     Thus    a+b,a-b,a.b,-|    are  "expressions" 
for  certain  numbers  (or  more  precisely  become  so  if  the  letters 
are  replaced  by  numerals).    A  mathematical  expression  is  Just  a 
more  or  less  complicated  noun.     It  is  never  a  statement  as  a 
formula  always  is. 

In  Exercise  1.2b,  Part  2,  the  student  is  asked  to  supply 
some  proofs.     Generally  speaking,  throughout  this  book  we  offer 
a  model--usually  called  an  Example — in  the  text  before  we  ask 
the  student  to  undertake  any  activity  on  his  own.     In  this  case 
we  deliberately  failed  to  offer  such  a  model.    Our  reasons  for 
this  are  as  follows. 

There  are  many  ways  to  write  out  proofs  using  the  basic 
properties  presented  on  pages  6  and  7-     Such  ways  range  from  the 
the  completely  detailed--giving  a  reason  every  time  we  do  any 
thing  at  all--to  the  completely  sketchy-.e.g. ,  dispatching 
Exercise  l-2b,  2(a)  with  the  words  "commutativity,  distributivity" . 
In  the  "Answer"  section  of  the  Commentary  the  proofs  will  be 
given  in  considerable  detail,  but  for  class  work  some  middle 
course  seems  the  most  desirable. 


[pages .5-7] 
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One  question  that  will  undoubtedly  come  up  is  whether 
students  may  use  their  familiar  "substitution  principle  (or  axiom)" 
equals^  may  be  substituted  for  equals.    The  answer  is  an  emphatic 
"YES"  .     Since  it  is  so  easy  to  show  that  this  principle  is  a 
theorem  in  our  systems,  we  suggest  that  it  be  proved  in  clasn  to 
prr  camp ' ^  of  a  very  detailed  proof.     This  principle  is 

auiiimui'ized  by  the  following  three  theorems: 

Theorem  1:     If    a  =  b  ,  a  =  c  ,  and    b  =  d  ,  then     c  =  d  . 
Theorem  2:     If    a  +  b  =  c    and    a  =  d  ,  then    d  +  b  =  c  . 
Theorem  3:     II    ab  =  c    and    a  =  d  ,  then    db  =  c  . 


Proof 

of  Theorem  1: 

1. 

a  =  c 

[Hyi:. 

h. 

c 

b 

^  • 

c  =  a 

[E..  (Symm); 

1)  5. 

b 

d 

3. 

a  =  b 

[Hyp. 

6. 

c 

d 

Q.E.D. 

Proof 

of  Theorem  2: 

1. 

a  +  b 

=  c'  [Hyp. 

h. 

a 

b 

2. 

c  =  a 

+  b  [E.a) 

5. 

c 

d  + 

3. 

a  ='d 

[Hyp. 

6. 

d 

+ 

b  =: 

[Ej^  (Trans);  2),  3) 
[Hyp. 

[Ej^  (Trans.);  ^),5) 


[£353) 

[Ei^;  2), 4) 
[£3,5) 


Q.E.D. 


Proof  of  Theorem  3:  Same  as  proof  of  Theorem  2,  writing  a 
dot  for  each  plus  and  citing  in  place  of  . 
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These  three  theorems  are  almost  obvic 

If  the  class  wants  to  see  more  proofs  like  ti.eSc    lie  teacher 
can  work  Exercise  l-2b,3  in  class,     (These  theorems  are  useful 
variants  of  the  substitution  principle,)     If  they  had  no  trouble 
following  the  previous  arguments,  Exercise  l-2b,3--or  only  one  of 
its  parts--may  be  assigned  as  homework. 

The  important  thing,  however,  is  that  the  students  should  feel 
free  to  use  the  substitution  axioms  whenever  they  wish  in  all 
later  proofs  without  filling  in  the  details.     (This  is  the  essence 
of  Hardy* s . remarks. ) 


"There  is  a  certain  ambiguity  in  this  phrase  which  the  reader  will 
do  well  to  notice.    When  one  says  «such  and  such  a  theorem  is 
almost  obvious •  one  may  mean  one  or  other  of  two  things.     One  may 
mean  »it  is  difficult  to  doubt  the  truth  of  the  theorem',  »the 
theorem  is  buch  as  common  sense  instinctively  accepts*,  as  it 
accepts,  for  example,  the  truth  of  the  propositions  *2  +  2  =  4« 
or  *the  base-angles  of  an  isosceles  triangles  are  equal*.    That  a 
theorem  is  *  obvious*  in  this  sense  does  not  prove  that  it  is  true, 
since  the  most  confident  of  the  intuitive  Judgments  of  common 
sense  are  often  found  to  be  mistaken;  and  even  if  the  theorem  is 
true,  the  fact  that  it  is  also  *  obvious*  is  no  reason  for  not 
proving  it,  if  a  proof  can  be  found.     The  object  of  mathematics  is 
to  prove  that  certain  premises  imply  certain  conclusions;  and  the 
fact  that  the  conclusions  may  be  a3  *  obvious*  as  the  premises  never 
detracts  from  the  necessity,  and  often  not  even  from  the  interest 
of  the  proof. 

"But  sometimes  (as  for  example  here)  we  mean  by  *this  is  almost 
obvious*  something  quite  different  from  this.    We  mean  *a  moment's 
reflection  should  not  only  convince  the  reader  of  the  truth  of  what 
is  stated,  but  should  also  suggest  to  him  the  general  lines  of  a 
rigorous  proof*.     And  often,  when  a  statement  is  *  obvious*  in  this 
sense,  one  may  well  omit  the  proof,  not  because  the  proof  is  un- 
necessary, but  because  it  is  a  waste  of  time  to  state  in  detail 
what  the  reader  can  easily  supply  for  himself. 

"The  substance  of  these  remarks  was  suggested  to  me  many  years  ago 
by  Prof.  Littlewood." 

This  footnote  appears  on  Page  130  of  the  American  Reprint  of 
the  Eighth  Edition  (19^3)  of  G.  H.  Hardy*s    A  Course  of  Pure 
Mathematics.  Cambridge  University  Press  and  The  Macmillan  Company. 
It  is  quoted  with  the  permission  of  The  Macmillan  Company,  New  York:. 

[page  7] 
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As  an  example  of  their  use,  the  teacher  may  work  Exercise  l-2b, 
2(a)     in  class  as  a  model  for  the  other  proofs  requested  in 
Exercise  l-2b,2  . 

(x  +  y)z  =  xz  +  yz 


Proof: 


1.  z(x  +  y)  .=  zx  +  zy  [D 

2.  (x  +  y)z  =  xz  +  yz  [Subst.  (Mg) 


Our  first  "public"  proof,  on  Page  9,  is  quite  sketchy-.-con- 
sidering  the  detail  we  couLd  have  supplied — but  it  is  not  so 
sketchy  the  omitted  details  cannot  be  inserted  easily.     Our  real 
interest  is  in  the  consequences  of  the    A,M,D,£  properties. 
Their  significance  would  be  less  apparent  if  we  always  buried  them 
among  a  mass  of  detail  which  can  well  be  omitted  if  it  is  '^almost 
obvious"  anyway.    We  expect  the  student  to  react  to  our  proofs  by 
feeling  that  we  could  supply  all  the  details  if  someone  insisted. 
We  think  he  should  write  his  proofs  the  same  way;  and  we  hope  he 
feels  that  he  could  also  supply  such  details,  although  we  shall 
not  insist  that  he  do. 


Answers  to  Exercises 

Exercises  l"2a: 

1.  Addition  and  multiplication. 

2.  Addition  and  multiplication. 

3.  Multiplication • 
U.  None. 

5.  Multiplication  and  division,  assuming  that    ^    is  not  defined. 

6.  Addition  and  multiplication. 
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Exercises  l-2b; 

1,  (a)  (Commutativity)  (d)  U  (Distributivity) 

(b)  D      (Distributivity)  (e)  D  (Distributivity) 

(c)  M3    (Associativity)  (f)  A^  (Associativity) 

Note  that  parts    e    and  f    involve  use  of  different  names 

for  a  number  (7  •  5  =  35  and    2+3=5)^  which  is  the 
relation  of  equality  rather  than  a  property  of  the  natural 
numbers. 

2.  (a)     (x  +  y)z  =  z(x  +  y)  [Comm. 

=  zx  +  zy  [Dist. 

=  xz  +  yz  [Comm. 

Note:     This  proves  the  "right  hand"  distributive  property. 

It  may  be  used  to  make  proofs  shorter  in  later  work. 

(b)  X  +  xy  =  1  .  X  +  xy      [Mult.  Iden. 

=  X  •  1  +  xy  [Comm. 
=  x(l  +  y)  [Dist. 

(c)  :'.[y  +  (w  +  z)]  =  x[  (y  +  w)  +  z]  [Assoc. 

=  x(y  +  w)  +  xz  [Dist. 
An  alternate  method  would  be  to  use    D*    three  times. 

(d)  X  +  (y  +  z)  =  (z  +  y)  +  xz  [Hypothesis 

=  (y  +  z)  +  xz  [Comm. 
=  xz  +  (y  +  z)  [Comm. 
therefore  x  =  xz  [Cancellation 
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3.     a  -  b    and    c  =  d  [Hypothesis 

a  4-  c  =  b  +  c    and    b  +  c  =  b  +  d  [E^  (Addition) 

a  +  c  -r  b  +  d  [Ei^  (Transitive) 

a  =  b    and    c  =  d  '  [Hypothesis 
ac  =  be    and    be  =  bd  [Eg  (Multlplleatlon) 

ae  =  bd  [E^^  (Transitive) 

Exerelses  l"2e; 
1.     (a)     5p(3      r)  =  5p  .  -3  +  5p  •  r  [Dlst. 

=  3(5p)  +  5(p  •  r)  [Comm.,  Assoe. 

=  (3  •  5)p  +  5pr  [Assoe.,  Def. 

=  15p  +  5pr 

(b)  (2x  +  3)(x  +  4)  =  (2x  +  3)  •  X  +  (2x  +  3)   •  4  [Dlst. 

=  2x  •  X  4-  3x  4-  4  •  2x  +  4  •  3  [Dlst.,Comm, 
=  2x^  4-  3x  4-  8x  4-  12        [Assoe.,  Def. 
=  2x^  4-  (3  4-  8)x  4-  12  [Dlst. 
=  2x^  4-  llx  4-  12 

(c)  (y  4-  l)(y  4-  1)  =  (y  4-  1)  •  y  4-  (y  4-  1)  •  1  [Dlst. 

=  y*y  +  l»y4-y*l4-l«l  [Dlst. 
=        4-  y  4-  y  4-  1  [Def.,  Mult.  Iden. 

=  y^  4-  2y  4-  1  [Def. 

(d)  2m(m  4-  n  4-  3)  =  2m  •  m  4-  2m  •  n  4-  2m  •  3 

=  2(m  •  m)  4-  2mn  4-  3(2m) 


2m^  4-  2mn  4-  (3  •  2) 
2m    4-  2mn  4-  6m 


m 
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(e)     (x  +  l)(x  +  y  +  2) 

=  (x  +  1)  •  X  +  (x  +  1)  .  y  +  (x  +  1)  .2  [Dlst. 
=x-x+l«x+x.y+l  .y+x-2+1-2  [Dlst. 
=  x^  +  X  +  xy  +  y  +  2x  +  2                 [MUlt.  Iden.,  Comm.,  Def. 

=x^+xy+x+2x+2+y  [Comm. 

=x^+xy+l  •  x+2  .  x+y+2  [Mult.  Iden. 

=  x^  +  xy  +  (1  +  2)x  +  y  +  2  [Dlst. 
=  x^  +  xy  +  3x  +  y  +  2 

2.     (a)     (a  +  b  +  c)  +  d  =  [(a  +  b)  +  c]  +  d  [Def. 

=  (a  +  b)  +  (c  +  d)  [Assoc. 

(b)  (a  +  b)(c  +  d)  =  (a  +  b)  .  c  +  (a  +  b)  .  d  [Dlst. 

=  ac  +  be  +  ad  +  bd  [Dlst. 

=  ac  +  ad  +  be  +  bd  [Comm. 

(c)  (px  +  q)(r'x  +  t) 

=  (px  +  q)   •  rx '+  (px  +  q)t  [Dlst. 

=  px(r'x)  +  q(r'x)  +  (px)t  +  qt  [Dlst. 

=  r>x(px)  +  q(r>x)  +  t(px)  +  tq  [Comm. 

=  rx(xp)  +  q(r'x)  +  (tp)x  +  qt           [Comm.,  Assoc. 

=  (rx  .  x)p  +  (qr')x  +  (pt)x  +  qt      [Assoc.,  Comm. 

=  p(r'X  )  +  (qr  +  pt)x  +  qt      [Comm.,  Dlst.,  Def.,  Assoc. 

=  prx^  +  (qr  +  pt)x  +  qt                         •  [Def. 

=  prx^  +  (pt  +  qr')x  +  qt  [Comm. 

(d)  a(b  +  c  +  d)  =  a[(b  +  c)  +  d]  C^ef. 

=  a(b  +  c)  +  ad  [Dlst. 

=  (ab  +  ac)  +  ad  [Dlst. 

=  ab  +  ac  +  ad  [Def. 

[page  10]  , 
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(e)  a(bcd)  =  a[(bc)dj 
=  [a(bc)]d 
=  [(ab)c]d 
-  (ab)(cd) 

(a)  . +  2xy  =  x  •  4  +  x  •  2y 

=  x(4  +  2y) 

(b)  2(4u  +  1)  +  3(4u  +  1)  =  (2  +  3)(4u  +  l) 

=  5(^u  +  1) 

(c)  m(p  +  q)  +  m(p  +  q)  =  (m  +  m) (p  +  q) 


(d) 


[Def . 
[Assoc . 
[Assoc . 
[Assoc. 
[Comm.,  Assoc. 

[Dist. 
[Dist. 

[Dist. 


=  (m  •  1  +  m  •  l) (p  +  q)     [Mult.  Iden. 


[Dist. 
[Comm. 


=  m(l  +  l)(p  +  q) 
=  2m(p  +  q) 
An  alternate  sequence  would  be: 

m(p  +  q)  +  m(p  +  q)  =  2[m(p  +  q) ] 

=  2m(p  +  q) 
using  the  agreement  that      x  +  x  =  2x  . 
(2x  +  l)(x  +1)  +  (1  +  2x)(l  +  x) 
=  (2x  +  l}(x  +  1)  +  (2x  +  l)(x  +  1) 
=  2[(2x  +  l)(x  +  1) J 
=  2(2x  +  l)(x  +  1) 
An  even  natural  number  has  the  general  form  2a 
may  represent  any  natural  number.  Since 

(2a)2  =  (2a)  (2a.) 
=  4a2 
=  2(2a2)  , 

and    2a    is  a  natural  number  by         (Closure),  then  (2a) 


[Comm. 
[Def. 

[Def* 
where  a 


is  even. 


27 
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i3.    An  odd  natural  number  has  the  general  form    (2a  -f-  l)  ,  where 

a  may  represent  any  natural  number.  Since 

(2a  -h  1)^  -  (2a  +  l)(2a  +  l) 

=  Ha'-  +  i|a  +  1 

=:  2(2a^  +  2a)  +  1  , 

and    (2a^  +  2a)  is  a  natural  number  by  (Closure)  and 

A^^  (Closure),  then     (2a  +  l)'^  is  odd. 

6.  Representing  the  product  as    2a(2b  +  l)  ===  4ab  +  2a  =  2(2ab  +  a)  , 
then  the  product  is  even  since     (2ab  -fa)     is  a  natural  number. 

7.  Any  two  digit  number  ending  in    5    can  be  represented  in  the 
decimal  system  as    10a  -f  5    v/here    a    represents  the  first 
digit  on  the  left.  Since 

(10a  +  5)^  =  lOOa^  +  100a  +  25 
=  100a(a  +  1)  +  5"  , 
then    a(a  +  l)  provides  the  first  digit  or  digits  on  the  left, 
v/ith  the  100  factor  fixing  their  position,  and  the    5''  pro- 
vides the  last  two  digits. 

Exerclaeg  l-2d; 

1.  X  +2=3+2 

X  =  3  [Cancellation  -  Add. 

2.  No  solution  in    N  ,  since  there  is  no  natural  number  z  such 
that    1  =  z  +  3  . 

3.  y  •  3  =  2  .  3  [Comm. 

y  =  2  [Cancellation  -  Mult. 

28 
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4.  2u  +  5  =  2  5 

2u  =  2  [Cancellation  -  Add. 

u  •  2  =  1  •  2  [Comm. ,  Mult.  Iden. 

u  =  1  [Cancellation  -  Mult. 

5.  2u  +  1  =  3  +  1 

2u  =  3 

No  solution  in  N  ,  since  there  is  no  natural  number  u  such 
that    2u  =  3  . 

6.  3p  -f  4  =  p  +  4  [Comm. 

3p  =  p  [Cancellation  -  Add. 

•  No  solution  in    N  ,  since  there  is  no  natural  number    p  such 
that    3p  =  p  . 

7.  2w  -f  1  =  3w  -f  ^  [Comm. 

=  3w  -f  (3  -f  1) 
=  (3w  -f  3)  -f  1  [Assoc. 
2w  =  3w  -f  3  [Cancellation  -  Add. 

No  solution  in    N  . 


8.     3m  -f  1  =  2m  -f  (3  -f  1) 

=  (2m  -f  3)  -f  1  [Assoc. 

3m  =  2m  -f  3  [Cancellation  -  Add. 

m  +  2m  ^  3  -f  2m  [Comm. 

m  =  3  [Cancellation  -  Add. 


1-3.    Order  in  the  Natural  Number  System. 

In  Section  1-3  we  begin  our  study  of  inequalities.  (This 
study  continues  in  Sections  1-5,  1-7,  1-9-)    We  observe  that  the 
counting  process  arranges  the  natural  numbers  in  a  definite  order 

29 
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and  we    a?    our  order  relation  on  tr^  r::ition  of  precedence  pro- 
vided b2  "  -    counting  process.     We  '^z±e  -^he  order  relation  to  the 
additic:       -^ration  in    N    using  the  rTl±:erion:     For    a,,  b    i:n  N 

f 

i  <  b        If  and  only  if        '  tliere  is  a  *  'Huch 

it    a  +  c  =  0. 

This  -rab.^e^j  iS  to    -  iuce    Og^O^.O]^  .rA>15>£>£-  We  ct 

dedu-t        Pro.  i  E^  A,M,J,C.  ( V/e  faz.1   .    r'^^  -  Ion  this  in  the  ^axt. 
That  i,r  prove  it  follows  iro:..  ~       fact  that  there  exist 

systems  .^.-i       ying  all  of  the  properties  of  I, 

and  ever  :.ving  none  of  the  0  proper   ies.    Examples  of  such 

systems  are    iie  so-called  "modular  s^rst -ms".) 

We  pe^  ^n  our  study  of  the  solutic  .  of  inequalities  :  :i 
pages  15-1  J  where  we  discuss  the  cance.  .at ion  properties  and 
their  converses  and  consider  the  problu.n  of  "checks".     At  the 
bottom  of  page  l8  and  the  top  of  page  19>  we  solve  our  first 
inequalities . 

V/e  close  Section  1-3  by  completing  the  list  of  "basic 
properties"  for    N    and  summarize  the  results  of  Sections 
•1-2, 1-3.    

We  state  the  Archimedian  and  Well  Order  properties,  because 
they  are  needed  for  a  complete  list  of  "basic  properties"  as  we 
explained  that  expression  on  page  11.    We  shall  have  no  occasion 
to, use  either  of  them  in  our  work.    The  Archimedian  property 
holds  for  all  the  number  systems  in  Chapter  1.    Because  of  this 
we  state  it  as  a  property  for    N,  although  in    N    we  could  drop 
it  or  prove  it  from  the  V/ell  Order  property.     (The  Well  Order 
property  holds  for  none  of  the  other  systems.) 

The  importance  of  property  0^  (Archimedes)  for  all  of  our 
systems  rests  on  the  fact  that  any  number  system  without  this 
property  is  inadequate  for  problems  of  "measurement."     0^^  asserts 
that  any  "length"     b    can  be  "measured"  by  any  given  "length"  a. 
Thus  we  know  that  a  yardstick  (of  length    a  =  3  feet)  can  be 
used  to  measure  a  mile  (b  =  528O  feet)  by  putting  it  dawn  some 
number    n    of  times,  where    Jia  >  b.     If  our  numbers  did  not  have 
this  property,  there  would  be  some  length  N  (a  mile  or  perhaps 
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a  light-year,  or  some  greater  distance)  k 
df^termined  as  some  multiple  of  a  yard.  Si 
a^e  not  even  ordered,  they  are  certainly   .  ,>( 
r^nus  they  are  useless  for  questions  of  me^.c^.u 
n:hey  may  not  help  surveyors  or  astronomers, 
people  with  other  kinds  of  problems.) 

On  a  more  elementary  level,  the  Archimeijl-.n  rrrpperty  is  what 


ij:3uZ>j    ot  be 

rtocu-  j.r  systems 
fv.i:'crlir::3dian  ordered" 
nii»j  Although 
•ey  d.  e    useful  to 


/ic<-      ;  subtracting 
x-rge,3t  multiple 
■ni  ^tiultiple  of  the 
n  j:)r:.cedure  would 


saakes  the  long  division  algorithm  work.  We 
::miltiples  of  the  divisor.     CXir  quotient  is 

the  divisor  not  exceeding  the  dividend, 
''divisor"  exceeded  the  dividend,  this  subtr: 
fail  in  a  dismal  way  to  produce  any  quotient  . 

How  do  we  prove  0^  from  Og  in  N?  Ti?f 
ciple  implies  that  no  element  of  N  is  less 
£f    a  /  1    and    a    is  in    N,  we  have    a  >  1 

gives  ab  >  b.  Thus  b  itself  is  such  a: 
But  if  a  =  1,  then  a(b  +  l)  >  b  and  b  +  1 
requirement  on  n. 

The  well  order  property,     Og(N),  provides  trJ-ie  Logical  Justifi- 
cation for  the  method  of  "mathematical  inductilc^n/'    The  principle 
of  mathematical  induction  may  be  expressed  as  follows: 


.rder  prin- 
Therefore, 
But  then 


d3 


0^  demands. 

_f:ills  the 


If 


^1'  ^2' 


n 


is  a  sequence  Tf  statements 


and  if  the  following  statements  are  txoie: 


(i) 
(il) 


^1 
If 


''m-l^ 


then  S 


m 


(the  latter  being  true  for  each  nature^.!  nrmn-ar  m 
greater  than    l),  then  every  one  of  the  given  state- 
ments 

Sg,    • • • ,  , . . 

is  true. 

We  may  deduce  this  principle  from  the  well  order  property  as 
follows.    Suppose,,  contrary  to  our  desired  coricluHlon,  that  at 
least  one  of  the  statements 


is  not  true. 


»->2^     2,^    •  * '  f     n'   *  *  * 

We  are  to  force  a  contradiction  from  this  supposi- 
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ticn  in  conjunction  with  our  hyp^cheaes.     Consider  the  set  of 
natural  numbers    n    having  the  property  that  is  false.  Our 

supposition  tells  us  this  set  contains  one  or  more  members •  From 
the  well  order  property  we  conclude  that  this  set  has  a  minimal 
member,  say    m.    Then  is  true  for    k    less  than    m,  but 

itself  is  false.     Surely    m    canr-)t  be    1,  for  hypothesis    ( i) 
stiates  that  is  true.     Since    m  >  1,     we  know  that    S^^^  is 

trni-e.     Our  second  hypothesis,     (ii),  tells  us  that    S^    must  be 
tirrie  since  both 

^m^l 

and  If    S^^i,  then 

true.    This  is  our  contradition,  for  by  the  definition  of  m, 
we  know  that    S^^  is  false.    Thus  we  must  reject  our  supposition 
and  conclude  that  every  one  of  the  statements 

^1'  ^2'   •  •  •  ^  ^n'   *  *  * 

is  true.  Q.E.D. 

We  have  shown  that  the  principle  of  mathematical  induction 
is  a  consequence  of  the  well  order  property.     Conversely,  the  well 
order  property  is  a  consequence  of  the  principle  of  mathematical 
induction,     (cf.    Birkhoff  and  Mac  Lane,  A  Survey  of  Modern 
Algebra.)    These  two  principles  are  therefore  logically  equivalent 
neither  tells  us  any  more  about  the  natural  numbers  than  the  other 
does.     Peano,  In  his  postulational  development  of  the  natural  num- 
ber system^  takes  the  principle  of  mathematical  induction  as  one 
of  his  postulates.     Here  we  have  chosen  instead  the  well  order 
property,  since  it  seems  to  be  easier  to  grasp  on  first  reading 
than  the  principle  of  ma-Lhematical  induction.     We  do  not  explicit- 
ly use  either  of  these  principles  in  this  book  (except  for  the 
proof  of  Theorem  15-7t),  although  detailed  proofs  for  many  of  the 
results  in  chapters  2  3  and  1^  would  require  one  or  the  other  of 
them.     (The  statements  made  in  Section  1-2  on  page  8  and  at  the 
top  of  page  9  also  conceal  ^'inductions.") 
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?  ■  operties    0^,  Og(N)    are  presented  in  the  text  fc-  cwo 
reason:! :     (i)     they  complete  the  izst  of  Joasic  properties  and 
hence  distinguish    N    from  the  otl:er  ayatems    I,  Q,        C  con- 
sidered in  this  book/(ii)     they  p-rovlde  a  basis  (Tor  the  3tudent;.2:« 
future  study  of  niathematics .    We  c:  not  :::elieve  the  teacher  neec 
empha.E.l2e  them  beyond  pointing  out  -hese  facts.    Certainly  their 
mastej?y  at  this  stage  is  unnecessazr;  it;  Is  their  existence  whic±i 
is  significant. 

Answers  to  E:s:erc±se-3 

Exercises  l-3a: 


1. 

f  1, 

2,  3,  4  ). 

2. 

2  + 

4  =  6.. 

3. 

(a) 

2  <  6. 

(b) 

3  <  5. 

(c) 

a  <  3a. 

(d) 

1  +  a  <  2  + 

a. 

b  <  c. 

(r. 

a  <  e. 

k. 

(-) 

X  ^  4. 

(b) 

5  <  X  <  7. 

(c) 

4  <  y. 

(d) 

m  n. 

(e) 

3  ^  X  ^  5- 

5. 

03- 

Statement: 

If 

there  is  a    d    in    N    such  that    a  +  d  =  ii 

then 

there  is  an 

e 

in    N    such  that    (a+c)-i-e  =  b  +  c. 

Proof:     Since    a+d  =  b,  (a+d)+c=^b  +  c.  I^ow 
(a  +  d)  +  c  =  a  +  (d  +  c)  =  a  +  (c  —  d)  =  (a  +  c)  +  d 
/.(a  +  -c)  +  d  =  b  +  c 
Thus    a  +  c  <  b  +  c    because  we  ±iave  found  a  ::ii2iber    e  =  d 
which  added  to    a  +  c    gives    b  -f  c. 
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0^(N):     If  there  is       d     '.i    N    such  that    a  +  d  -=  b-,  then 

there  is  a-    e    in    M    sue;-.  -Sna-    ac  +  e  =  be.  Since 

a  +  d  =  b,     then    (-  +  d)c  =  ffc    and    ac  +  dc  =  be. 

Then    e  =  -c,  where    dc    Is  In         by  the  closurs  ^^.-operty 

for  multli__±catlon. 

X  <  z    fro':  tran3it-_vity  ci  eca—lB  and  ths  order  "  Inltion. 


Exercises  l-3b: 

1.     (a)     If    a  +  b  =  c,     then      a  -  b)  +  b  =  c  +  b    axri  by  the 
deflation  for  order,    a  -!-  b  <  c  +  b. 

(b)  If    £(b  +  c)  =  d,     then    a..  +  ac  =  d.    Since    ac  Is 
N,     then    ab  <  d. 

(c)  If    a  <  b    and  c  <  d,  then  there  axe  natural  numbers 
e    and  f    such  that    a  +  e  =  b    and    c  +,f  =  ^. 
Then    (a  +  e)  +  ( c  +  f )  =  b  ^  d,  and 

(a  +  c)  +  (e  +  f)  =  b  +  d    by  use  of  Commutlvlty  and 
Associativity  for  addi-tlon.    Since    (e  +  f)     in  N, 
then    a  +  c  <  b  +  d .    An  alternate  proof  can  be  made 
using  Transitivity  and  the  £3  property. 

(d)  Trichotomy  provides  -Jraree  cases;     (i)    a  <  b, 
(il)     b  <  a,     (iii-)    a  =  b.    If    a  <  b,  tiien 

ac  <  be    by    Oj^W   ^hich  contraiilcts  the  jiypothesls 
ac  =  be.    Simllarl^-^.  case  (ii)  cantradSiSE  the 
hypothesis,     so    a  b. 

(e)  If    a+c<b"a,  trien  there  ±s  3.  na^'^ra^  number  d 
such  that    (a  +  a)  ^  d  =  b  +  c.    3y  -ase  a-  Associativity 
artd     C-^,     a.    t  =  "      sJin:  a.  <  b. 

(f)  Trichotomy  pros? fdes -^sse  cases-  a- =  b^or    b  <  a, 
tiien    ac  =  be    or       <  sc    for    c    In    N.    3i-fch  of  these 
concluaiois  contiscirrt:  trhe  hyps3Q3ss.es,  ao    a.  <  b. 

(a)  m  =  1.  -d)    X  =  i. 

(b)  p  =  1.  0:^2)    y  -  J.,  .2,  3,  or 

(c)  X  =  1.  tf)    x=2,  3.,  ^,  or3„ 
Since    a  <  b  <  c    if  andrroaly  if    a  <  b    and  b  <  c=,,  use  OC^^. 

■jL'j.-i 
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Exercises  l-3c; 

1.  1  <  2  and  3-1  >  2. 

2.  10. 

3.  (a)    M^.       (b)     E^.       (c)     A^.       (d)    D.       (e)  Og. 

(f)    M3.       (s)     0^.       (h)    E^.       (1)     Ag.     (J)  3^. 

(k)    E^.      (1)  (m)    E^.      (n)     0^  (N). 

(o) 

4.  Suppose    p    is  a  solution.    T^n    p  +  2      2    and  from  the 
d-finition  for    a  <  b    it  fol2jDws  that    p  <  2.  But 

t:r±s  contradicts    0^  (Trichotcmiy ) . 


1-4,     The  System  of  Integers , 

In  Section  1-4  vje  discuss  the  integers.    Just  ss  in 
Section  1-2  where  we  first  discuss  the  elements  of    N,  we:  do  not 
say  wJbat  these  numbers  are.    We  take  that  as    known."    We  feel 
that  for  us  to  attempt  any  description  of  the  niomfepa  in  our 
various  systems,  or  to  discuss  their  "existence,"  ^ould  b^vcioud 
the  d±scussion  completely.    Throughout  this  chapter,  we  see  our 
aim  as  being  the  organization,  in  a  J:Diclcal  pattern-,  cf  properties 
of  the  various  sets  .of  numbers  with  wh-::cn  the  studsiit  is  .familiar 
and  some  (at  least)  of  whose  properties  he  already  ^iiows.  It 
is  not  our  Job  to  convince  the  student  that  "his"  mnnbsrs  hav.e 
the  basic  properties  -  _he  has  to  grant  that,  m  %t       djo  do  - 
and  it  is  a  prettj  ambitious  project  by  d:tsel:\  -  is  -^rry  to  con- 
vince him  that  the  rest  of  the  propeirties  XoO.ow  as  theorems. 
3:ome-or  these  "der-lv^ed"  properties  he -alreadir  .^^lowa,*  of  course, 
but  -whsrirher  or  ncm  he  does  is  irrelevant  becau^:ie  wb  prove  them.. 

This  attitude  is  not  new  to  the  :3±xident.  It  la  precisely 
the  attitude  in  geometry,  where  the  most  '*basic^*  words  (point, 
line,  plane)  are  not  defined;  the  only  attributes  the  geometer 
requires  of  whatever  they  name  is  that  the  :; postulates  be 
satisfied.  One  niay  put  the  same  interpretation  on  our  sets  of 
basic  properties:  that  our  lists  of  ba&^^c  prop^rtties  axe  all  we 
need  know  about  the  various  sets  of  mantoe^^  they  des.crlbe*  This 
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is  a  possible  attitude,  and  it  is  the  one  we  adopt  here;  but  it 
would  be  misleading  to  imply  that  no  other  alternative  is 
available. 

It  is  possible  ^.o  begin  with  the  natural  numbers  as  given, 
and  from  them  to  construct^  successively,  each  of  the  other  nun?^ 
ber  systems.    Such  programs  are  carried  out  in  Landau «s 
Foundations  of  Analysis^  Thurston «s  The  Number  Sy^±em,  Kershner 
and  Wilcox's  Anatomy  of  Mathematics^  and  other  bccrics*  This 
program  has  been  summarized  by  the  great  nineteeinn;ti-century 
German  mathematician  Leopold  Kronecker  in  the  epigram  "God  made 
the  integers,  the  rest  is  man's  work,"     Since  Ifenirsckex's  time, 
man  has  presumed  to  "make"  even  the  natural  nunibHz^.    How  this 
may  be  done  is  described,  for  example,  in  Elements  of  Algebra, 

by  Howard  Levi. 

We  "create"  no  numbers  *at  all  here.    We  merely  '"obs^erve" 
them  and  arrange  their  properties  in  a  logical  h^srai-chy: 
"basic"  properties,  and  theorems. 

Thug  on  page  24,  we  simply  state  that    I    has  properties 
(  Additive  Identity)  aiM3    A^    (Svbtractlon) . 

Having    A^,  we  de£ine  the  difference  of  two  Infcegers  or: 
page  24,  and  on  page  25  introduce  the  abbreviation    -a    foi?  G-^. 
Wi-th  these  items  at  our  disposal  we  undertake  our  f l:rat:  seid:ais 
sequence  of  proofs.    We  show  how  all  iihe  "usual"  jjroBsrtie^it!  of 
additive  inverses  follow  f rom  A^,  A3  aTid  the  :prapB.rr=Hes  we 
Inherited  from  N. 

The  proofs  we  give  for    a*0  «  0    and  all  the  usual  "laws  af 
signs"  are  by  no  means  the  only  ones  we.  could  have  selected. 
Each  teacher  has  ^s  own  favorite  way  of  proving  these  thlnss  snd 
we 'feel  we  cannot  be  too  emphatic  in  encouraging  him- to  present 
alternate  proofs  to  his  class.    Two  proofs         aO^Mmys  better  tsEj-i 
one.    More  than  Just  twice  as  good  In  fact,  fer  nhBr  ne^ig  tw -.t-s 
the  result  in  question  to  diverse  complexes  C3f  ^eas,  thus  re- 
vealing logical  relationships  otherwise  unnolriced. 

The  proofs  we  present  in  Section  1-4  are ^11  variations  x£ 
ithe  idea  that  whenever  two  expressions  satia:^  axi  equation  :hav±a^ 
only  one  solution,  they  are  equal".    This  is  the.  Idea  of 
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"uniqueness,"  or  "unicity,"    This  notion  is  one  of  the  most  im- 
portant in  all  of  mathematics:     two  ntimbers  have  one  and  only 
one  sum,  product,  etc.    Such  and  such  a  differential  equation  is 
^satisfied  by  precisely  one  function  meeting  certain  initial  or 
boundary  conditions.    Each  non-negative  real  number  has  one  and 
only  one  non-negative  square  root.    Each  positive  real  number  has 
one  and  only  one  common  logarithm.    Indeed  any  function  assigns 
one  and  only  ono  element  of  its  range  to  each  element  of  its 
domain.     (See  Chapter  3.) 

Answers  to  Exercises 

Exercises  1-^a: 

-m. 

-(-p)  =  P 

-(b  ~  a)  or  (a  -  b) 


1.  (a) 

-2. 

(d) 

(b) 

-(-5)  =  5. 

(e) 

(c) 

-0  or  0. 

(f) 

2.  (a) 

Definition  l-4b. 

(b) 

Aj^  (Additive  Identity) 

(c) 

Definition  l-4a- 

(d) 

Theorem  1-il-a. 

(e) 

Corollary  l-4a. 

3.  A  counter  example,     5  -  3      3  -  5j  proves  that  subtraction 
is  not  commutative  for  a,  b  in  I,     Perhaps  question  could  be 
rai.sed  whether  subtraction  is  ever  commutative  to  emphasize 
properties  of  zero,  1-e.,    a  -  b  =  b  -  a    if    a  =  b. 

4.  A  counter  example,     (5-3)-27^5-(3-2),  proves  that 
subtraction  is  not  associative  for  a,  b,  c  in  I,    An  exten- 
sion of  this  would  be  to  determine  conditions  under  which 
subtraction  is  associative  in  I. 

5.  If    -X  =  -y,     then    x  =  y. 

Proof;     If  -X  =  -y,     then    -x  +  y  =  -y  +  y  by 

and       -X  +  y  =  0.  Hence,  y      -(-x)  or    y  =  x. 


If    X  =  y,  then    -x  =  -y. 

Proof:     If    X  =  y,  then    x+(-x)  =  y+(-x)  and 

0  =  y+(-x).    Prom  this,  -x=  -y. 
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6.  If  a  +  0  =  a  for  a  in  I,  then  0  +  0  =  0.  Also,  if 
a  +  X  =  0,  then  x  =  -a.  Using  0+0  =  0  as  a  form  of 
a  +  X  =  0,  then    0  =  -0. 

7.  Suppose    a    in  I,    a      0.     If    a  =  -a,  then  a  +  (-a)  =  0  by 
Definition  l-4b,  or    (-a)  +  a  =  0.    Since    a  =  -a  by 
hypothesis,    -a  +  (-a)  =  0    and  -a  =  -(-a).    But  this  con- 
tradicts Theorem  l-4a,    a  =  -(-r.),  so    a      -a    for    a  ji  0 
and  a    in    I.    Prom  number  6  above,     0  =  0,  so    0    is  the 
only  integer  which  is  its  own  additive  inverse. 

8.  Suppose    a    in    N    and    -a    in    N.    Since    a+(-a)  =  0  and 
the  system  of  natural  numbers  is  closed  under  addition,  then 
zero  is  a  natural  number.    But  zero  is  not  a  natural  number, 
so  the  additive  inverse  of  a  natural  niomber  cannot  be  a 
natural  number. 


Exercises  l-4b: 

1.    (a)    1  +  (-2)  =  1  -  [-(-2)]  [Th.  l-4a,c 

=1-2  '  [Th.  l-4a 

=  _i  [Def.  1-^a 

(b)  12  -  (-4)  =  12  +  [-(-4)]  [Th.  l-4c 

=12+4  [Th.  l-4a 
=  16 

(c)  (.8)  -  (-7)  =  (-8)  +  [-(-7)]      [Th.  l-4c 

=  (-8)  +  7  [Th.  l-4a 

_       (_8)  [Comm. 

=7-8  [Th.  l-kc 

=  _i  [Def. 

(d)  (-5)  +7=7+  (-5)  [Comm. 

=  7-5  [Th.  l-4c 

=  2  [Def.  l-^SL 

(e)  (-M-(5)  =  -  (^-5)  [Th.  l-^f 

=  -20  oo 

(f)  (-2). (-7)  =  (2-7)  ^  [Th. 

=  14 
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(g)  3(a  +  2)  -  4(a  +  2)  =  3(a  +  2)  +   [-.4(a  +  2)]      [Th.  l-4e 

=  [3  +  (-4)]  (a  +  2)  [Dlst. 

=  (3  -  4)  (a  +  2)  [Th,  l-4c  , 

=.  (-1)  (a  +  2)  [Def.  l-4a 

=  -(a  +  2)  [Th,  1-ke,  Connn, 

(h)  -5  (6)(-3)  =  [-5(6)]  (-3)  [Def. 

=  [-(5-6)]  (-3)  [Th.  l-4f 

=  (30)  (3)  [Th.  l-4g 

(i)  »^(5a)(0)  =  l4?^)]  (0)  [Def. 

=  4[(5a)(0)]  [Aasoc. 

=4(0)  [Th.  l-4b 

=0  [Th.  l-4b 

(J)    -(2a-3)  +  4(3-2a)  =  (3-2a)  +  4(3-2a)  [Def.  l-4b 

=  (3-2a).l  +  (3-2a).4  [Mult.  Iden.  and 

Comm. 

=  (3-2a)  (1+4)  [Dl3t. 
=  5(3-2a)  [Coram. 

2.    (a)    -(x  "  y)  =  -l(x  -  y)  [Th.  r-4e,  and  Comm. 

=  -l[x  +  (-y)]  [Th.  l-4c 
=  (-l)x  +  (-l)(-y)[Dl8t. 

=  -X  +  y  [ Th. 1-4 e, Comm., Th.l-4g, and  Mult. Iden. 

=  y  -  X  [Th.  l-4c.  Comm. 

(b)  (-x)  +  (-y)  =  -l(x)  +  (-l)(y)        [Th.  l-4e.  Comm. 

=  -l(x  +  y)  [Dlst. 

=  (x  +  y)  (-1)  [Comm. 

=  -(x  +  y)  [Th.  l-4e 

(c)  (-x)y  =  [(x)(-l)]y  [Th.  l-4e 

=  (x)  [(-l)y]  [Assoc. 

=  (x)  [y(-l)]  [Comm. 

=  [(x)  y]  (-1)  [Assoc. 

=  -  xy  [Th.  l-4e 

(d)  (-x)(-y)  =  [x(-l)](-y)  [Th..  l-4e 

=  x[(-l)(-y)]  [Assoc. 

=  x[(-y)(-l)i;'  [Comm. 

=  xy  [Th.  l-4e,  Th.  l-4a 
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3.  a(b  -  c)  =  a[b  +  (-c)  ] 

=  ab  +  a(-c) 
=  ab  «  ac 

4.  (a)    5x  -  3  =  12 

[5x  +  (-3) ]  +  3  =  x2  +  3 
5x  +  [(-3)  -f  3]  =  15 
5x  +  0  =  15 
5x  =  5-3 
X.5  =  3-5 
X  =  3 

(b)    3y  +  4  =  2y  -  l8 

(3y+4)  +  (-4)  =  [2y4-(-l8)]  +  (-^1 
3y  +  [4+(-4)]  =  2y+[(-l8)+(-4)] 
3y  +  0  =  2y  +  (-22) 
3y  +  (-2y)  -  [2y+(-22)]  +  (-2y) 
3y  +  (-2)y  =  [(-22)+2y]  + 
y[3+(-2)]  =  -22  +  [2y+(-2y)] 
y  =  -22 


iTh.  l-4c 
[Dlat;. 

[Th.  l-4c,Conun.,Th.l-4f 
[Th.  l-4c  and 


[Add.  Inverse 
[Add.  Iden. 
iConim. 

[Th.  l-il-c  and  E^^ 
[Assoc, 

[Add.lJiv.  and  Th.l-.4d 

lTi3.1-4f  and  Comm. 
[Comm. , Dlat. ,  and  Assoc. 
[..Th..  1-4 c,  Add.  Inv., 
axed  Add.  Iden. 


(c)  3m  -  2(7-2m)  =  21 
3m  +  (-2[7  +  (-2m)])  =  21 
3m  +  [-2(7)  +  (-2) (-2m)]  =  Zl 
3m  +  [-14  +  4m]  =  21 
3m  +  [4m  +  (-14)  ]  =  21 
[3m  +  4m]  +  (-14)  =  21 
7m  +  [(-14)  +  14]  =  21  +  14 
7m  =  35 
m.7  =  5*7 
m  =  5« 

(d)  2(6z+  2)  +  3  =  12  -  3(2z  -  l) 
(1  z  +  4)  -f  3  =  12  +  (-3[2z  +  i'-l)]3 
Iz  +  (4+3)  =  12  +  [-3(2z)  +  (-3)(-i 
Iz  +  7  =  12  +  (-6s  +  3) 

Iz  +  7  =  12  +  [3  ^  (-6z)]' 

Iz  +  7  =  (12  -h  3.3  +  (-6z) 

12Z  +  [7  +  (-T)l  =  (-6z)  +  [15^  (-7)] 

[page  31] 

40 


)] 


ERIC 


(d)  (continued) 

122  -  (-62)  +  8 

122  +  62  «  [8  +  (-62) ]  +  62 

2(12  +  6)  =  8  +  [  (  -  62)  +  62] 

182-8+0 

No  solution  In  I  since  there  Is  no    2    In    I  such 
that    182  a  8. 

(e)  X  +  (-1)  «  X  +  (-2) 

[x  +  (-1)]  +  1  «  [x  +  (-2)]  -f  1 
X  +  [(--1)  +  1]  «  X  +  [(-2)  +  Ij 

X  a  X  +  (-1) 
X  »  X  «  1 

No  solution  In    I    since  there  Is  no    x    In    I  such 

X  a  X   -  1 

(f)  100  (p  +  4)  +  lip  «  iiip  +  400 
lOOp  +  400  +  IIP  «  lllp  +  400 
lOOp  +  lip  +  400  =  lllp  +  400 
lllp  «  lllp 

All  values  of    p    In    I    will  satisfy  this  equation, 
ac  a  be    If    -(ac)  =»  -  (be) 
Proof;    -(ac)  «  -  (be) 

(ac)(«l)  «  bc(«l)         [Th.  l~4e 
ac  «  be  [Cg 

ac  «  be    only  If    -(ac)  »  -(be) 
Proof;    ac  »  be 

(ac)  (-1)  -  (be)  (-1)  [Eg  (Mult.) 

-  (ac  a  -  (be)  [Th.  l-4e.  Mult.  Iden. 

There  are  eight  possible  cases  for    a,  b,  c    to  be  natural 
numbers  or  not.    Of  these,  only  four  will  have    ac  »  be 
and    Q  f(  0. 

Case  (1),    0  <  a,  0  <  b,  and  0  <  e.    If    ac  «  be, 

then    a  =  b    by    Cg(N) . 
Case  (11).  a  <  0,  b  <  0,  and  c  <  0.    Then    0  <  ac  and 

0  <  be.    If    ac  «  be,  then    a  «  b  by  C2(N), 
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Caae  (ill).    0  <  a,  0  <  b,  and    c  <  0.    Then    ac  <  0 
and  be  <  0,  30  0  <  -  ac    and    0  <  -  be 
and    a  =1  b    by  ^2^^^  preliminary 
Theorem  proved. 

Case  (iv).      a  <  0,  b  <  0,  and  0  <  e.    Then    ae  <  0 

and    be  <  0,  so  same  argument  as  Case  (ill) 


1^5»    Order  of  the  Integers . 

In  this  seetlon  we  continue  our  study  of  Ineqxialltles . 
First  we  must  extend  the  definition  of  the  relation    <  from 
the  "subsystem"    N    to  the  entire  system  I. 

Theorem  l-5a,  page  32,  permits  us  to  do  this  (Definition 
l-5a)  without  changing  the  wording  we  had  In    N.    However  antici- 
pating the  next  extension  to  all  of    Q    (the  rational  nxamber- 
system),  we  Introduce  the  terms  "positive,"  "negative"  and  reword 
our  first  definition  (l-5a),  calling  It  a  "second"  definition 
(l-Sc).    It  Is  the  latter  form  which  we  shall  carry  over  to  Q 
In  Section  1-7.    This  procedure  has  a  slight  pedagogical  dis- 
advantage, perhaps  In  that  It  seems  to  provide  two  definitions 
for  the  same  thing.    If  this  should  bother  any  of  the  students 
point  out  that  the  first  (Def.  l-5a)  Is  really  the  official  one 
here,  the  one  we  actually  use  In  Section  l-5j  and  that  the  other 
(Def.  l-5c)  may  be  Interpreted  as  a  " criterion"  for    a  <  b 
which  we  shall  need  later. 

Next  we  have  three  theorems  on  the  products  of  positive 
and/or  negative  numbers.    In  proving  them  we  use  the  "law  of  signs 
theorems  (Theorems  l-4f,  l-4g)  In  our  arguments.    It  should  be 
clear,  however,  that  Theorems  l-Sc,  1-5^3  are  not  the  same  as 
Theorems  l-.4f,  l-4g  as  the  former  are  concerned  with  order  and 
the  notions  "positive,"  "negative"  while  the  latter  have  nothing 
whatever  to  do  with  any  of  these  Ideas.    Theorems  l-4f  and  l-4g 
are  valid  results  In  any  "ring"  (i.e.,  any  system  with  the 
E,A,M,D    Properties  of  I)  whether  or  not  It  has  any  kind  of 
"order  relation."     On  the  other  hand  Theorems  l-5b,  l-5c,  l-5d 
are  theorems  about  an  order  relation. 

42 

[pages  31-33] 


33 


Using  these  theorems,  properties    0^,  0^,  0^,  (l) 
follow  easily.    Note  here,  that  this  time  we  can  prove  ^-j^, 
although  we  couldn't  .prove  it  in    N.     (See  Commentary  on  Section 
1-3.)  '  The  reason  we  can  prove  .it  now  is  to  be  found  in  the  fact 
that    I    contains  the  subsystem  N    which  has  the  following  three 
properties: 

(i)    For  any    a    in    I,  if    a      0,  then  either    a  is 
in    N,  or    -a    is  in  N 
(ii)    For    a,  b    in    N,     a  +  b    is  in  N 
(iii)    For    a,  b    in    N,     ab  is  in  N. 
(Property  (i)  is  Corollary  l-.4a;     (ii)  and  (iii)  are,  respectively. 

Any  ring  containing  a  subset  having  the  properties  (i),  (ii), 
(iii)  written  above  for    N    also  has  "our"  four  order  properties 
— 1'— 2'-^3'-^*         ^^^^^  have  adopted  (i),  (ii),  (iii)  as  our  basic 
order  properties  instead  of  ^^.'-^g^-Ss^-Sl^  which  would  then  be 
theorems.    This  is  done,  for  instance,  by  Birkhoff  and  Maclane 
in  their  Survey  of  Modern  Algebra  and  by  Stabler  in  his 
Introduction  to  Mathematical  Thought.    We  feel  the  saving  to  be 
gained  by  having  3  basic  properties  instead  of  4  is  more  than 
offset  by  the  fact  that  we  are  able  to  throw  the  entire  theory 
of  order  back  on  the  counting  process,  which  is  -  after  all  - 
a  notion  more  familiar  to  students  than  the  idea  of  the  "exist- 
ence of  a  set  of  positive  elements." 

On  pages  35  and  36,  we  formulate  the  cancellation  properties 
for  order  in    I.    We  give  none  of  the  proofs  because  we  believe 
that  these  results  will  not  startle  any  of  the  students  after 
what  they've  been  through  already.    Any  student  who  is  really 
interested  in  seeing  some  proofs  for  the  assertions  on  these 
pages  can  construct  his  own.     If  he  can't,  then  he  ought  to  go 
back  and  study  t.he  proofs  for  the  cancellation  properties  in  N. 
He  can't  possibly  lose  if  he  tries:     he  stands  to  profit  either 
viay. 

We  close  Section  1-5  with  a  discussion  of  "absolute-  value" 
and,  on  page  38,  we  solve  an  inequality  involving  absolute 
values.    Students  should  be  en^cfouraged  to  draw  number-lines 
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in  connection  with  Example  1-5,  page  38,  and  Exercise  l-5b,  2. 
^They  help  to  keep  the  cases  straight.    For  instance,  in 
Example  1-5  in  case  (i)  we  find    -1  ^  x  ^  1: 


-3  -2-10  I 

(The  "dots''  represent  elements  of  the  solution  set) 
In  case  (ii)  we  find    -3      x  -1: 

 •  •  1  1  1  

-3  -2-1  0  1 

Since  the  pair  of  cases  (i)    0      x  +  1,  (ii)    x  +  1  <  0 
represent  alternatives^  the  solution  set  of  the  inequality  is 
the  "union"  of  these  two  sets: 


-3  -2-10  I 

(This  device  will  prove  even  more  useful  in  Section  1-7.) 

Answers  to  Exercises 

Exercises  l."-5a: 

1.  (a)    -2  <  1.  (d)    -X  <  X. 

(b)  ^8  <  -7.  (e)    X  -  y  <  y  -  x. 

(c)  -2  <  0.  (f)    2x  <  -3x. 

2.  (a)     If    X  <  y    and    y  <  z  ,  then  there  are    a,  b    in  N 

such  that    X  +  a  =  y    and    y  +  b  =*  z. 

Since    y  =  z  -  b,  then    x  +  a^z-b  or 

X  +  (a  +  b)  =  z,  and    x  <  z    since    (a  +  b)  is  in  N. 

(b)  If    X  <  y,  then  there  is  an    a    in    N    such  that 
X  +  a  =  y.    Then    (x  +  a)  +  zoy+z 

or  (x  +  z)  +  a  =  y  +  z,  and  x  +  z  <  y  +  z. 

(c)  If    X  <  0    and  y  <  0,     then    0  <  -y    and  by  0^^ 
(Multiplication),     x(-y)  <  0(-y). 

Hence,     -xy  <  0    or    0  <  xy. 

(d)  If    y  <  0    and    0  <  x,     then  by  0^,    y  <  x    or    x  >  y. 

(e)  If    X  <  y,     then    x+(-z)  <  y+(-z)  by  0^. 
Hence,  x-z<y-z. 
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(f)  If    X  <       then    x+(-.x)  <    y+(-x)    and    0  <  y  -  x 
or    y  -  X  >  0. 

(g)  If    -X  <  0,  then  -x  +  x  <  0  +  x    or    0  <  x. 

If    0  <  X,  then    0  +  (-x)  <  x  +  (-x)     or  -x  <  0. 

(h)  If    X  <  0,  then    x  +  (-x)  <  0  +  (-x)     or    0  <  -x. 
If    0  <  -X,  then    0  +  x  <  -x  +  x    or    x  <  0. 

(i)  If    xy  <  yw,  then    xy  +  [-(xy)]  <  yw  +  [-(xy)]  or 

0  <       +  [(-x)y].    By  use  of  Commutivity  and  Distribu- 
tion,    0  <  y  [w  +  (-x)  ]    or    0  <  y  (w  -  x) . 
( j)     If    X  <  y    and    w  >  z,     then  there  are    a,  b  in  N 
such  that    X  +  a  =  y    and    z  +  b  =  w. 
Hence,  (x+a)  +  ( -v?)  =  y  +  ( -w) 

[x+(-w)]  +  a  =  y  +  [-(z+b)] 

(x-w)  +  a  =  y  +  [(-z)  +  (-b)  ] 
=  (y-z)  +  (-b) 

(x-w)  +  a  +  b  =  (y-z)  +  (-b)  +  b 

(x-w)  +  (a+b)  =  y  -  z 
By  the  definition  of  order  in    I,      x-w  <  y-z. 


Exercises 

l-5b: 

1. 

(a) 

m  <  3,  30  the  solution  set  is  (1,2]. 

(b) 

m  <  3,  so    (...-2,  -1,  0,  1,  2). 

(c) 

z  <  5,  so  the  solution  set  is  (1,  2,  3,  4), 

(d) 

z  <  5,30  (...-2,  -1,  0,  1,  2,  3,  4). 

(e) 

X  <  3/2,  so  the  solution  set  is  (1). 

(f) 

X  <  3/2,  so  (  . . .,  -1,  0,  1} . 

(g) 

1  <  p  <  2,  so  the  solution  set  is  the  empty  set. 

(h) 

2  _^  y  <;  4,  so  the  solution  set  is  (2,  3,  4). 

2. 

(a) 

3,  -3. 

(b) 

-4  <  c  <  4,  so  the  solution  set  is  (-3,-2,-1,0,1,2,3). 

(c) 

No  solution,  since    0  <   |  a  |      for    a    in  I. 

(d) 

(-2,  1). 

(e) 

(2);    There  is  no  solution  in    I    when    4y-l  <  0. 

(f) 

-10  <;  X  <;  4,  so  the  solution  set  is  (-10,-9,-8, ..  .,2, 3 

(g) 

2  <  X  <  8,  so  the  solution  set  is  (3,4,5,6,7). 
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(h)  -3     X  _^  9,  so  the  solution  set  is  (-3,-2, -1,  •  •  •  ,7, 8, 9) . 

(i)  -9  <  X  <  -3,  so  the  solution  set  is  (-8,-7,-6,-.5,-i|.}. 

3.  (a)     If    0  <  X,  then    0*x  <  x.x    by  0^    and  0  <  x^, 

(b)  If  1  <  X,  then  since    0  <  1    it  follows  by  Transitivity 
that    0  <  X. 

2 

Then  by    0^^,     l*x  <  x«x    and    x  <  x  • 

(c)  If  1  <  X,  then    0  <  x    and  -x  <  0.    Prom  part  b, 

X  <         if    1  <  X.    Prom    -x  <  0,     0  <  x,  and    x  < 
it  follows  by  Transitivity  that    -x  <  x^, 

(d)  If    X  <  -1,  then    1  <  -x    by    0^,     Since    x  <  -1  <  0, 
then    X  <  0    and  by    0|^,     -x(x)  <  l(x)  or    -x^<  x, 

4.  Case  (iii):     Use  proof  similar  to  that  for  case  (ii). 
Case  (iv):     |a!  =  -a    and  |b|  =  -b.    Since    0  <  ab,  then 
llbT  =Tb  =  (^a)(^b)  =  |a|-|b|. 

5*    Case  (i):     0  <  x    and    0  <  y    so    |x|  =  x    and     |y|  =  y. 
Since    0  <  x  +  y,  then    |x+y|  =  x+y  =  |x|  +  |y|. 
Case  (ii):    x  <  0    and  .  0  <  y,  so    |.x|  =  -x    and     |yl  y. 
Also,    x  +  y    has  trwo  cases;    0  ^  x+y    or  x  +  y  <  0, 
If  :0  <;  X  +  y^  then  |x+y|  =  x  +  y.    Since    -lx|  <  |x|,  then 
-|x|  +  |y|  <  |x|  -h  |y|     by  O^.    Also,  since  lx|  =  -x  and 
|y|  =  y    in  this  case,  then    x  =  Hr:xl  and    -|x|  +  |y|  =  x  +  y. 
But    -Ixl  +  ly|  <  \x\  +  |y|     frcnn  previous  use  of    0^,  so 
X  +  y  <  |x|  +  |y|    and     |x+y|  <  |x|  +  |y|  since 
!x+y|  =  x+y.    If    X  =  y  <  0,  then    lx+y|  =  (-x)  +  (-y). 
Since    -|y|  <  ly|,  then    -|yl  +  |x|  <  ly|  +  |x|  by  O3,  or 
-y  +  (-x)  <  |y|  +  |x|.    But    (-y)  +  (-x)  =  |x+y|,  so 
|x+y|  <  |x|  +  |y|  . 

Case  (iii):     0  <  x    and    y  <  0.     Prpof  is  similar  to  that 
for  case  (ii) 

Case  (iv):    x  <  0    and    y  <  0,    so    |x|  =  -x  and    |y|  «  -y. 
Since    x  +  y  <  0    in  this  case,  then    |x+y|  =  -(x+y)  « 
(-x)  +  (-y)  =  |x|  +  |y|. 

Combining  the  four  cases  into  a  single  statement, 
|x+y|  ^  |x|  +  |y| 
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JL-6.    The  Rational  Number  System. 

When  we  come  to  the  rational  number  system  we  shift  our 
attitude  somewhat  concerning  the  extent  of  understanding  we  ex- 
pect of  the  student  regarding  the  numbers  under  discussion.  In 
the  cases  of  the  natural  numbers  and  the  Integers  we  said  nothing 
about  how  you  decide  whether  a  pair  of  numbers  (such  as    3  and 
13)    are  equal,  how  you  add  them,  or  multiply  them.    All  these 
things  we  took  for  granted.    Unless  he  has  had  a  good  deal  of 
experience  working  with  Integers  written  to  various  bases 
(binary,  octal,  duodecimal,  hexadecimal,  etc.)  the  student  knows 
only  one  name  for  each  number  (its  decimal  name)  and  so  is  not 
likely  to  be  worried  about  the  multiplicity  of  "aliases"  for  the 
numbers  he  knows. 

With  the  rational  numbers..  hQw;ever,  the  question  is  quite 
different,  for  even  when  we  usb:  only  one  scheme  for^-^ naming  the 
integers  (i.e.,  decimal)  we  s±Lll  have  a  multiplicity  of  names 
for  each  rational  number: 

q       6_  9  _  12 

We  therefore  presume  to  define  what  we  shall  mean  in  saying 

two  rational  numbers,  are  equal.     (Definition  l-6a.j  We 

motivate  this  definition  by  seeing  how  it  must  be  stated  if  it  is 
to  agree  with  the  equality  relation  we  already  have  in    I.  This 
we  do  on  pages  43,  44.    On  pages  45,  46  we  treat  addition  and 
multiplication  for  rationals  in  a  similar  fashion.    The  moral 
of  the, whole  discussion  is  that  it  is  our  E, A,M,D  properties 
which  force  us  to  frame  the  definitions  as  we  do.    Relying  on 
these  old  friends,  E,A,M,D,  our  intent  is  to  dispel  any  residue 
of  mystery  or  dogma  the  student  may  have  been  left  with  after 
his  first  exposure  to  manipulation  with  fractions. 

Since  we  go  so  far  as  to  define  equality,  sum  «md  product 
in    Q,  we  prove  that  with  this  relation  and  these  operations  Q 
actually  possess  the  properties    E,A,M,D,2.    This  program  is 
carried  out  on  pages  46,  47,  48,  49.    On  page  50  we  get  to  the 
new  property         which    Q    shares  with  neither  of  its  predecessors 
N,  I.    This  property    rounds  out"  the  lists    A,M    and  puts  them 
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on  a  more  nearly  "equal"  basis  than  they  have  previously  enjoyed. 
For  instance  in    N    we  had 

Hp  ^3^ 

In    I    we  had 

^1>  -^2'  -3'-  -5 
-2' 

where  the    A-list  takes  a  temporaaTy  lead.     In         these  lists  are 

matched    A,-A^,     M.-M^.     the  only  discrepancy  beiiig  the  exclusion 
—1  —5     ^1  ""5 

of  zero  as  a  divisor  in  M^,  As  we  have  emphasized,  however,  this 
discrepancy  is  unavoidable  because  of  the  presence^  of  property  D. 
(See  the  parenthetical  remarks  following  Theorem  Jc-  4e,  page  28.) 

We  close  Section  1-6  b^  talking  about  solving:  equations  and 
give  the  usual  sermon  on  that  c£j?dinal  sin;     division  by  zero. 


Answers  to  Exercises 

Exercises  l_-6a: 

1.  .(a)     3/5  (d) 

(b)  5/2  2a  -  b  +  d 

(c)  -  4  a  -  c 

2.  (a)     6  • 

(b)  6 

(c)  5 

3.  If         b,  c,  d    in    I    with    bd  ^  0,     then   |  =  ■§    if  and 

only  if    ad  =  be    by  the  definition  for  equality  of  fractions. 
Since    ad    and    be    are  integers,  then  by         (Symmetry)  for 
integers,     be  =  ad    and  by  Commutativity,     cb  =  da. 
Applying  the  definition  for  equality  of  fractions,    ■§  =  f  . 

Exercises  l-6b; 
1.    (a)  41 


W  48 


[pages  45,  50-52] 


(c 
(d 
(e 

(f 
(a 
(b 
(c 


a  +  2b 

xy  +  x(y+z)  2xy  +  xz 

lip  -  2 

3.  it.  3  -4^-1 
c    -c  "  c       c  ^  c 

4  x^ 

(e)  0, 


2a 


If    b,     d,    and    f    are  non-zero  Integers  and  = 
then    ad  =  be.  Since 

a  j_  e      af+be      (af+be)(df )      adf^+bdef  bcf^+bdef 


and 


bdf"=^  bdf 
c  ,  e      cf+de      (cf+de)(bf)  bcf^+bdef 

•3  +  7  =  — dF-  =   df(bf)  =-t:^;:2 — 


then 

a  ,  e      c  .  e 
^  +  T  =  d  +  T  • 

If  d,  and  f  are  non-zero  integers  and  =  "^j  then 
ad  =  be.  Since 

beer 
bdf^ 


-a  .  e  - 
¥  f 

ae 
=  W 

ae(df ) 
=  bf(df) 

acSef 

=  ■     -  A 

bdf^ 

and 
c  e 

ce 

ce(bf ) 
=  d^(bf) 

beef 
bdf^ 

then 

a  e 
15  '7 

c 

=  -3 

e 

•7  • 

-1 

ad+bc  . 

e  _  (. 

=     bd  + 

7  = 

a  ,  /c  ,  e\  a  ,  cf+de  a(df )+b( cf+de)  adf+bcf+bde. 
T5  +  (d  +  7^  =  15  +  ~dr  =       b(d?)   =  Ed7 
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6. 

a    c  ac 

ca 

c  a 

• 

7. 

•a  o 

—a   ^        d  _ 

a      "  a  ' 

-(a 

'i)  =  - 

1. 

8. 

na  _  an  _ 
n  n 

=  a(  n  . 

9. 

If    b  =  0 
Then   ^  ^ 

and 
0. 

a  /  0, 

then 

If   1=  0 

and 

a  0, 

then 

^6- 


and  b(^  -  a)  =  0  by  Association, 
Then    b  •  1  =  0    or    b  =  0. 


Exercises  l-6c: 


1.     (a)    ^  =  h  Note:  There  are  many  different  ways 


~3 

2x  =■  12  [Eg 


In  which  these  solutions  can 
made  and  mora  or  leas  detail 


^      ^        ^-5  can  be  Included; 

(b)  3m  +  I  =  -J 

45m  +6  =  5        [Eg  and  Dlst. 
45ia  =  -1  [E5 

(c)  ^-1=1 

25y  -  5  -  20  =  12        [Eg  and  Dlst. 

25y  =  37  [E^ 

-2  +       =  2  [Th.  -(a-b)  =  b  -  a 

-10  +  3w  =.  10  [Eg  and  Dlst. 

3w  =  20  [E^  50 

w  =  20  [ 
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(e)    No  solution;    The  equation  cjan  be  transformed  to 
0  •  X  =  11 

2.     If    r,  3,  and    t    are  rational  numbers,  then    r  =  a  If 
and  only  lfr+t=3+t. 

Let    r  =      ,     3  z=  ^  ,  and    t  =      ^  where    b,  d,  and  f 
are  non-zero  Integers. 

Proof  for  "if"  :      If    f  +  f=  -§  +  f^  then 

af+be      cf+de  ft^^x,    ,  c,, 

— ^  =  ,  [Def .  l-6b 

and 

(af+be) (df)  =  bf( cf+de).     [Def.  l-6a 

adf^  +  bdef  =  bcf^  +  bdef  [Dlat. 
adf^  =  bcf^  IC-^  for  I 

ad  =  be  [0-^  for  I 

.-.    f  =  ■§  [Def.  l-6a 

Proof  for  "  only  if"  :  f  =  ■§  ^  ^^en 

a  .  e      af  +  be  \t\^-p    ^  (^v, 

-  ( af+be )df  rrpy,     ^  - 

=  adfS+bdef  ■ 
bdf^^ 


Similarly 

o  .  e      ( cf+de )(bf) 

^  +  T  "  dtUh 


=  bcf^+bdef 
bdf^ 

If  then    ad  =  be    so  that 

a  ^  e  adf^+bdef  _  bcf^+bdef  c  .  e 
°      ^  bdf"^  bdf"^  ° 


51 
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3.    If    r,  3,  and    t    are  rational  numbers,  then    r  «  3  if 
and  only  if    rt  =  3t.    Let    r  =  p     3  =      ,  and    t  =  ^  , 
where    b,  d,  and    f    are  non-zero  integer3. 
Proof  for  "if";      If       •  |  =  ^  '  |  *  then    ||  = and 

ae(df)  =  bf(ce).    By  Commutativity  and 
A330Ciativity, 

ad{ef)  «  bc(ef). 
U3ing    Eg    for  integer3, 

ad  =  be, 

30  by  the  definition  for  equality  of  fraction3, 
a  c 

Proof  for    only  if"  :  f  =      ^     ^^^^  ^^^^ 

ad(ef)  =  bc(ef). 

By  A330ciativity  and  Commutativity, 
ae(df)  =  bf(ce). 

Then 

ae  _  ce 
"FT  dTT' 

and 

a    e      c  e 


1^7,     Order  of  the  Rationals. 

In  Section  1-7  we  begin  by  doing  to    <    what  we  did  to 
e,    +,     •     in  Section  1-6:     we  examine  what  the  E, A,M,D,0 
propertie3  have  to  tell  U3  about  how  we  !nu3t  define    <    in  Q 
30  that  it  will  agree  with  the  order  relation  we  have  already 
in    I,    Thi3  we  do  on  page3  53,  5^. 

On  page  55  we  announce  that    0^,02,02,0^  all  hold  in  Q 
and  that  thi3  fact  follows  from  the  definition  we  have  given 
for    <    (Definition  l-7b).    At  the  bottom  of  page  55  and  the 
top  of  page  56,  we  quote  the ' cancellation  properties  in  "if 
and  only  if"  form. 

■■.■■••■52  ■ 
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Our  attitude  by  now  Is  that  these  properties  are  all  "almost 
obvious"  consequences  of  the  definitions  and  of  the  "old"  proper- 
ties in    I*     Proofs  are  chains  of  words,  and  since  we  now  have  the 
same  vocabulary  In  our  "new"  system    Q,  we  can  go  back  and  reread 
the  old  words  with  their ^new  meanings.    This  way  of  getting 
proofs  is  what  shows  most  spectacularly,  perhaps,  the  power  of 
the  study  of  "structure"  as  a  means  of  "unifying"  these  various 
number  systc^ms. 

On  pages  56,  57  we  present  Archimedes*  property  and  the 
special  order  property    Og  (Q)     of  the  rational  number  system. 
All---  of  the  properties  of    Q    which  have  been  mentioned  go  over 
intact  to  the  real  number  system    R.     (We  shall  not  actually 
prove  this  assertion,  we  shall  merely  proclaim  It.)    Thus  every 
single  consequence  of  all  these  properties  will  also  hold  in  R. 
(The  big  difference  between    Q    and    R    is  the  fact  that    R  has 
one  additional  order  property,     0^  (R)     (page  76),  which  it  does 
not  share  with    Q.    See  Commentary  on  Section  1^10.) 

On  pages  58,  59  we  discuss  the  solution  of  inequalities  in 
Q,    pointing  out  how  the  "density"  of    Q    and  the  "discretion"  of 
I    make  a  big  difference  in  the  way  we  can  specify  solution  sets. 

At  page  60,  we  return  to  "absolute  value"  and  look  again  at 
inequalities  involving  them.    The  theorems  we  give  here  make  it 
possible  to  "clean  up"  our  methods  for  handling  such  problems. 
Drawing  number-lines  to  illustrate  the  solution  sets  for  these 
problems  is  highly  recommended.  Thus 

— I  ^^  I  ^  1 — 

-2  H  0  I  2 

depicts  the  solution  set  of  the  inequality  In  Example  l--7c, 
page  60.    This  piccure  may  be  compared  with  that  for  the 
problem 

|x|  <  1    if  arid  only  if    -1  <  x  <  1 

-H  b  — I  <!-  1— 

"2  -r  0  M  2 

[pages  52-60] 


which  differs  from  its  predecessor  by  lacking  Just  '2  ''points", 
the  "end-points"  of  the  interval. 

Answers  to  Exercises 

Exercises  l-»7a; 

1.     (a)  (d)  |<| 

(b)  (e)  2x+l<%l^ 

(c) 

2-     -1^  <--i§<35<3<2  <-Ti'     ^^"^^^    -740  <  -732, 
-708  <  9*^0,    235  <  236,    k  <  10,    and    26  <  27. 

3.  Proof  for  "if";     If    0  <  a,     then    0  <  i. 

If    0  <  a,  then    0  -a  <  a  •  1.    Using  this  result  with  the 
definition  for  order  in    Q,    ^  <  "J    °^    °  <  • 
Proof  for  "  only  If"  :      If    0  <  -i,    then    0  <  a . 

If    0^1,  then   ^  <       and    0  •  a  <  a  •  1    by  the  order 
^  a  a  a 

definition  in    Q.      Hence,     0    <  a, 

4.  Proof  for  "_if "  :     If    ad  >  be,     then   f  > 

Since    ad  >  be    means    be  <  ad,     then    cb  <  da 

c      a  a  c 

and    -J  <      ,     or   ^  >  d  • 

Proof  for  " only  if":     If    f  >      ^  then    ad  >  be. 

Since    f  >  •§    means    •§  <  f ^  then    cb  <  ad,     or    be  <  da. 

Prom  the  definition  for  order  :in  Q, 

b      a  a  ^  b 

•3  <  c  '  °^    c  >  -3  • 

5.  Since    I  =  I?  ,  I  <  I  '     ^^^"^   If  <  •§  '  ^'^'^ 

af(d)  <  bf(c). 

[page  56] 
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similarly,    ^  =         and  If   f  <|  ,     then   ^  <f  ,  so 
cb(f)  "<  db(e). 

By  Commutatlvlty  and  Associativity,     since  af(d)  <  bf(c), 
afd  <  bfc     and      bfc  <  dbe. 

Then  by  Transitivity, 

afd  <  dbe, 

or  a(fd)  <  b(ed) . 

Hence,  |  <  |§  i 

a  e 


Exercises  l-7b; 

1.  If    0^    (Archimedes)  is  to  hold  for    Q,  then  for  positive 
rational  numbers    r    and    s,  i^ith    r  <  a,  there  must  be  a 
positive  integer    n    such  that    nr  >  s.    Let    r  = and 
s  «  -J  ,  when    a,  b,  c,  d  are  integers  with    0  <  b  and 

0  <  d.    Since    r  <  s,  then    ad  <  be.    But    ad    and    be  are 

positive  integers,  so    0-    holds  and  there  is  a  positive 

integer    n    such  that    n(ad)  >  be,     or    n  >  This 

determines    n    for    Oc(Q)»    Note  that    a  7^  0  ,  since 

a  ^ 
r  a       must  be  positive. 

2.  If    a  <  b,     then    a  +  2a  <  b  +  2a,  or    3a  <  2a  +  b. 

Pa4-b 

Hence,    a  <  •=^j^  .    Similarly,     If    a  <  b,  then 

a  +  2b  <  b  +  2b,  or  a  +  2b  <  3b  and  <  b.  Also, 

if  a  <  b,  then  a  +  (afb)  <  b  +  (a+b),  or  2a  +  b  <  a  +  2b, 
Then   ■|(2a+b)  <  ■J(a+2b),  or    2^  <  ^  • 

Summarising,     if    a  <  b,     then    a  <  ,    .^2+^  ^  a+p  ^ 

and  <  t>  ,     so  by  Transitivity, 

2a+b  a4-2b 
a  <  <  <  b. 
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3.    In  a  similar  manner,  if    a  <  b,  then    a  +  3a  <  b  +  3a  '  and 
a  <  .    Also,  if    a  <  b,  then    a  +  (b+2a)  <  b  +  (b+2a), 

and    3a  +  b  <  2a  +  2b.    Hence,  <  .  Using 

a  +  (a+2b)  <  b  +  (a+2b),     then  <  Finally, 

a  +  3b  <  b  +  3b,  so  <  b. 

By  Transitivity,      a  <  ^  <  ^  <  ^  <  b  . 
Exercises  l-7c: 


1. 

1  <  X  <  1 

6. 

0 

2. 

7. 

5 
3 

3. 

-2  <  a  <  1 

8. 

M  <  ^  <  i 

U. 

1  <  rn  <  3 

9. 

5. 

63 

-         <  X  <  1 

10. 

Exercises  l-7d: 

1.     (a)    -5  <  X  <  3  (d)    X  _^ -J    or  l^x 

(b)  0  _^  X  _^  1  (e)    No  solutiox.; 

(c)  X  <  -2    or  4  <  X  0  _^  |ai     for  all  a. 


■(f)    2  _^  |x+l|  _^  3    means  the  same  as  2  ^  |x+l|  and  |x+l|  ^ 
Prom  Theorem  l-7b, 

|x+l|     if  and  only  if    x  +  1  _^  -2    or    2  _^  x  +  1, 
if  and  only  if    x  ^  -3  or    1  ;^  x. 
Prom  Theorem  l-7a, 

|x+l|  _^  3    if  and  only  if    -3  _^  x  +  1  _^  3, 
if  and  only  if    -'^  ^  x  2. 
Combining  these  results, 

2  <;  |x+l|       3    if  and  only  if    x  _^  -3  and  -4  ^  x  _^ 
[pages  58-59,  63] 

56 


47 

Thli3  has  the  same  meaning  as    2  <  |x+l|  ^  3 
If  and  only  If    x     -3  and 

^  ^  2,     or    1  ^  X  and 
^4  ^  X  ^  2 
If  and  only  If  x  ^  -3  or 

Another  approach  would  be  to  use  the  definition  of  absolute 
value  as  a  "side  condition." 

0      X  +  1    and    2      x  +  1^  3,  or  x  +  1  <  0  and  2      -(x+l)  ^  3, 
-1  ^  X         and    1      X  ^  2,         or  x  <  «1    and  «3      x  +  1  ^  -2, 
-1      X         and    1      X  ^  2,         or  x  <  -1    and    -4      x  ^  -3. 
Since    -1  ^  X    Is  Included  In  1  ^  x  ^  2,  and    x  <  -1,  Is 
Included  In        ^  x  ^  -3,  then  the  previous  statement  becomes, 

1  ^  X  ^  2  or  -4^x^-3. 

This  solution  Is  Incomplete  since  It  gives, 
''If    2  <  |x+l|  ^  3,     then    1  ^  x  ^  2    or         <;  x  ^  -3/' 
but  does  not  guarantee  that  the  converse  of  this  statement 
Is  truer    The  first  solution  of  the  other  hand  Is  complete, 
since  the  theorems  used  Involve  the  "If  and  only  "  phrase. 

JU§.    Decimal  Representation  of  Rational  Numbers. 

Mohammed  Ibn  Musa  al-Khowarlzml,  one  of  the  greatest  Arab 
mathematicians  around  800  A.D.,  wrote  a  book  called  Al-Jabr 
wal^^Muqabalak.    This  book  Is  credited  with  having  much  to  do 
with  the  spread  of  the  arable  decimal  system  In  the  Arab  world 
and,  later.  In  Europe.     Our  word  "algebra"  had  Its  source  In  the 
title  of  this  bock,  and  our  word  "algorithm,"  or  "algorism" 
comes  from  the  author's  name.    An  algorithm  Is  any  step-by«step 
procedure  for  calculation.    The  term  has  recently  been  less 
widely  used  than  It  had  been  earlier,  but  Is  coming  back  Into 
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U3e  concurrently  with  the  development  and  wide  use  of  automatic 
computing  machines. 


Answers  to  Exercises 


Exercises  l-8a : 

1.     (a)  0.7 

(b)  0.T8 

(c)  0.6875    or  0.68755 
2-     (a)  I 

(b)  ^ 

k.     Let  a  =  1.9  .    Then  10a 

so  a  =  2    or    a  =  2.0 


( d )  h  .25571^ 

(e)  1.23529^1176^70588 


(6)  ^^09 

Too 

(e)  38651 
11000 


^  19.9    and    9a  =  18  , 


5.    -~r    means  a  decimal  expression  having    (n  -  l) 
10^ 

zeros  followed  by  a    "1"  . 


l->9.     Infinite  Decimal  Expressions  and  Real  Numbers » 

In  this  section  we  unveil  the  whole  collection  of  infinite 
decimal  expressions  and  talk  about  their  role  as  names  for  real 
numbers.    We  don*t  say  very  much,  for  there  is  not  much  we  can 
say  without  getting  too  involved. 

We  exhibit  Liouville*s  example  of  an  irrational  number  at 
the  bottom  of  page  72  to  convince  the  student  that  there  are 
such  things;  that  the  member  system    R    we'd  like  to  talk  about 
really  is  different  from         the  one  we ^ have  talked  about. 

Using  decimal  expressions  to  introduce  real  numbers  involves 
a  number  of  bothersome  details  which  we  try  to  "sweep  under  the 
carpet,"     (An  account  of  this  approach  may  be  found  in  the  first 
few  pages  of  Dienes*  Taylor's  Series,  a  book  on  functions  of  a 
complex  variable  recently  reprinted  by  Dover  Publications.) 
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We  go  so  far  as  to  frame  definitions  for    =    and    <  in 
the  part  of    R    not  in    Q,    We  restrict  ourselves  to  this  sub- 
set  to  avoid  discussing  decimals  in  which  the  digit    9    repeats  and 
which  are  all  rational.    For  similar  reasons  we  omit  entirely 
any  definition  of  'sur.^'  or  'product*. 

The  details  are  less  involved  if  real  numbers  are  introduced 
as  "Dedekind  Sections"  (Hardy,  A  Course  of  Pure  Mathematics , 
Chapter  l)  or  as  "Cantor  Sequences"  but  it  is 'difficult  to 
motivate  these  approaches  without  a  considerable  amount  of  back- 
ground,  for  the  ideas  involved  are  rather  sophisticated.  These 
methods  are  outlined  and  compared  in  Priedrich  Waismann's 
Introduction  to  Mathematical  Thinking,  Harper  Torchbook  511 
(paperback).    We  believe  students  have  a  fairly  good  idea  of 
what  deciirals  are,  so  we  say  about  as  much  as  we  think  they  can 
take  in  this  context  and  omit  all  the  rest. 

We  announce  that    R    has  all  the    Q    properties,*  and  take 
this  announcement  as  license  to  invoke  any  of  the    Q  properties 
we  wish  when  working  with  real  numbers  throughout  the  rest  of 
this  book. 

As  our  version  of  the  special  order  property  distinguishing 
R    from    Q    we  state,     0^(R),  the  "principle  of  nested  intervals." 
If  any  mention  is  made  of    0,^(R)     in  class,  a  picture  of  the 
number-line  can  be  used  very  effectively: 

I  1  {  ^1  1  1 

a  a         a      b         b  b 

0  1       I  2         2  I  0 

As  the  "length"  of  the  n      brace  is  Inss  thc?.,n         ,  the  Intervals 

10^- 

get  small  very  fast.     Putting  it  this  way,  the  class  may  find  it 
remarkable  anyone  could  suspect  that  two  different  numbers  could 
both  survive  this  "squeeze"  process.     If  they  grant  that  much, 
they  are  saying  that  at  most  one  real  number  lies  in  all  these 
intervals.    The  rest  of  the  assertion  is  that  one  actually  does. 
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Answers  to  Exercises 


Exercises  l-.9a; 


1.  2.153... 

<  a.is'^s  <  2.15456 

I  <  2.15^^7  <  2.15^^7... 

2.  (a) 

Ol 

(Trichotomy) 

(e.) 

^1 

(Dichotomy) 

(b) 

O2 

(Transitivity) 

(h) 

^2 

(Commutatlvlty) 

(c) 

232 

(Commutatlvlty ) 

(1) 

i33 

(Associativity) 

(d) 

^1 

(Addition) 

(J) 

^4 

(Transitivity) 

(e) 

(Multiplication) 

(k) 

^5 

(Subtraction) 

(f) 

26 

(Density) 

(1) 

D 

(Dlstrlbutlvlty) 

1p.10>    The  Equation    x^  =  a. 

In  Section  1-10  we  examine  one  of  the  ways  In  which    Q  and 
R    differ.    All  such  differences  depend  ultimately  on  property 
0^(R)  which    R    possesses  but  which    Q    does  not.    That    Q  does 
not  possess  this  Property  Is  a  consequence  of  one  of  our  calcula« 
tlons  In  Section  1-10.    We  do  not  stop  In  the  text  to  draw  this 
conclusion,  however,  for  to  do  so  would  cause  us  to  digress  from 
our  discussion.    We  have  written  the  text  In  such  a  way  that  It 
^Islposslble  to  skip  over  this  point  In  class.  In  the  event  the 
teacher  considers  it  Inappropriate  to  dwell  on  the  matter.  We 
take  the  liberty,  however,  of  filling  In  some  of  the  details  In 
this  Commentary  for  the  benefit  of  teachers  who  would  prefer  to 
see  a  more  thorough  treatment. 

As  we  say  In  the  text,    Q    and    R    share  all  their  E,A,M,D 
properties.    Thus    R    Is  the  first  number  system  In  our  chain  of 
extensions  of    N    which  Is  not  closed  under  a  new  algebraic 
operation.    The  differences  between    N    and    I    can  be  attributed 
to  the  latter's  closure  under  subtraction;  the  differences  between 
I    and    Q    to  the  latter's  closure  under  division  (  0    excepted  -  - 
of  course).    However  the  lists  of    A    and    M    properties  are 
completed  when  we  get  to    Q.    R    contributes  nothing  more  In 
this  direction. 
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The  new  property,    Oj{r) ,  however,  does  produce  a  very 
significant  enlargement  of  the  set  of  numbers  involved  in  the 
new  system.     Some  enlargement  of  the  rational  number  system  is 
necessary  on  geometrical  grounds  if  we  are  to  have  a  number  system 
capable  of  meaauring  the  diagonal  of  a  square  with  unit  edge,  for 
example,  or  any  of  the  other  lengths  one  can  construct  with 
straight-edge  aad  compasses.    However  the  demand  for  all  such 
"coniitnJX^/rb.:.fj'*  lengths  is  still  not  enough:     the  edge  of  a  cube 
whose  volune  Is  twice  that  of  the  unit  cube  is  not  constructible, 
nor  is  the  r-i  •••ru.rj^erence  of  the  unit  circle.     (These  last  asser- 
tions are  pr'-^ivv-j  .tn  texts  on  "Theory  of  Equations.") 

The  i»eal  aurriber  system  is  a  system  "closed"  under  limiting 
processes.     It  iri  on  these  grounds  that    R    is  adequate  for 
geometry  as  m^.lJ        "analysis"  (calculus  and  its  extensions). 
We  outline  In  the  text  the  proof  that    R    contains  and 
thus  lets  us  measure  the  diagonal  of  the  unit  square.  We 
announce  that    R    contains  Vs",  which  Implies  that,  using  R, 
we  can  "duplicate  a  cube,"  even  if  this  is  impossible  with  only 
straight-edge  and  compasses.    We  announce  al30  that    R  contains 
a  solution  for  each  of  the  equations    x^  =  a,    a  non-negative." 
We  do  not  emphasize,  however,  that    R    contains  many  numbers 
which  are  not  "algebraic"  (i.e.,  which  do  not  satisfy  equations 
like  that  in  Theorem  1-lOa  with  rational    aQ,  a-j_,  ^). 
Some  of  these  "transcendental"  numbers  (i.e.  non-algebraic 
numbers),  are    tt,     e,  and  even  Liouville's  number   (  O.lOlOOlOOOl. . ., 
in  Section  1-9).     In  short,  we  certainly  do  not  do  Justice  to 
R    or  to  the  many  problems  it  can  handle.    We  merely  indicate 
only  a  few  of  its  more  elementary  facets. 

V/ith  Theorem  1-lOa  and  its  Corollary  we  show  the  inadequacy 
of    Q    when  it  comes  to  solving  equations  more  complicated  than 
bx  =  a.    We  turn  then  to    x       2    and  argue  that    R    contains  a 
solution —  indeed,  two  solutions. 

We  first  present  an  algorithm  for  determining  successive 
digits  of  the  number  we  seek.     (We  can't  call  it  yet  because, 

we  don't  even  know  there  Is^  such  a  number  until  we  prove  there 
is.    All  we  can  say  with  any  certainty  is  that  the  number  we 
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want  is  not  in    Q,    Until  we  find  it,  we  know  "nothing  at  all 
about  it  beyond  this.)    There  are, -  of  course,  many  other  algorithms 
available,  some  of  which  will  give  us  more  than  Just  a  single 
digit  in  each  step  of  the  calculation.    The  one  chosen  seems  to 
require  the  least  amount  of  Justification  to  carry  out  and  pro- 
duces for  us  two  sequences  of  rationals,  the    a's    and  the  b»s, 
"closing  in"  on  V2".    The  first  part  of  the  argument  requires 
only  the  recognition  that  some  real  number  is  produced  by  our 
algorithm,     (Whether  it  is  the  one  we  want  is  considered  in  the 
second  part  of  the  argument.)    That  this  algorithm  must  keep 
going,  that  it  cannot  stop  after  some  number  of  steps  follows 
from  the  fact  that  none  of  the    a«s     or    b»s    can  have  their 
squares  equal  to    2.    The    a"s    and    b»s    are  all  rational 
numbers  since  they  have  terminating  decimal  reprwsentations , 
In  the  second  part  of  the  argument,  we  "show"  that  our 
number  (by  this  time  we  are  calling  it  "c")  has  its  square  equal 
to    2.    We  assert  that 


implies 


<  c  <  b^  ,    all  n. 


This  follows  from    0^  for  (writing    "  =^  "  for  "implies') 

"^2  2 
0  <         and    a^  <  c  =^  a^'^  <  a^^c    and    a^c  <  c 

2  2 
=^  ^n    <  °  • 

P  2 
0  <  c    and    c  <  b^     «^  c"^  <  b^c    and    cb^  <  b^ 

c2  <  h^^. 


Similarly 


2         2  1 
Finally  we  assert    0  <  ^n    <         '  ^'^'^ 


n. 


Here  is  a  proof: 

From  the  manner  of  their  construction,  we  can 
say  of  the    a's    and    b"s  that 

^0  -  ^0 

bi  -  a^  ^2 
^  10^ 
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But  we  also  know  that         =  1,5    and  all  the 
other    b«3  and  all  the    a's    are  less  than  b 

^n  <  ^0  n  ^  0. 

Hence 

+       <  ^^0      ^'  ^' 
But  b^  +  a^  <  3,    all  n, 

•           ^n  -  ^n  ^ 

give 

>.  2  ^2         3      ^    10  1 

n  n        lo"^-^      10"^*^  10 

This  calculation  proves  that  the  word  "real"  cannot  be  re- 
placed by  "rational"  in  property    0^(R).    Notice  that  here  all  of 
our    a»s    and    b»s    (and  hence  their  squares)  are  rational  numbers, 
Our  ntimber    c,  however,  is  not  rational. 

The  rest  of  Section  1-10  deals  with  radicals,  (Students 
detecting  the  trickery  in  Exercises  1-lOa,  46-52,  and  interested 
in  learning  the  pattern  behind  their  construction,  may  be  directed 
to  the  references  under  "Pell's  Equation"  given  in  SMSG^s 
"Study  Guide  to  Number  Theory,") 

Ansvjers  to  Exercises 

_Exercigpfl  1-lOa: 


1. 

2  ^/T 

8. 

2. 

5^/3" 

9. 

3. 

7 

10. 

4. 

3 -/a" 

11. 

5. 

4i/3~ 

12. 

6. 

7. 

8^/3" 

13. 

lOvT"  14.  I 


12  vr  15, 


31/3" 


2f/3  17 .  V6 

—  "3 
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1  p 

2v^ 
"T 

^1 

O  (  . 

3+2 

2U, 

o 

22. 

10 

cO  +    ±  f  ^  U 

CO* 

-1  +  \/2 

2h-  • 

2 

Up 

P  4-   P  */T 

25. 

ii 
4 

*T  O  • 

2o, 

UU 
*+*+  • 

27. 

27^5 

-68        42  .yg- 

28. 

c  -  V         (    —  'TV  O 

29. 

/Sir— 

Jl  7 

ur . 

30. 

Vl5 

• 

-  P 4Q  -  20 

31. 

4  V2 

49. 

r  -  4v^j    97  -  5^y/T 

32. 

50. 

8  -  3  vTj    127  -  48vT 

33. 

51. 

9  -  4  V5j    161  -  72^/5" 

34. 

7-V/15 

52. 

17  7  12  V2;    577  -  4o8v^ 

35. 

31  a/5 

1^11,     Polynomials  and  their  Factors,  (Review) 
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Answers  to  Exercises 


Exercises  l~lla: 


1. 

5(x  -  y) 

11. 

(x  +  y)(a  +  b) 

2. 

-2(3a  +  8) 

12. 

(x  -  y)(b  +  c) 

,  3. 

3(2p  -  q  +  5r) 

13. 

(x  -  y)(b  -  c) 

4. 

5(2y  -  X  +  4w  -  2z) 

14. 

(a  +  l)(3a2  _  4) 

5. 

6b(2a  +  1  -  9c) 

15. 

(2m  -  3n)(2m  +  3n) 

6. 

(x  +  y)(a  +  b) 

16. 

(a-  2)(a  +  2)(a2  +  4) 

7. 

(a  -  b)(x  -  y) 

17. 

7(c  -  3)(c  +  3) 

8. 

u(x  +  y) 

18. 

(x  +  a  -  b)(x  -  a  +  b) 

9. 

(x  -  y)(b  +  1) 

19. 

(a  +  b  +  c  +  d)(a  +  b 

10. 

2(a  +  b) 

20. 

(x  -  y)(x  -  y  +  2) 

Exercises  1-lib: 

1. 

(x  +  5)(x  +  3) 

11. 

[2ix  +  3v; 

2. 

(w  -  8)(w  -  3) 

12. 

(7z  +1)2 

3. 

(3a  +  5)(a  -  3) 

13. 

c(x  -  4)(x  +  2) 

4. 

(4x  +  3)(x  -  2) 

14. 

2( 1  -  4a) (1  +  a) 

5. 

(y  -  5)2 

15. 

(3  +  4c)(3  -  2c) 

6. 

(3a  -  2)(a  +  2) 

16. 

3(7  -  y)(2  +  y) 

7. 

w(x  -  6)2 

17. 

(4  +  3x)(5  -  2x) 

8. 

d(y  -  6)(y  -  5) 

18. 

(2ab  +  1)2 

9. 

(5x  -  3y)2 

19. 

(a  +  b  +  c)(a  +  b  -  c) 

10. 

a(9w2  +  5w  -  36) 

20. 

[(a  +  b)  -1]2  =  (a  +  b 

Exercises  1-llc: 


-  d) 


1. 
2. 

3, 
4. 

5. 
6. 

7. 
8. 


(c  +  d)(c2  _  cd  +  d2) 
(w  -  4)(w2  +  4w  +  16) 
(x  +  l)(x2  -  X  -t  1) 
(m  -  2u)(m2  +  2mu  +  4u2) 
.(3r  +  y)(9r2  -  3ry  +  y^) 
(2a  +  x)(4a2  -  2ax  +  x^) 
(r  -  4s)(r2  +  4rs  +  l6s2) 
(4  -  3x)(l6  +  12x  +  9x2) 


9. 

10. 
11. 
12. 
13. 
14. 
15-. 


-  ly 


a(c  -  4)(c2  +  4c  +  l6) 
b(a  -  5b)(a2  +  5ab  +  25b2) 
y(3r  +  l)(9r2  -  3r  +  l) 
4(x  -  2)(x2  +  2x  +  4^ 
16(2  +  y)(4  -  2y  +  y2) 
( x-y ) ( x2+xy+y2 ) ( x+y ) ( x^-xy+y^ ) 
(Jn2  +  u2)(m^  -  m^vi^ 
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Exercises  1-lld;  (Miscellaneous  Exercises) 


1. 

(6m  -  5)(2m  +  3) 

2. 

(a  -  l)2(a  +  1) 

3. 

xy(4y  -  13) 

4. 

(d  +  h  +  f)(d  +  h  -  f) 

5. 

(2a  +  3b)(m  +  x) 

6. 

3a^(2  +  3b  -  4ab2) 

7. 

(3  -  52)(x  -  y) 

8. 

(a  -  b)(a  +  b  +  4) 

9. 

(m  -  2u)(m'^  +  2mu  +  4u'^) 

10. 

(3y  +  4z)(2y  -  3z) 

11. 

(r  -  s)(k  +  w) 

12. 

4x2y2(2x  +  l)(x  -  3) 

13. 

2(2r  -  3)(4r2  +  6r  +  9) 

14. 

(c+d  +  h)(c+d-h) 

15. 

(x2  +  1)2 

16. 

a(y  - 

17. 

(10  +  t2)(l0  -  t2) 

18. 

(r  -  s)(m  +  p) 

19. 

(a  +  b  +  c)(a  +  b  -  c) 

20. 

y(3r  +  l)(9r2  -  3r  +  l) 

21. 

(72  -  if 

22. 

(5c  +  x)(x  -  l)(x  +  l) 

23. 

(2r  -  5)(4r2  +  lOr  +  25) 

24. 

(2x  +  y  -  2)(2x  -  y  +  z) 

25. 

a(a  -  2) (a  +  2)(a2  +  4) 

26. 

(2  -  x2)(2  +  x2)(4  +  x^) 

27. 

(2x  +  2y  -  l)(2x  -  2y  + 

1) 

28. 

[x-5(x+y)][x+4(x+y)]  =  - 

(4x+5y)(5x+4y) 

29. 

(x  +  y  +  7)(x  +  y  -  4) 

30. 

(r-5+3s-t)(r-5- 

3s  +  t) 
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Answers  to  Exercises 


Exercises  l-12a: 


1.  (a 

(b 
(c 
(d 
(e 

(f 
(S 
(h 

(i 
(J 

2.  (a 

(b 
(c 
(d 
(e 

(f 
(g 


1 
u 

a 

3n 

x  -  3 

-Six  1) 

2  -  m 

2  +  m 

X  +  w 

a  -  2 

1  +  z 
y  -  z 

X  -  y 

1 

c~r?f 

c 

m  -  3u 
1 

"  -5 


X  -  ^ 

a 


or 


5  -  X 

a 


x^(x  -  y) 
y^(x  +  y) 
x+l 
x^  +  1 
1 

m  +  1 


(k 

(1 
(m 
(n 
(o 
(P 
(q 
(r 

(3 

(h 

(1 

(J 
(k 

(1 

(m 

'■(  n 


X  -  5 

X  +  5 

y  -  2 

2ly  +  2) 

P  -  3 
2P  -  5 

c  -  2 
c  -  3 

x^  +  X  +  1 


a    -  a  +  1 
X  -  3  X  - 

°^  -  — 

a  +  b 
"  a  +  2b 

X  -  y  +  z 

X  -  y  -  2 


3 
1 


(a  +  b)2 

P  +  g 
P  +  1 

(c  -  3d)2 
2 

xly*^-  X) 
a  +  1 
a^  +  1 


a  +  b 
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^  ^    2(2x-l)  (3x2-4x+4)         ^   ^  W+yT 

(p)  |§  rftc  -  -3r^¥ 

cja  +  bj 
Exercises  l-12b; 

1      17X  -  8  11  +  9a^  -  5a  +  1 

1-   -^^T   (a  +  3)  (3a  -  1) 

_      a  -  4  12      6c^  -  3c 

5  0*^-9 
o     n  +  5  HQ 
mn 

u      -2y^  +  l6y  +  5  14     2x  +  3y 

19X  -  210                             15.     ^2  ^         +  3b^ 
52   r;  -.0 

f-     7a  +  3  ■   2      1  , 


a(a^  -  1)  16. 


(b  +  2)(b2_  1) 


-(2x  +  1)  or^xjll  2^2 

x2  -  1         1  -  x^  17.     ,  ^ 

(x  -  3)(x2  -  4) 

®*    ^  p  iQ        -6m  +  7 

9-    (5x-^)l[2x+3y)      -  _      -x^      x3  +  2x2  ^  3x 


10. 


+  18  *     (x  +  2)2  (x  +  1)2 

m^.-  9  ,2 


20. 


Uy'^  «•  7y  +  15 
(y^  -  2y  +  5)(y  -  1) 


Exercises  l-12c: 

1.    3a2      2  5.  20X 


—  -  ^2 


X-  -  25 

2.  ^  6.  -4 

Q  2  D 

^      6a^  ^  sab      2b^  ^1  1 

3.   fer^  7.     ■  ^      ■   or   =■ 


^  — T"    ''''  I  ^ 

68     8.    2x(x  -  y2) 
(x  -  y)*^ 
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^*     (m  +1)  (m  +  n) 


10. 


x*^  -  X  +  12 
6x(x2  -  9) 


11.  5  -  a 

12.  -  y) 

y  (x  +  y) 

^  o   "X  +  4  

(2x  -  JJ)(x  +  5)lx  +  1) 


15. 
16. 

17. 
18. 

19. 


2  -  X 

-  2b^ 
a  +  b 

12m 
m  -  3 

-2y(x  +  3y) 
X  -  2y 

1  +  a 


1  -  a 


lU. 


  w  +  23 

+  2Mw  -  iJllw  +  57 
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1-13.     Additional  Exercises  for  Sections  1-1  Through  1-7, 


Ansv/ers  to  Exercises 


Exercises  1-la* 


If    X  <  y,  then    2x  +  1  =  y. 

If  the  svun  of  two  integers  is  even,  then  they  are  each 
odd  nvunbers. 

xy  =  0    if    X  =  0.     (Note  change  of  "only  if"  to  '*if.") 
If    a  =  b,     then    a  +  c  =  b  +  c. 

If  the  sum  of  two  nvunbers  is  an  even  nvunber,  then  it 
is  a  multiple  of  10. 

ya^  +  b^  =  a  +  b    only  if    (a  +  b)^  =  a^  +  b'"^.  (Note 

change  of  "if"  to  Wy  if.") 
3x  +  2  =  8  if    X  =  2. 
If    c  =  0,  then    a(b  +  c)  =  ab. 
If    xy    is  negative,  then    2xy  +  3  =1. 
(a  -  b)  -  0  =  a  -  (b  -  c)    only  if    c  =  0. 

If    3x  -  2  =  0,  then    x  =  'l^     and  if    x  =  4,  then    3x  -2  = 
If    y  =.z,  then    y  +  X  =  z  +  x;  and  if    y  +  x  =  z  +  x, 
then    y  =  z. 

If    m  <  n,  then  m  -  a  <  n  -  a^  and  if    m  -  a  <  n  -  a, 
then    m  <  n. 

If    abc  =  0,  then    c  =  Oj  and  if    c      0,  then  abc  =  0. 
If    r  +  s  =  0,  then    r  =  -sj  and  if    r  =  -s,  then 
r  +  s  =  0. 

If    p(r  +  s)  =  ps,  then    r  =  Oj  and  if    r  =  0,  then 
p(r  +  s)  =5  ps. 

If    X    is  negative,  then    -x    is  positive;     and  if  -x 
is  positive,  then    x  is  negative. 

If  a  =  b,  then  (a  -  b)(a  +  b)  =  0;  and  if  (a  -  b)(a  +  b) 
«  0,  then    a  =  b. 

If    X  +  (y  •  z)  »  (x  +  y)  •  (x  +  z) ,  then    x  =:  Oj  and 
if    X  =  0,  then    x  +  (y  •  z)  »  (x  +  y)   '  (x  +  z). 

Note:    The  A  and  B  phrases  may  be  reversed  in  these  statements • 
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Exercises I -2b 
1. 


(a) 

£l 

(Addition) 

(f) 

(Associativity) 

(b) 

D 

(Distributive) 

(g) 

(Identity) 

(c) 

is 

(Associativity) 

(h) 

£2 

(Multiplication) 

(d) 

( C ommut at i vi ty ) 

(1) 

t2 

( C  oinmutati  vi  ty  ) 

(e) 

(Associativity) 

(J) 

D 

(Distributivity) 

(a) 

x(y 

+  z)  a  xy  +  xz 
=  zx  +  yx. 

[Dist. 
[Conun. 

(b) 

(x  + 

y)  +  z  =  z  +  (x 

+  y) 

[Conun. 

=  (z  +  x)  +  y 
=  y  +  (z  +  x) . 

(c)  (x  +  y)(u.'f  v)  =  (x  +  y)(v  +  u) 

=  (v  +  u) (x  +  y) 
=  (v  +  u)x  +  (v  +  u)y 
=  x(v  +  u)  +  y(v  +  u) 
=  y(v  +  u)  +  x(v  +  u) 

(d)  xy+y=xy+l.y 

=  yx  +  y  •  1 
=  y(x  +  1) 
=  y(i  +  x) 

(e)  2[x  +  (y  +  c)]  =  2x  +  2(y  +  3) 

=  2x  +  2y  +  2  *  3 
=  2y  +  2x  +  2  •  3 
=:  2y  +  2(x  +  3) 


[Assoc. 

[Comm. 

[Comm. 

[Comm. 

[Dist. 

[Comm. 

[Comm. 

[Mult.  Iden. 

[Comm. 

[Dist. 

[Comm. 

[Dist. 

[Dist. 

[Comm. 

[Def .  and  Dist. 


Note;     Each  of  these  proofs  can  be  done  in  several  different  ways. 


Exercises  1 -2c  *  t 

1.     (a)     (x+l)(3x+2)  «  (x+l)  •  3x  +  (x+l) 

=  3x(x+l)  +  2(x+l) 
«  3x^  +  3x  +  2x  +  2 
=  (3x^  +  3x  +  2x)  + 
«  [(3x^  +  3x)  +  2x] 
«  [3x^  +  (3x  +  2x)] 
«  [3x^  +  5xJ  +  2 
«  3x^  -i-  5x  +  2 
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[Dist. 
[Comm. 
[Dist.  ' 
[Def. 
[Def. 
[Assoc . 

[Comm.  and  Dist, 
[Def. 


71 


62 


(b)  2x    +  5x  +  2j  same  properties  as  for  (a). 

(c)  2x(x+y+3)  =  2x[(x+y)  4-  5]  [Def. 

=  2x(x+y)  +  (2x)(3)  [Dist, 

=  (2x)x  +  (2x)y  -f-  3(2x)  fDist.  and  Comm. 

=  2(x^)  +  2(xy)  +  (3  •  2)x  [Assoc,  and  Def, 

=  2x^  +  2xy  +  6x  [Def. 

(d)  6x    -f-  3xy  +  12x'j  same  properties  as  for  (c), 

(e)  (x  +  2)^  =  (x  +  2)^  +  (x  +  2)2  [Def.  and  Dist. 

=  x(x  +  2)  +  2(x  +  2)  [Comm. 

=x^+X'2+2x+4  [Dist. 

=  X    +  >\x  +  4  [Comm.,  Dist. 

(f)  2x    +  4x  +  2;  same  properties  an  for  (e). 

(g)  15(2x)(3y)  =  (15  •  2)x(3y)  [Assoc. 

=  (30x  .  3)y  [Assoc. 

=  (3  •  30x)y  [Comm. 

=  (3  •  30)xy  [Assoc. 

=  90xy  [Def. 

(h)  6xyw;  similar  to  part  (g). 

(1)     (x+l)(x+y+2)  =  (x+1)   [(x+y)  +  2]  [Def. 

=  (x+1) (x+y)  +  (x+1)   •  2  fDist. 

=  (x+l)x  +  (x+l)y  +  (x+l)«  2  [Dist, 

=  x(x+l)  +  y(x+l)  +  2(x+l)  [Comm. 

=x    +x+yx+y+2x+2  [Dist. 

=x^+xy+x+y+2x+2  [Comm. 
2 

=x    +xy+y+x+2x+2  [Comm. 

=  x    +  xy  +  y  +  x.l   +x-  2 +2  [Mult.  Iden. 

2  and  Comm. 

=x^+xy+y+3x+2  [Dist.  and  Comm. 

=  X    +  xy  +  3x  +  y  +  2.  [Comm. 
(J)     (x+y+z)^  =  (x+y+x)  [  (x+y)+z]  |-I3ef. 

=  (x+y+z)(x+y)  +  (x+y+z)z  [Dist. 
=  (x+y+s)x  +  (x+y+z)y  +  (x+y+z)z  [Dist. 

=  x[(x+y)+z]  +  y[(x+y)+z]  +  z[(x+y)+z]  [Comm. 

and  Def. 

=>  x(x+y)  +  xz  +  y(x+y)  +  ,yz  +  z(x+y)  [Dist. 

=  X  +xy+xz+yx+y^+yz+zx+zy+z^  [Dist. 

=  X    +  y    +  z    +  2xy  +  2xz  +  2yz.   [Comm.,  Dls1;, 

and  Mult.  Iden. 
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2.  (a)     6  •  X    +  3xy  =  2(3x)  +  (3x)y 

=  (3x)   .  2  +  (3x)y 
=  3x(2  +  y) 

(b)  Hyz  +  2z  =  (JJy)z  +  (2z)   •  1 

=  z(4y)  +  (2z)   .  1 
=  {hz)Y  +  (2z)   .  1 
=  2z(2y)  +  (2z)   .  1 
=  2z(2y  +1) 

(c)  7(ni  +  n);  Comm.  and  Dist. 

(d)  7(3x  +  l)j  Comm.  and  Dlst. 

(e)  a(x  +  y)  +  a(x  +  y)  =  (x  +  y)a  +  (x  +  y)a 

=  (x  +  y)(a  +  a) 
=  (x  +  y)(2a) 
=  2a(x  +  y) . 
2x(a  +  2b);  similar  to  (e). 
y  +  3xy  =  y  •  1  +  (3x)y 

=  y  •  1  +  y(3x) 
=  yd  +  3x). 
p(5q  +  l)j  similar  to  (g) . 
ab  +  ac  +  ad  =  ( ab  +  ac)  +  ad 
=  a(b  +  c)  +  ad 
=  a[(b  +  c)  +  d] 
=  a(b  +  c  +  d) . 
(j)     ab  +  ac  +  bd  +  cd  =  f (ab  +  ac)  +  bd]  +  cd 

=  [a(b  H-  c)  +  bd]  +  cd 
=  a(b  +  c)  +  (bd  +  cd) 
=  a(b  +  c)  +  d(b  +  c) 
=  (b  +  c) (a  +  d) . 

3.  (a)     (x  +  y)  +  (w  +  z)  =  [(x  +  y)  +  w]  +  z 

=  (x  +  y  +  w)  +  z. 


(f) 
(6) 


(h) 
(1) 


Assoc .  and  Def . 

Comm. 

Dlst. 

Def.  and  Mult. 

Iden. 

Comm. 

Assoc .  and  Comm. 
Assoc.  and  Comm. 
Dist. 


Comm. 
Dist. 
Def. 
Comm. 


Def.,  Mult. 

Iden. 

Comm. 

Dist. 


Def. 

Dist. 

Dist. 

Def. 

Def. 

Dist. 

Assoc , 

Comm. 


and  Dist. 


Comm.  and  Dist. 

Assoc . 
Def. 
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(b)  xy  +  xz  +  yw  +  wz  =  [(xy+xz)  +  yvx]  +  xz 

-  [x(y+z)  +  yw]  +  wz 

=  x(y  +  z)  +  (wy  +  wz) 

=  x(y  +  z)  +  w(y  +  z) 

=  (y  +  z)  (x  -f  w) . 

(c)  (xy)(uv)  =  [(xy)   •  u]  •  v 

=  (xyu)   •  V 
=  xyuv. 

(a+b)(x+y+z)  =  (a+b)  •  x  +  (a+b)  -y  +  (a+b) 
=  x(a+b)  +  y(a+b)  +  z(a+b). 


(d) 
(e) 


2  .  2 

X    +  2xy  -h'y 


X    +  xy(l  +  1)  +  y 

2  2 
X    +  xy  +  xy  +  y 


x'X+x'y+y-x+y-y 

x(x  +  y)  +  y(x  +  y) 
(x  +  y) (x  +  y) 
(x  +  yf. 


[Def . 
[Dlst. 

[Comm.  and  Assoc, 
[Dlst. 

[Comm.  and  Dlst.. 

[Assoc . 

[Def. 

[Def. 

•  z  .  [Dlst. 
[Comm. 

[Comm. 

[Dlst.  and 
Mult.  Iden. 
[Def.  and  Coram. 

[Dlst. 

[Comm.  and  Dlst. 
[Def. 


Exercises  1 -2d ' : 

1.  Ij  C^  (Addition) 

2.  7;  C^ 

3.  8;  Cg  (Multiplication) 

4.  3;  Cg 

5.  'f;  C^  and 

6.  8z  +  3  =  2if  +  3 
z  •  8  =  3  •  8 

z  =  3 

7.  2a  +  5  =  a+  3  +  5 
?a  =  a  +  3 

a(l  +  1)  =  3  +  a 
a  +  a  =  3  +  a 
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[Conun, 

[C^  and  Comm. 

[Comm. 
[Dlst. 
[C^. 


8.  3p  =  p  +  14 

p(2  +  1)  =  p  +  14 
p  •  2  +  p  =  l4  +  p 

  p  •  2  =  7  •  2 

P  =  7. 

9.  4w  +  5  =       +  1  +  5  . 
4w  =  5w  +  1 

No  solution  over  N. 

10.    3x  +  9  +  6  =  5x  +  6 
3x  +  9  =  5x 
9  +  3x  =  x(2  +  3) 
9+3x=»:x*2+3'x 

3  =  2x 
No  solution  over  N. 


[Cl- 
[Comm. 

[Dist.,  Mult.  Iden. 
Comm. 

[Cg. 
[Comm. 

[Comm. 
[Comm. 

[Dlst.  and  Comm. 
[Cj^  and  Comm. 


Exercises  l-3a' : 

1.  CI,  2,  3). 

2.  fl). 

3.  -l+x=3;  or  1+2=3. 

4.  1  +  :x:  =  5j  or  1  +  4  =  5. 


(a) 

3 

<  ^. 

(e) 

3x  +  1  <  2x  +  ^. 

(b) 

7 

<  12. 

(f) 

5m  +  1  <  4m  +  3. 

(c) 

X 

<  2x. 

(s) 

y  <  X. 

(d) 

a 

<  a  +  2. 

(a) 

X 

(f) 

1  <  X  <  3. 

(b) 

X 

/y. 

(g) 

2  <  3  <  5. 

(c) 

X 

<  9  <  y. 

(h) 

k  >  X. 

(d) 

X 

<  5  <;  y. 

(1) 

2  <:  X  ^  5. 

(e) 

X 

1  2. 

(J) 

X  ;^  y  ^  2. 
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Exercises  l-3b' ; 


(a) 

Ci, 

2). 

(f) 

(1,  2,  3}. 

(b) 

Ci, 

2,  3). 

(g) 

(1). 

(c) 

Ci, 

2,  3,  k,  3,  6). 

(h) 

(1). 

(d) 

Ci, 

2). 

(1) 

2  <  X  <  3,  so  no  solution 

(e) 

2}. 

(J) 

over  N. 

3  >  X  >  2,  sc  no  solution 
over  N. 

2.     (a)    If    X  <  y,  then    x  +  a  =  y    where    a    is  a  natural  number. 

Then     (x  +  a)  +  z  =  y  +  z    by    0^    or  x  +  (a  +  z)  =  y  +  z. 
Since     (a  +  z)  is  in    N,  then  by  the  definition  for 
order  in  N,    x  <  y  +  z. 

(b)  If    x(y  +  z)  =  W2,  then    xy  +  xz  =  wz,  or 

xz  +  xy  =  wz.    Since    xy  is  in    N,  then    xz  <  wz. 
Hence,     x  <  w  by  OCg. 

(c)  If    x(y  +  z  +  w)  =  a,  then    x[y  +  (z  +  w)]  -  a  by 
definition.    Then    xy  +  x(z  +  w).  =  a,  or    x(z  +  w)  +  xy  = 

'~  Since    xy    is  in  N,  then    x(z  +  w)  <  a. 

(d)  If  X  >  y  and  w  >  z,  then  y  +  a  =  x  and  z  +  b  =  w 
where  a,  b  in  N.  Then  (y  +  a)  +  (z  +  b)  =  x  +  w,  or 
by  Association  and  Commutation,     (y  +  z)  +  (a  +  b)  = 

X  +  w.     Since    a  +  b    is  in  i\  then    y  +  z  <  x  +  w,  or 
X  +  w  >  y  +  z. 

(e)  If    a  <  y,  then    a  +  c  =  y,  whei^e    c  is  in    N.  Since 
X  =  a  +  b,  then  (a  +  c)  +  (a  +  b)  «  y  +  x,  or 

2a  +  (b  +  c)  =  X  +  y.    But     (b  +  c)  is  in  N,  so 
2a  <  X  +  y. 

Exercises  l-4a' ; 

1.     (a)     -4  (d)  X  -  1 

(b)  5  (e)  y 

(c)  X  (f)  -X 
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2. 


4. 


5. 


(a) 
(b) 


Let 


(Subtraction) 
aJ^    (Add.  Iden.) 


^5 


Note;     Aj^    and    A^    are  properties; 
not  Theorems  or  definitions 
as  required  In  the  exercise 
Instructions.  * 


(c)  Def .  l-4b. 

(d)  Def.  l-4a. 

(e)  Def.  l-4b.    .  ' 

(f)  ECg 

(g)  Def..  l-4a. 

(h)  Corollary  l-4a. 

Let  X  =  (a  +  b)  -  c    and    y  =  b  -  c.    Then    x  +  c  =  a  +  b 

and  y  +  c=b,  so    x+c  =  a+(y  +  c).    By  Associativity  and^. 
X  =  a  +  y.     Hence,     (a  +  b)  -  c  =  a  +  (b  -  c ) . 

X  =  b  -  c    and    y  =  a  -  b.    Then    x  +  c  =  b    and    y  +  b  = 
a,    so  (x  +  c)  +  (y  +  b)  =  b  +  a,  or    (y  +  c)  +  x  =  a  and 
y  +  c  =  a  -  X.    Hence,     (a  -  b)  +  c  =  a  -  (b  -  c ) . 

Let    X  =  a  -  (b  +  c)     and    y  =  a  -  b.    Then    (b  +  c)  +  x  =>  a 
and    b  +  y  =  a,  so    (b  +  c)  +  x  =  b  +  y.    By  Commutlvlty, 
Associativity,  and    C^,    c+x=y,    or    x=y-c.  Hence, 
a  -  (b  +  c)  =  (a  -  b)  -  c. 


Exercises  l-4b' : 

1.     (a)    (x  +  y)(-l)  =  (-l)(x  +  y) 

=  -(x  +  y) 

(b)  3x;  Th.  l-4g.  , 

(c)  6  -  (-2)  =  6  +  2-=  8j     Th.  1-Hc. 

(d)  -12;     Th.  l-4f. 

(e)  0;    Th.  l-4b. 

(f)  (-x)  +  (-2)  =»  -(x  +  2)  [Th.  l-4d 

(g)  -2(3) (4)  =  .6(4)  [Th.  l-4f 

=  24  [Th.  l-4f 

.(h)    -8  +  12  =  12  +  (-8)  [Comm. 

=  12  -  8  =  4  [Th.  l-4c 
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(i)    _4  _  (-7)  =  _4  +  [-(-?)]  =  -4  +  7  [Th.  l-kc 

=  7  +  i-k)  [Comm. 
=  7  -  4  .=  3  [Th.  1-kc 

(J)    (-5)  -  (-9)  =  (-5)  +  [-(-9)]  =  (-5)  +9       [Th.  l-4c  -  

=  9  +  (-5)  [Comm. 
=9-5=4  [Th.  l-4c 

27    (a)    4x  -  2  =  8    if  and  only  if    4x  =  8  +  2  =  10[Def . 

No  solution  over    I>  since  there  is  no    x  in  I  such 
that    kx  =10. 

(b)  6m+l  =  13  if  and  only  if  6m+l+(-l)  =■  l3+(-l)  [EC^ 

if  and  only  if  6m  =  12  [Add.  Inv. , 

Add .  Iden . , 
Th.  l-4c 

if  and  only  if  m  •  6  =2.6  [Comm. 
if  and  only  if  m  =  2  [ECg 

(c)  5y-3  =  2y+6  if  and  only  if  5y+(-3)+3  =  2y+6+3    [EC^  and 

.  Th.  1-kc 

if  and  only  if  5y  =  2y  +  9         [Add.  Inv., 

Add.  Iden. 

if  and  only  if  5y+(-2)=.  2y+9+(-2y)  [EC^^ 

if  and  only  if  5y  -  2y  =  9         [Th.  1-kc, 

Comm.  Add.  Inv., 
Add .  Iden . 

if  and  only  if  3y  =  3  •  3  [Th.  l-4c. 

Comm.,  I)lst. 
if  and  only  if    y  =  3  [Comm.  and  ECg 

(d)  3p  +  7  =  p  +  9 

3p  +  7  +  (-p)  =  p  +  9  +  (-p)  [EC^ 

[Comm.,  Th.  1-kc,  Add. 
2P  +  7  =  9  Inv.,  Add.  Iden. 

2P  =  2  [Add.  Inv.,  Th.  l-4c. 

Add.  Iden. 

P  =  1  [ECg,  Mult.  Iden.,  Comm. 

(e)  4x  -  2x  -  2  =  6  [Dist.  Th.  l^-4c 

2x  =  6  +  2  ;  8  [EC,,  Th.  l-4c,  Dist. 
X  =  4 
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(f) 


(h) 


(1) 


(J) 


3.  (a) 


7y  +  6y  +  9  =  17 
13y  =  17  +  (-9)  =8 
No  Solution  over  I. 
4a  +  31  =  6a  +  21 
31  =  2a  +21 

10  =■  2a 
a  «  5 

5  _  6x  -  8  =.  3x  +  6  -  18 
-6x  -  3  =  3x  -  12 

9  =  9x 

X  =  1 

3y_3  +  2  =  6-  2y-6 
3y  -  1  =  -2y 

5y  =  1 

No  solution  over  I. 

13  -  3w  +  4  =  1  -  2  +  6w 

17  -  3w  =»  -1  +  6w 
18  =  9w 

w  =  2 


[Dlst. , 

[Dlst.,  Comm.,  EC^,  Th.  l-4c 

[Dist.,  Comm. 
[EC^,  Add.  Inv.,  Comm., 
Add .  Iden . 

[EC^,  Add.  Inv.,  Add.  Iden. 

[EC 2  and  Eg  (Symmetry) 

[Dlst.,  Th.  l-4c 

[Th.  l-4c.  Comm. 

[EC^,  Add.  Inv.,  Add.  Iden., 

Dlst.,  Th.  l-4c 
[Eg,  EC 2 

[Dist.,  Th.  l-4c 

[Comm.,  Th.  l-4c.  Add.  Inv., 
Add.  Iden.  . 

[Add.  Iden.,  Add.  Inv., 
EC^,  Th.  l-4c 

[Dlst,.,  Th.  l-4c,g,  EC^, 

Add.  inv..  Mult.  Iden. 
Add.  Iden. 
[Th.  l-4c 

[EC^»  Comm.,  Dist.,  Add. 
Iden.,  Add.  Inv. 


a  -  (b  -  c)  =  a  +  [-    b  +  (-c)  ] 

=  a  +■  [(-b)  +  -(^.0)  ] 

=  a  +  [ (-b)  +  c] 

=  [a  +  (-b)]  +  c 

=  a  -  b  +  c 


(b)    a(b  -  c) 


=  a[b  +  (-c)] 
=  ab  +  a(-c) 
=  ab  +  [-(ac)] 

=  ab  -  ac 
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[Th.  l-4c 

[Th.  1-ild 

[Th.  1-ila 

[Assoc. 

[Def.  and 
Th.  l-4c. 

[Th.  l-4c 

[Dist. 

[Th.  l-4f  and 
Comm. 
[Th.  l-4c 
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(c)  (a-b)(a+b)  =  (a-b)a  +  (a  -  b)b 

=  a[a  +  (-b)]  +  b[a  +  (-b)] 
=  a-  a  +  a(-b)  +  b.  a  +  b(-b) 
.    -  =  a^  +  [-(ab) ]  +  ab  +  [-(b^)] 

=  a'^^  +  0  -  b"" 

.2  k2 
=  a    -  b  . 

(d)  (a-b)2  =  [a  +  (-b)][a  +  (-b)] 

=  [a  +  (-b)]a  +  [a  +  (-b)](-b) 
=  a  •  a  +  a(-b)  +  (-b)a  +  (-b)(-b) 
=  a^  +  [-(ab)]  +  [-(ab)]  +  b^ 

=  a^  +  2[-(ab) ]  +  b^ 

=  a^  +  i-2(ab)]  +  b^ 

?  2 
=  a^  -  2ab  +  b 

(e)  (a-b) (a^+ab+b^)  =  (a-b)a^+(a-b)ab+(a-b)b^ 


[Dlst. 

[Comm.,  Th.  l-4c 
[Dlst. 

[Def . ,  Th.  ,  l-^f„.. 

Comm. 

[Add.  Inv.,  Th.' 
l-i|c 

[Add.  Iden. 

[Th.  1-hc,  Def. 
[Dlst. 

[Comm.,  Dlst. 

[Def.,  Th.  l-^!f, 

Th.  l-'ig 
[Mult.  Iden., 

Dlst.,  Comm. 
[Th.  l-4f  , 

[Th.  l-^ic,  Def. 
[Dlst. 


=  a^-a+a^(-b)+ab(a)+ab(-b)+b^-a+b^(-b) 

[Comm.,  Dlst. 
=  a^+(-a^b)+a^b+(-ab^)+ab^+(-b^) 


=  a^  +  0  +  0  +  (-b^) 
=  a3  -  b3 


[Def.,  Th.  1-kf, 
Comm.,  Assoc. 

[Add.  Inv. 

[Add.  Iden., 
Th.  l-4c 


Exercises  l-5a' : 


(a) 

-6  <  k. 

(f)     3w  ;<  2w. 

(b) 

-3  <  -2. 

(g)     z  <  -3z. 

(c) 

-5  <  2. 

(h)    y  -  1  <  y  +  1. 

(d) 

X  <  -X. 

(1)     -2x  <  2x. 

(e) 

1  1  y. 

(J)     2p  -  1  <  2p  +  1. 

(a) 

Since    y  > 

0,  y 

Is 

a  natural  number.    Also    x+y  = 

Therefore 

X  <  X 

+  y 

by  Definition  l-5a. 

(b) 

If    X  <  y. 

then 

X  + 

(-y).  <  y  +  (-y)    by    O3.  Then 

X  -  y  <  0    by  Theorem  1-hc    and  A^. 
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(c)  Since    x<y,  x+a=y    where    a  >  0.  Then 

[x  +  (-y)]  +  a  =  0  or  (x  -  y)  +  a  =  0.  Therefore, 
X  -  y  <  0    by  Definition  l-5a,  because'  a    is  in  N. 

(d)  If    X  <  y,  then    .x  +  a  =  y    where    a    is  in  N.  Then 

(x  +  a)  +  (-w)  =  y  +  (-w)    and    (x  -  w)  +  a  =  y  -  v:,  or 
X  -  w  <  y  -  \7.     If    2  <  w,  then    -w  <  -z    and  - 
-  w  +  y  <  -  2  +  y,  or    y  -  v;  <  y  -  z.    Since    x  -  w  <  y  - 
and    y  -  w  <  y  -  z,  then  by  Transitivity,    x  -  w  <  y  -  z. 

(e)  If    0  <  X  <  y,  then    0  <  x    and    -x  <  0.    Since    -x  <  0 
and    0  <  X,  then    -x  <  x    and    -x  +  y  <  x  +  y,  or 

y  -  X  <  X  +  y. 


Exercises  l-5b' 


(a 

(b 
(c 
(d 
(e 
(f 
(S 
(h 

(i 
(J 

(a 
(b 
(c 
(d 
(e 
(f 
(g 
(h 


X  <  7,  so  [1,  2,  3,  k,  5,  6}. 

No  solution  over  N. 
[1,  2}. 

CD. 

[1,  2,  3}. 

[...,  -1,  0,  1,  2,  3,  4} 
No  solution  over  I. 
[-2,   -1,  0,  1,  2}. 
No  solution  over  I. 
[-1,  0,  1,  2,  ...}. 

[-3,  3}. 

No  solution,  since    0  <  iai     for    a  in  N. 

[-4,  -3,  -2},  i.e.,  integers    z.  such  that  -5  <  z  <  -1. 

[0,  1,  2,  3,  10}. 

[-4,  3}. 

No  solution,  since    0  ^  |a|     for    a    in  N. 

[-1,  0,  1,  2},  i.e.,  integers    x    such  that    -1  1  x  <  2. 

[-1,  5). 
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(1)     C-6,  -5,  -i^  -3,  -2,  -1,  0);     -2|y  +  3|  >  -6. 

ly  +  3l  <  3 

[0  ^  y  +  3  '  and  y  +  3  <  3]  or  [y  +  3  <  0  and  -(y  +  3)  ;^  3 

[-3  <  y    and    y  ^  0]    or    [y  <  -3    and    -3  <  y  .+  3] 
[-3  <  y  ^  0]  or    [y  <  -3  .and  -6  ^  y] 

[-3  <  y  <  0]  or    [-6  ^  y  <  -3] 

Combining  these  results;  -6  <  y  <  0. 

(J)     (-2,  -1,  0,  1,  2,  3) 


Exercises  l-6a' 


(b)  f 


H 


(d)  ^ 


2. 


(e)  I 

(a)  16 

(b)  12 

(c)  35 


1.  (a) 


(c) 


(e) 


17 

3x  + 

2y 

6 

7a  + 

5b 

7b 

5x  + 

3y 

xy 

3a  + 

2 

(f 

(g 

(h 

(1 

(J 

(d 
(e 

(f 

(f 
(S 
(h 
(1 
(J 


b  -  a 
— 5— - 

3b  -  2 

a 

5a  +  3 

a  -  c 
b 

d  -  be 
a  -  b 

16 
20 

x 


a  +  c 
b 

ac  -  be  +  2d 
 d(a  -  b) 

8a  +  2 
15 

ab  +  a  -  2b  +  2 
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i  (f) 


d(a  -  b) 

ft  (h)     I  -  ^ 

^  (i)  0 


(a  -  hf 


Exercises  l-6c' 


1.     (a)    ^  =  4    If  and  only  If    3(-^)  =  3(4),  [eg^ 

If  and  only  If    5x  =  12,  [Mult.  Inv. 

If  and  only  If      ^  =  3-  [M3 

Note:     Only  the  major  reason  Involved  In  the  statements  are 
given.    For  example.  In  forming  the  second  statement 
use  Is  made  of  a  number  of  other  reasons  such  as 
Associativity,  ^  =  a.  •  ^  ,  etc. 

(b)    ^  +1  =  6  if  and  only  If  ^  +l+(-l)  =  6+(-l),  [EC^ 

If  and  only  If  ^  =  r>,  [Add.  Inv., 

Th.  l-4c 

If  and  only  If  7  .  ^=7.5  [Eg^ 

If  and  only  If  2y  =  35,  [Mult.  Inv. 


If  and  only  If    y  ='|^ 


CM 


'5 


(c) 
(d) 
(e) 
(f) 


1 
F 

11 
15 

1 

23 
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(1)    Since    (1  -  x)  =  ~(x  -  l),     then  the  equation  is  the 
same  as    1  -  2(-l)  ^  — ^ — ,    so    x  =  7. 

(J)  ^ 

2.     (a)     If    f  =         then    f  +  ^  =  f  +  |  E^.  Adding, 

a  +  b  _  c  +  d 
~  d 

(b)  If    f  =  -g^     then    ad  «  be .    Using  Commutativity,  da  =  cb, 

d  b 

and  by  definition  for  equal  rational  numbers,    ^  =  a* 
Hence,    |  =  |    by  E^. 

(c)  If    I  =  f ,    then    1  =  1    from    (b)  above.    By  E^, 

b  ,  a  ^  d      c  h  +  a  ^  d_±_c      ^sing  Commutativity, 

a  ^  a      c-     c'  a  c  ^ 

a  +  b  _  c  +  d 
a  c  • 

(d)  If   f  =  f ,    then   I  +  (:^)  =  £  +  (4) .  Adding, 
^V^)  =  ^-^^    or    ^  = 


Exercises  l-7a' ; 

1.     (a)    i^<i|.  (d)    ^^^<2S^  for-8<m; 

(b)    It  <  BT-  <  HL^    for    m  <  -8. 


(c)  (e)  OT<^- 

-     -26  ,  -53  .  :i5  .  1  ^  12  .  13  <  25 
2-    "13  <  "27  ^  "T^  ^  3  ^  35  ^    7  ^  13- 


84 

[page  111] 


ERIC 


75 


3.     If    a  <  0,    then    ^  <  0. 

3. 


Proof;     If    a  <  0,    then    0  <  -a    by  0^.     Since    0  •  1  <  -a  •  1 

by  Mk>  then    0  <  l(-a)  and  by  Def .  l-7a,     0  <    — . 

—a 

But    ig.  =  -  i  f or    a      0,  so    0  <  -  I.  Hence, 

I  <  0    by  O5. 

If    ^  <  0,    then    a  <  0. 
a 

Proof:     If    J  <  0,    then    0  <  -  J    and    0  <  -i.    By  Def.  l-Ja, 
0  <  l(-a)    or    0  <  -a.    Hence,    a  <  0    by  0^. 

k.     If    a  ^  °    and    I  >  f,    then    f  <  f    and    f  <  |.  By 

e      &  a  e 

Transitivity,    j  <  ^.    Hence,    b      f  * 


Exercises  l-7b' 


1.     If  average  method  is  used;    ^  <       <  ^, 

5<2111236 

5  .  41      21      43   .  11   .  45  .  23  .  6 

An  alternate  method  would  be  to  form    j  ~  ^  J  ~  ^  ' 

Then 

5  _  30   .  31   .  32   .  33    .  34  .  35  ^  36  6 
7-Tl^<Tf5<Tf?<1]^<7f^<Tf5<1f^  =  7. 

P       |5   ,  3|   _  19       |5       3|   _     1       ,5       3|   _  15       |3|        ,5i  1 

Hence,     |||  -  |§|  <  |5  _  3,  <  ,5  .  3,  ^  ,5  ^  3 , ^ 

3.    The  proof  is  exactly  the  same  as  that  used  for  Theorem  l-5e 
except  that    a    is  in  Q    rather  than    a    in  I. 
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k.    The  proof  is  exactly  the  same  as  that  used  for  Theorem  l-5f 
and  part    k  of  Exercise  l-5b  except  that    a    in    Q  rather 
than    a    in  I. 

Exercises  l-7c' ; 

1.  6  <  3x  +  2  <  10    if  and  only  if    4  <  3x  <  8,  [00^ 

I  <  X  <  |.  ■ [OC, 

2.  -  ^<  y  <  -  |. 

3.  _2<  2^  <2  if  and  only  if  -10  <  2w  +  3  <  10,  [OC 

-13  <  2w  <  7,  [OC 


:13  <  w  <  |.  [OC 


U.     -1  <  3  -  X  <  1  if  and  only  if  -'^  <  -  x  <  -2  [OC^ 

2  <  X  <  4.  [OCg 

5.  ^  <  y  < 

6.  0  <  m  <  '  • 

7.  I  <  a  ^  |. 

9,     _1  ^  <  1    if  and  only  if    -2  ^  4  -  3x  <  2,  [OC, 

-6  <  -3x  <  -2,  [OCj 
^  <  X  <  2.  [OC, 


10. 
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Exercises  l-7d'  •■ 


1.  (a) 


[Th.  l-7a 


(b) 

(c) 
(d) 
(e) 


0  1  y  <  5. 

1^  -  m|  >  6  if  and  only  if  4-m<  -6  or  6  <  4-in 

-m  <  -10  or  2  <  -m, 


0  <  y  <  |. 


[Th.  1-7- 


10  <  m 


or  m  <  -2, 


[04 


(f) 
(s) 
(h) 


P  <  -2    or    6  <  p. 
X  _^  0    or    6  <  X. 
X  ^  I    or    2  <  X. 


(i)    1  <  |x  -h  2|      3    if  and  only  if 

[x  +  2  <  -1  or  1  <  X  +  2]     and     [ -3  <  x  +  2  _<  3 ] 


Combining  these  cases, 

[x  <  -3  and  -5  <  x  <  1]  or  [ -1  <  x  and  -5  <  x  <  1], 


The  combining  of  the  two  cases  is  actually  the  use 
of  the  Distributive  Property  of  propositional  logic: 

(a  A  b)  V  c  =  (a  V  c)  A  (b  V  c),  where    a  =  (x  <  -3), 
b  =  (-1  <  x),     and    c  =  (-5  <  x  <  l)j  using  A  for  the 
conjunction  "and"  and  v  for  the  inclusive  "or."  This 
point  will  necessarily  have  to  be  made  by  appealing 
to  student's  acceptance  of  the  same  meaning  for  the 
two  cases.    Number  line  diagranis  may  be  helpful  to 
make  this  point. 


[x  <  -3    or    -1  <  x] 


and     [-5  <  X  ^  1]. 


[-5  <  X  <  -3] 


or 


[-1  <  X  ^  1]. 
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X  <  -3      or      -1  <  X 


-5  <  X  <  1 


r 


-A- 


-3 


and 


X  <  -3      and      -5  <  x  <  1 


>-H — \ — I — H 


-5  <  X  ^  1 


0  1 
-1  <  X 


^    I    »  I — h— 1-4- 

-5  -3  0  1 

-5  <  X  <  -3 


or 


-5  -(0  1 

-1  <  X  <  1 


-5  <  X  ^  3    or    -1  <  X  <  1 


^ — t-  t  ■  I  ■  ^  

-3  -I  0.1 


(J)     1  <  X  <  2. 

Theorem  l-17a  for  a  =  0.  ix|  <  0  if  and  only  if  -0  <  x  <  0, 
i.e. ,  . X  =  0. 

Proof  for  "if":     If    x  =  0,     then  \%\  <  0. 

If    X  =  0,    then     |x|  =  0    and     |x|  <  0. 
Proof  for  "only  If":     If     |x|  <  0,    then    x  =  0. 

Since  0  <  |x|  for  x  in  Q,  then  |xj  <  0  only  for 
|x|  =0.     Hence,    x  =  0    from  the  definition  for  order. 


88 

[page  113] 


ERIC 


79 


1^14,    Miscellaneous  Exercises, 

Answers  to  Exercises 


1. 

(a) 

I,  Q,  R. 

(f) 

I,  Q,  R. 

Q,  R. 

(g) 

N,  I,  Q,  R 

(c) 

I,  Q,  R. 

(h) 

R 

(d) 

I,  Q,  R. 

(1) 

Q,  R. 

(e) 

I,  Q,  R. 

(J) 

N,  I,  Q,  R. 

2. 

(a) 

False 

(f) 

False 

False 

(g) 

True 

(c) 

False 

(h) 

True 

(d) 

True 

(1) 

False 

(e) 

True 

3. 

(a) 

(Associativity) 

(f) 

Mg  (Commutatlvlty) 

(b) 

Ejj^  (Transitivity) 

(g) 

D  (Distributive); 

(c) 

Ol^  (Multiplication) 

(Mj^  Is  also  Involved). 

(d) 

Ml^    (Mult.  Identity) 

(h) 

kj^    (Add.  Identity) 

"(e) 

(Symmetry) 

(1) 

Og,  or  OC-j^j  also  A^  and  A^^ 

(J) 

Ag    (Commutatlvlty);  also 

possibly         and  Dlst. 


(a) 

True; 

D 

(Dlstrlbutlvlty) 

(b) 

False 

(c) 

True; 

A2 

(Commutlvlty) 

(d) 

False 

(e) 

True; 

«2 

(Commutatlvlty) 

(f) 

True; 

«3 

(Associativity) 

(s) 

False 

(h) 

True; 

i2 

(Commutatlvlty ) 

(i) 

True; 

^2 

( C  ommuta  1 1  v  It  y ) 

(J) 

True; 

"2 

( C  ommuta  1 1  v  It  y ) 

(k) 

True; 

D 

(Dlstrlbutlvlty) 

(1) 

True; 

( C  ommuta  1 1  v  It  y ) 

Commutatlvlty 

for  a  (Id  It  Ion. 
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(a)  -3  <  6.  (i)    -       <  - 

(b)  -5  <  -2.  (J)  -if 

(c)  -7  <  0.  (k)    a  < 

(d)  8.2535  <  8.2536  (l)    a^  <  a 

(e)  -0.1  <  -0.001    ■  (m)    a  <  -a 

(f)  1  <I  (n)    a2  <  a 

(s)  -  2!  <2^  (°)    a  < 

(a)  (13  (x  <  2). 

(b)  (1,2,3,43  (y  ^  4). 

(c)  (1,2,33  (P  <  4). 

(d)  No  solution  in  N  (m  <  y). 

(e)  No  solution  in  I  (-^  <  x  <  2) . 

(f)  (1,23  (c  <|). 

(S)  (2,3,4,  ...3  (-g  <  x). 

(h)  (13  (y  <||). 

(i)  <x^  -4  . 

(J)  -1^"^! 

(k)  I  <  y  22. 

(1)  (...  -8,  -73  (d  ^  -6). 
(m)'  ^  1  iff  1  -  I  ^  1  iff  -  I  ^ 

Hence,     0  <  x. 

(a)  (-3,  -2,  -1,  0,  1,  2,  33  (-4  <  X  < 

(b)  y  <  -4    or    4  <  y. 

(c)  No  solution}    0_^  |c|  for    c  in 

(d)  (1,  2,  33  (  P  <  4). 

(e)  {...  -^4,  -3,  -2,  2,  3,   ...3  (n  <  - 

(f)  (-6,  63. 

(g)  No  solution;     | 3m  -  l|  <  -1. 

[pages  115-116] 
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(h)    Case  (i)        o^^Lj^    and  ^^-^  +  x  =  6, 


-1  ^  X    and  X  =  i|  , 
^  _  11 

Case  (ii)      2L+_i:  <  0    and  -  +  x  =  6, 

X  <  -1    and  X  =  13. 
No  solution,  since  no    x    in    N  satisfies 

8.     (i)    No  solution;     Case  (l)  -  j  ^  y    and    y  =  -  -|  , 

Case  (il)    y  <  -  j    and    y  =  - 

(J)    Case  (i)        0  <  ^°  3       and    ^  +  ^°  ^  ^  <  6, 

•i  ^  c    and    c  <  -J  . 

°  <i- 

Case  (ii)      ^°  "      <  0    and       -  ^°  "  ^  ,.<  6, 


3 

c  <  i    and    -  I  <  C, 


S 


Combining  the  two  cases,  . 

1  7  5  1  ■ 


Hence,  ^  ^  ^  c  ^1  . 

(k)     No  solution,  since    0^  |a|     for    a     in  R. 
( 1)    Case  ( i)    0  ^  x    and    x  =  8.      Case  ( ii)    x  <  0  and 

X  = -J  .    Only  Case  (i)  gives  a  solution,     x  =  8. 

(m)     -3  <  z  <  -2    or    1  <  z  <  2.    This  can  be  done  by  use  of 
Theorems  l-7a,  b;     see  Teachers  Commentary  for  1-13, 
Exercise  l-7d^.  part  1  (i)  for  a  discussion  of  a 
similar  problem. 
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(n)     If     |x|  ^  3,  then    -3  ^  x  ^  3    by  Theorem  l-Ta. 

If  |x|  ^  5,  then  x  ^  -5  or  5  x  by  Theorem  l-7b. 
Since     |x|  ^  3    or     |x|  ^  5,  then 

[-3  ^  X  ^  3]     or    [x  ^  -5    or    3  ^  -0- 

Combining  these  gives 

-3  ^  X  ^  3    or    X  ^  -5    or    5  ^ 

This  Is  the  use  of  the  general  associative  property 
of  proposltlonal  logic^  e.g., 

a  v(bvc)  =  (avb)vc  =  aVbVc 
where  In  this  case    a  =  (-3  ^  x  ^  3) ,  b  ^  (x      -5) ^ 
and    c  =  (5      x) . 

A  number  line  diagram  Is  useful  to  picture  these 
statements .  ''^^ 


-3 


(a)  X  -  (y-fz)  =  X  +  [-(y+z)]  [Th.  l-4c 

=  X  +  [(-y)  =  (-z)  ]  [Th.  l-k6 

=  [x  +  (-y)]  +  (-z)  [Assoc. 

=  (x  -  y)  -  z  [Th.  l-4c 

(b)  (x-y)  +  (x-z)  =  X  +  (-y)  +  w  +  (-z)  [Th.  l-4c  and  Def, 

=  X  +  w  +  (-y)  +  (-z)  [Comm. 

=  (x+w)  +  [-(y+z)]  [Def.  and  Th.  l^kd 

=  (x+w)  -  (y+z)  [Th.  l-4c 

(c)  Use    OC^;     0  <  x    If  and  only  If 

x(-l)  <  0(-l), 
or    -X  <  0. 

(d)  Use    OC^;     x  <  0    If  and  only  If 

0(^1)  <  x(-l),  or 
0  <  -X.  ' 
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10.     (d)    x(y  +  z)  =  x(z  +  y)  [Comm. 

=  ( z  +  y )x  [Comm. 

(b)  (x  +  y)  +  z  =^  X  +  (y  +  z)  [Assoc. 

=  X  -f  (  z  +  y )  [Comm. 

=  (x  +  z)  +  y  [Assoc. 

(c)  (x  +  y)z  =  z(x  +  y)  [Comm. 

=  zx  +  zy  [Dist. 

=  xz  +  yz  [Comm. 

(d)  X  +  (y  +  z)  =  (x  +  y)  +  z  [Assoc. 

=  (y  +  x)  +  z  [Comm. 

(e)  (x+y)(w+z)     =  (x+y)w    +  (x+y)z  [Dist. 

=  w(x+y)  +  z(x+y)  [Comm. 

=  v;x  +  wy  +  zx  +  zy  [Dist. 

=  xw  +  yw  +  xz  +  yz  [Comm. 

=  xw  +  xz  +  yw  +  yz  [Comm. 
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Illuatrdtlve  Teat  Questions 

A.    Multiple  choice  Items > 

1.  Which  of  the  following  statements  Is  a  correct  logical 
Inference  from  the  statement:  Every  element  of  set  A 
Is  an  element  of  set  B.? 

(a)  If    P    Is  an  element  of    B,  then  It  is  an  element 
of  A. 

(b)  P    is  an  element  of    A    if  and  only  if  it  is  an 
element  of  B. 

(c)  P    is  an  element  of    B    if  and  only  if  It  is  an 
element  of  A. 

(d)  P    is  an  element  of    A    only  if  it  is  an  element 
of    B.  ■ 

(e)  If    P    is  not  an  element  of    A,  then  it  is  not  an 
element  of    B»  . 

2.  Which  one  of  the  following  is  NOT  equal  to    -g  ? 

(b)  J  (d)    2-f|  . 

3.  Which  of  the  following  la  an  equation  with  Integral 
coefficients  that  has  the  same  solution  as 

■pr^  =  21  • 

(a)  6x  =  12;  (c)    8x  =  6;  (e)    9x  =  8. 

(b)  7x  =  12;  (d)    8x  =  9; 

k.    Which  of  the  following  properties  of  zero  Is  the  basis 

for  excluding  "division  by  zero"  ? 

(a)  a  +  0  =    a    for  every  integer  a. 

(b)  a  +  (-a)  =    0    for  every  Integer  a. 

(c)  a  •   0  =    0    for  every  Integer  a. 

(d)  0    Is  Its  own  additive  inverse. 

(e)  0    is  the  additive  identity. 


If  a  <  0  and  0  <  b,  then  2  -/F  +  Va^h  equals 
(a)     (2  +  a)v^r 
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(b)     (2-a)Vb;  (d)    7(4  +  a2)b; 


(c)     (2  +  a)b;  (e)   /(^  -  a2)b. 

6.  If    p,     q,     r    and     s    are  arbitrary  natural  numbers, 
four  of  the  following  expressions  have  the  same  value. 
Which  one  has  a  different  value? 

(a)  PC  +  rs;  (d)    qp  +  sr; 

(b)  sr  +  pq;  (e)    rs  +  qp. 

(c)  pr  +  sqi 

7.  V/hich  one  of  the  following  is  NOT  true  if    p,     q,  and  r 
are  integers  such  that  P<q<r<0? 

(a)  p  +  r  <  q  +  r;  (d)    0  <  pr; 

(b)  pq  <  rq;  (e)     qr  <  pr. 

(c)  0  <  r  -  p; 

8.  What  is  the  smallest  positive  integer    n    such  that 
11 


4  -  i) 


>  -TO  ^ 

(a)    6;     -(b)    8;      (c)     9?      (d)     10;      (e)  15- 
9.     Which  one  of  the  following  seta  of  numbers  is  NOT 
closed  under  the  "opere;tion"  of  squaring? 

(a)  [2,  4,  8,  16,   32,  ,,.). 

(b)  (-1,  0,  1). 

(c)  [-2,  4,  -6,   8,  -10,  ...). 

(d)  [-1,  2,  -3,  4,  ^5,  ...}. 

(e)  [1,  3,  5,  7,  9,  ...). 

10.  If  a,  b,  c,  and  d  are  arbitrary  integers  such  that 
0<a<b<c<d,  which  of  the  following  is  a  correct 
conclusion? 
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Short  answer    terns  ,  ' 

1.  Express  each  of  the  following  rational  numbers  as  the 
quotient  of  two  integers: 

3^ 

(a)     1  +  3  +  |5  (b) 

3 

2.  Find  the  integer    k    such  that  the  rational  number 

^  is  equal  to  the  integer  2. 

3.  For  what  integer    k    will  the  pair  of  rational  numbers 

4.  Express  the  reciprocal  of    6  -  2  in  the  form 

A  -f  B  -v/5 ,  where    A    and    B    are  rational  numbers  in 
simplest  form. 

5.  Identify  the  following  numbers  as  being  rational  or 
irrational^ 

V^'       (-2)^,       0.9,       3.1H,       2.121121112  .  . 


6.  VJhich  of  the  following  properties  of  the  system  of 
integers  are  NOT  also  properties  of  the  system  of 
natural  numbers? 

(a)  The  existence  of  a  multiplicative  identity. 

(b)  The  existence  of  an  additive  identity. 

(c)  Closure  under  multiplication. 

(d)  The  existence  of  a  solution  of    a  +  x  =  b  "or 
all    a    and    b    in  the  system. 

(e)  If    a  <  b    there  exists  an  element    c    in  the 
system  such  that    a  -f  c  =  b. 

(f)  If    a  <;  b,  then    a  -i-  c  ^  b  +  c. 

7.  State  whether  or  not  each  of  the  following  sets  of 
numbers  Is  closed  under  the  operation  specified.  If 
it  is  not  closed,  give  a  counter-example  to  illustrate 
this. 

(a)     Natural  numbers  under  division. 
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(b)  Odd  integers  under  subtraction; 

(c)  Irrational  numbers  under  squaring; 

(d)  Rational  numbers  under  multiplication; 

(e)  Rational  numbers  of  the  form         where  a 
and    b    are  natural  numbers  and    a  <  under 
multiplication. 

8.  Any  odd  integer  can  be  expressed  in  the  form    2n  4  1, 
where    n    is  an  integer.    Using  this  definition,  prove 
that 

(a)  the  set  of  odd  integers  is  closed  under  multipli- 
cation, 

(b)  the  set  of  odd  integers  is  not  closed  under 
addition. 

9.  (a)    Show  that  the  subset  of  integers  consisting  of  all 

integral  multiples  of    3    is  closed  under  subtraction 

and  multiplication, 
(b)    Give  a  counter-example  to  show  it  is  not  closed  under 

division. 
10.    Find  the  subset  of  the  set 

{-5,  -4,  -3,  -2,  -1,  0,  1,  2,  3,  4,  5) 
which  satisfy  the  conditions 

|x  -  7l  ^  6    and    |x  +  1|  <  5» 

Answers  to  the  Illustrative  Test  Questions 

A.  1.  (d).    2.     (d).     3.     (e).      4.  (c). 

5.     (b).  Note  that  since  =  |a|,  then  for    a  <  0, 

«  -»a.      6.     (c)      7.     (b).      8.     (c).      9-  (d).      10.  (c). 

B.  1.     (a)    ^;     (b)    |.      2.     -3.       3.     -3.     4.    |  + ^5. 

5.  Rational;  ,      (-2)^  \      0^?  ,      3.14,      (  V^)^  , 
VT^)^  ,   n/|  •     Irrational;  2.121121112  . 

6.  (b),  (d).      7.     (a)    Not  closed;    ^.     (b)    Not  closed; 
3-1  =  2.     (c)    Not  closed;     (  1/2)^  =  2.     (d)  Closed. 
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8.  (a)    Let    2a  +  1    and  2b  +  1    represent  odd  numbers, 

where    a,b        in    I.  Then 

(2a+l)  (2b+l)  =  4ab  +  2(a+b)  +  1  =    2[2ab+(a+b) ]  +  1. 
Since  (2ab  +  a  +  b)  is  in  I, 
then    2[2ab+(a+b)]  +  1  =  (2a+l)(2b+l)     is  odd. 
(b)     (2a+l)  +  (2b+l)  =  2(a+b)  +  2  =■  2[(a+b)  =  1]. 
Since    (a  +  b  =  l)  in  I, 

Then    2[(a+b)  +  1]  =  (2a+l)  +  (2bfl)  is  even. 

9.  -    (a)    Let    3a    and    3b  .  represent  integral  multiples  of 

3;     a,  b    in  I.    Then    3a  -  3b  =  3(a  -  b) . 

Since    a  -  b  in    I,  then    3(a  ~  b)  =  .3a  -  3b 

is  an  integral  multiple  of  3. 

Since    3a(  3b)  =  3(  3ab) ,  where    Sab    in  I, 

Then    3(3ab)  =  3a( 3b)  is  an  integral  multiple  of  3. 

(b)    I  =  2  . 
10.     (1,  2-  3}  . 
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Coramentary  for  Teachers 
Chapter  2 

AN  INTRODUCTION  TO  COORDINATE  GEOMETRY  IN  THE  PLANE 

2-0,  Introduction. 

Chapter  2  is  only  an  introduction  to  analytic  or  coordinate 
geometry  in  the  plane.    It  is  importajit  that  the  teacher  keep 
this  In  mind  and  that  he  make  this  clear  to  his  students.  The 
really  important  idea  of  this  chapter  is  that  we  have  two  ways 
of  looking  at  the  same  situation,  a  geometric  view  and  an  alge- 
braic one.    This  comes  by  setting  up  a  one-to-one  correspondence 
between  points  in  the  plane  and  ordered  pairs  of  real  numbers. 
We  then  look  at  whichever  formulation  happens  to.  be  more  con- 
venient for  our  purpose  in  a  particular  problem.    As  the  text 
says  on  the  first  page,  the  method  gives  us  a  way  of  solving 
geometric  problems  algebraically.    The  advantage  of  the  new 
method  is  that  we  have  quite  a  formidable  array  of  algebraic 
rules  and  techniques  already  available  and  ready  to  apply  to  a 
geometric  problem,  once  it  has  been  translated  from  its  geometri 
cal  form  into  the  language  of  algebra. 

The  new  coordinate  geometry  is  then  useful  primarily  in 
solving  two  kinds  of  problems. 

(1)  Given  an  algebraic  relation,  find  the  set  of  points 
whose  coordinates  satisfy  the  relation.     In  most  of 
the  problems  we  will  meet  in  this  course  this  relation 
is  given  by  an  algebraic  equation  (occasionally  by  an 
inequality) . 

(2)  Given  a  geometric  condition  find  an  algebraic  relation 
which  must  be  satisfied  by  the  coordinates  of  all 
points  satisfying  the  geometric  condition.     If  we 
keep  in  mind  that  these  two  problems  are  the  central 
ones,  then  the  details  which  are  important  and  which 
must  be  studied  carefully,  can  be  kept  in  the  proper 
perspective. 

In  addition  to  solving  these  problems,  the  analytic  method 
is  a  powerful  tool  in  constructing  proofs  of  geometric  theorems. 
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Its  great  advantage  here  is  that  in  general  it  offers  a  straight- 
forward method  for  proving  the  theorem,  which  relies  on  the  mach- 
inery of  algebra  rather  than  ingenuity,  as  is  so  often  the  case 
with  proofs  in  synthetic  geometry. 

The  subsequent  work  in  analytic  geometry  in  Chapters  6,  7 
and  8  develops  systematically  the  relationship  between  geometric 
and  algebraic  concepts.    In  particular,  the  correspondence 
between  lines  in  the  plane  and  linear  equations  in  two  unknowns, 
parabolas  (and  more  generally  conic  sections)  and  quadratic 
equations  in  two  unknowns,  planes  and  linear  equations  in  three 
unknowns  is  developed  and  exploited  in  these  chapters. 

A  notion  that  needs  emphasis  appears  in  several  exercises 
and  proofs  in  this  section,  i.e.  the  absolute  value  of  a  number. 
Repetition  in  all  possible  ways  of  the  idea  that  the  absolute 
value  of    a    is    a    only  if    a    is  non-negative  and  that 
I  a|  =  -a    if    a    is  negative  may  be  helpful. 

While  some  of  the  material  of  this  chapter  is  discussed  in 
grades  9  and  10,  this  is  the  beginning  of  a  systematic  develop- 
ment of  analytic  geometry.    It  is  important,  therefore,  that  the 
fundamental  idea  of  the  one-to-one  correspondence  between  points 
in  the  plane  and  pairs  of  real  n\imbers  be  made  clear.    The  one- 
to-one  property  of  the  correspondence  is  useful  for  most  pur- 
poses; however  it  is  worth  uoting  that  other  coordinate  systems 
are  possible.    At  a  later  stage  polar  coordinates  are  introduced. 
This  system  has  definite  advantages  in  representing  certain  types 
of  curves  and  in  describing  certain  kinds  of  geometric  condi- 
tions.    In  this  system  the  one-to-one  property  is  sacrificed  for 
other  desirable  properties.     In  solid  analytic  geometry  besides 
the  obvious  extension  of  rectangular  or  cartesian  coordinates, 
spherical  and  cylindrical  coordinates  are  useful.    In  many 
branches  of  physics  still  more  general  curvilinear  coordinates 
have  been  found  useful.    In. fact  the  study  of  some  branches  of 
physics  would  be  difficult  if  not  impossible  without  the  frame- 
work of  these  more  general  coordinate  systems.     (See  Bell's 
THE  DEVELOPMENT  OF  MATHEriATICS,  p .521  ff.) 
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Exercises  2-1.  Answers. 
1.  - 
2. 


3. 
4. 


*5. 
6. 

7. 
8. 


A(2,l)i  B(l,6)i  C(-2,6)i  D(-5,l);  E(-5,-6)i  P(-l,-l)i  G(l,-4)i 

H(5,-5). 
(3,3) 

(a)  (-4,-4). 

(b)  (-4,4),  (4,-4). 

(c)  (4  v^,0)(0,4y2),    (-4  V^,0),   (0,-4  72). 

Prom  inspecting  the  graph,  the  students  may  approximate  the 
coordinates.    To  3  decimal  places  they  are  (+5.656,0), 
(0,+5.656). 

(d)  (l)    The  points  c.re  located 
outside  the  circle. 

(2)  The  points  are 
located  inside  the 
circle . 

(3)  The  points  are 
those  located  outside 
the  circle  and  those  on 
the  circle. 

(-x,-y) 

(-x^^y-^),  (x^,-y^) 


1  1  '  1   

(a) 
(b) 
(a) 


y  =  2,  8,  -4,  0.    The  niimber  pairs  will  be  (2,2),  (8,8), 
(-4,-4)  and  (0,0). 
(b)    y  =  X. 

(a)  (-6,6),  (-6,-6),  (6,-6). 

(b)  (6,0),  (0,6),  (-6,0),  (0,-6). 

(c)  ySHB  or  12^2    units  (by  the  Pythagorean  theorem.) 
AC  =  6. 

BC  =  6 
AB  =  6  72 
Area:  =  l8 


(by  the  Pythagorean  theorem.) 
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9. 


10. 


A«(-6,-8) 

d(A.A')  =  d(A,0)  +  d(0,A') 
d(A,0)  +  8    =  10,  Pythagorean  theorem. 

d(0,A«) 

10  +  10  =  20 


Since  d(A,0) 

Then 

d(A,A') 

(a) 

A«(0,5) 

(b) 

B«(6,0) 

(c) 

M(6,5) 

(a) 

D(-3,0) 

(b) 

c(5,0) 

(c) 

DC  =  8 

(d) 

M'(1,0) 

::;^B(5,3) 


DM*  =  MXC--|'DC==^  because  of  segments 
intercepted  by  parallel  lines  theorem  in  geometry- 
DC  =  8,  OC  ==  5,  then  OM*  =1.    Hence  the  coordinates 
of       are  (l,0) . 
(e)    M(l,2).    Project  A  and 
B  on  the  y-axis  at  E  and  P 
respectively.    EP  =  2. 
Since         bisects  IF, 
the  coordinates  of 
M"  are  (0,2).  Hence 
the  coordinates  of  M 
are  (1,2). 

2-2.    The  Distance  Between  Two  Points. 

In  section  2-2  the  use  of  subscripts  on  the  coordinates  to 
denote  particular  points  sometimes  causes  difficulty.    The  con- 
venient tradition  that  P(x,y)  represents  a  variable  point,  while 
p^(x^,y^),  P-j^(x^,y^),  etc.  represent  particular  points,  which 
may  have  a  certain  kind  of  generality  in  a  particular  problem, 
needs  a  good  deal  of  explaining  and  emphasizing.  Por  instance, 
if  we  say  let  P(x,y)  be  any  point  on  a  circle  with  radius  r 
and  center  at    C(h,k),    then  the  equation  for  the  circle  is 
(x  -  h)^  +  (y  -  k)^  -  r^.      If  we  wish  to  state  that  a  particular 
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point    P^(x^,y  )  ia  on  the  circle,  this  is  clearly  indicated  by 
o     O     O     p      ^  p  p 

writing    (x^  -  h)    +'{Yq  -  ^)    -  ^  •    P(x,y)  is  the  variable 
point.    For  appropriate  values  of    x    and    y  it  can  stand  for  any 
point  on  the  circle.    Pq^^o'^o^  other  hand  is  a  fixed 

point.    We  still  may  mean  any  point  cn  the  circle,  but  the  sub- 
scripts tell  us  that  in  this  particular  discussion        •  is  fixed 
'(whatever  point  on  the  circle  it  may  be)  and  does  not  change. 

The  real  point  of  Section  2-2  of  course  is  to  establish  the 
distance  formula,  one  of  the  fundamental  tools  of  coordinate 
geometry.    Many  teachers  find  that  the  proof  goes  more  easily  if 
they  first  illustrate  the  idea  of  the  proof  with  specific  line 
segments  in  the  first  quadrant,  say  the  segment    P^(l,2)P2(4,6) . 
Then  take .general  coordinates,  drawing  the  picture  in  quadrant  I. 
This  is  usually  convincing  enough  so  that  drawing  a  diagram  with 
P^    and    ?2         various  positions  in  other  quadrants  offers  no 
great  difficulty.    It  may  trouble  some  students  that 
d(P^,R)  =  Ixg  -  x^l    regardless  of  the  signs  of    x^    and  x^. 
This  is  a '  rather  important  point  and  will  be.  used  in  many  other 
problems.    Repeated  numerical  examples  should  help -to  get  the  ' 
point  across.    Another  idea  which  needs  emphasizing  is  that  the 
distance    d(P^,P2)    is  always  non-negative.    We  have  defined  the 
distance  between  two  points,  which  is  not  a  directed  distance. 
Hence    dCP^^Pg)  ^dCPg^P^). 

After  the  midpoint  formula,  an  excellent  exercise  for  a 
good  class  (or  an  especially  good  student)  would  be  to  try  to 
get  the  class  to  guess  at  a  formula  for  the  coordinates  of  a 
point  which  divides  a  line  segment  in  a  given  ratio;  that  is 
d(Pi,P)  r 

  =  ~.  .    It  can  be  pointed  out  that  the  midpoint  divides 

d(p,p2)  ^2 

the  segment  in  the  ration  ^  .    Then  ask  what  the  coordinates 
would  be  if  the  point  was  1/3  of  the  way  between    P-j^    and  Pg, 
etc.    The  general  formula  is 
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This  ability  to  generalize  is  one  of  >he  marks  of  a  potential 
mathematician.    The  practice  of  making  conjectures,  testing  them, 
and  then  proving  them, If  they  seem  to  be  true,  should  be  en- 
couraged whenever  possible.    While  the  midpoint  formula  is  a 
useful  bit  of  information,  it  is  not  a  central  result  in  analytic 
geometry  and  it  is  not  used  nearly  aa  frequently  and  with  as 
significant  results  as  is  the  distance  formula-.    Both  of  these 
results  are  tools  —  important  ones  —  but  still  tools  to  be  used 
in  solving  problems  and  in  proving  other  results. 
"Exercises  2-2.    Answers . 

1.  (a)    5^/5  (b)  2^/2S 

2.  C(l,3) 

3.  AB  =  5,  BC  =  2  VB3,  AC  =  17  and  the  perimeter  =  22+2  V^B. 

4.  39 

5.  M(|  ,  -  ^  ) 

Length  of  P^M  =  ^-/2 

Length  of  F^F^  =  ^  V2". 

6.  c?.(P,R)=  13 
d(Q,S)  =  17 

7.  d(A,B)  =  5 

d(A,C)  =  /5S  =    5^5  . 
d(B,C)  =5 

Since  d(A,B)  =  d(B,C)  the  triangle  is  isosceles. 

8.  The  length  of  the  radius  is  13. 

No,  since  the  distance  between  the  points  (0,0)  and(4,-3) 
is  5. 

9.  B(4,-6) 

10.  Assign  to    C    the  coordinates    (x,y) . 

Then  d(A,C)  =  d(B,C)  fulfills  the  gometric  condition 

^(x  +  if  +  y2  =y(x  +  if  +  (y  -  5f 
y^  =  y?  r  lOy  +  25 
y  =  2.5 
[pages  124-129] 


10.  cont.  Hence,  d(A,C)  =  d(B,C)  if    C    is  (x,2.5)  for  any  real 
number    x.    However  if    x    is    -1,      A,  B,  C    do  not  form 
a  triangle,  


12.  M(3,l);  N(^,-2);  P(2,0) 

d(M,N)  =  >/lOj  d(N,P)  =  2  72;  d(M,P)  =  ^ 
perimeter   A  MNP  =  3  v^+-/TO 

Here  the  students  may  recall  from  geometry  that  the  length 
of  the  line  segment  joining  the  midpoints  of  two  sides  of 
the  triangle  is  equal  to  ^  the  length  of  the  other  side. 
So,  the  perimeter  of  A  ABC ^"  is  twice  that  of  A  MNP.  Other- 
wise, the  student  will  use  the  distance  formula  to  find 
the  length  of  each  side  of  A  ABC  in  order  to  find  its 
perimeter  in  order  to  compare  the  perimeters. 
d(A,B)  =4^2" 
d(A,C)  =  2yi0 
d(B,C)  =  2^/2 

Hence,  the  perimeter  of  ABC  =  2(3^2"+  -/To" ) 

13.  In  this  set  of  exercises  the  student  is  expected  to  use  the 
distance  formula  to  show  that  d(A,B)  +  d(B,C)  =  d(A,c). 
d(A,B)  = 

d(B,C)  =  2v^.. 
d(A,C)  =  3v/6T 

In  case  he  remembers  the  slope  concept  from  the  9th  grade, 
he  may  find  the  slope  of  each  segment  and  then  compare  them, 
as, 

slope  (A,B)  =  |. 
slope  (B,C)  =  I 

slope  (A,C)  =  .  -  r 

Or,  after  section  2-3,  where  slope- has  .been  discussed,  you 
might  suggest  that  this  concept^now  be  used  to  solve  this 


problem. 
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14.  (f  ,  ) 

d(Pi,     Pg)     =  +  Vl 

15.  (b)     d(N,0)  =  2  d(P,M)=2y5   

d(0,P)  =  275  d(M,N)  =  275 

perimeter  =  8  75 
(c)    Since  d(N,0)  =  d(P,M)  and  d(0,P)  =  d(N,M),  the  quadri- 
lateral MNOP  is  a  parallelogram.    Furthermore,  since 
d(N,0)  =  d(P,M)  =  d(0,P)  =  d(N,M),  the  quadrilateral  is  a 
rhombus, 

*l6.    Pour  different  solutions  are  possible. 

They  are  (a  +  c,b),  (a  +  c,b  +  c),  (a,b  +  c)j 
(a  +  c,b),  (a  +  c,b  -  c),  (a,b  -  c)j 
(a  -  c,b),  (a  -  c,b  +  c),  (a,b  +  c)j 
(a  -  c,b),  (a  -  c,b  -  c),  (a,b  -  c). 

The  midpoints  are 

(2a^  ,  b),  (a  +  c,  ^^),  ,  b  +  c),(a,  ^b^), 

(2a^  ,  b),(a  +  c,  ,b  -  c),  (a,  )• 

,  b),(a  -  c,  5^),  (^S^,b  +  c),  (a,  ^^)', 
,  b),(a  -  c,  ^^),  (^S^,,b  -  c),  (a,  ik^) . 

*17,    d(A,B)  =2  72 
d(B,C)  =72 
d(A,C)  =  3  72 

Since  d(A,B)  +  d(B,C)  =  d(A,C),  the  points  A,  B,  and  C  are 
collinear. 

Here  is  an  opportunity  to  suggest  that  the  students  investi- 
gate for  collinearity  such  sets  of  points: 

(a)  A(l,  2  +  h)j  B(3,  6  +  h);  C(5,  10  +  h). 

(b)  A(l,  -2  +  h);  B(5,  -10  +  h);  G{h,  -8  +  h) , 
Others  may  be  given  by  the  students. 
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2-3.    The  Slope  of  a  Line. 

The  formula  for  the  slope  will  be  review  for  students  who 
have  been  through  either  the  SMSa  First  Course  in  Algebra  or  the 
SMSO  Geometry  Course.    It  is  introduced  prematurely  here  in 
order  to  have  the  idea  available  for  use  in  Chapters  3,  4  and 
5  before  a  systematic  study  of  the  first  degree  equation  is 
attempted  in  Chapter  6.    The  descriptive  terminology  "rise"  and 
"run"  was  purposely  omitted.    If  the  teacher  feels  this  is 
natural,  helpful,  or  meaningful,  its  use  is  hallowed  by  tradition. 
The  point  that  the  slope  is  independent  of  the  points  and 
on  the  line  should  be  stressed;  that  is, 

^2  "  ^1  _  ^1  "  ^2 

^2  "  ^1  -  ^2  ' 

The  theorems  on  'slope  and  parallel  an^  perpendicular  lines 
are  extremely  useful.    The  proofs  may  be  omitted  in  favor  of 
informal  arguments  with  numerical  examples.    However  the  proofs 
in  the  text  are  novel  and  well  worth  the  good  student's  time 
and  effort. 

Exercises  2-3.  Answers . 

1.      (a)  m  =  -  I" 

(b)  m  =  2 

(c)  m  =  I 

(d)  Slope  is  undefined. 

(e)  m=| 

(f)  m  =  0 


T 

/ 

< 

It 

V 

) 

X 
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(b)  The  line  having  slope  -3,  since  the  magnitude  of  the 
steepness  of  a  line  is  measured  by  the  absolute  value  of 
its  slope. 

(c)  They  become  steeper. 

(d)  They  are  perpendicular,  since  -jC-S)  -  -1. 

(b)  Slope  of  line  through  (3,2) 
and  (7,1)  is  -  |  . 

Slope  of  line  through 
(-4,1)  and  (0^-2)  is  -  ^  . 

(c)  They  are  parallel. 


1 

Y 

2) 

D 

X 

■I) 

-2; 

R 

=  3, 

/2 

(a)  m(A,B)  =1  d(A,B) 
m(B,C)  =  -1  d(B, C) 
m(A,C)  Is  undefined    d(A,C)  =  6 

(b)  A  ABC  is  a  right  tri- 
angle with  right  angle  B, 
since  the  product  of  m(A,B) 
and  in(B,c)  equals  -1. 

(c)  Midpoint  of  TE  is 
(^.5,3.5);  of  1(T  is 
(^.5,6.5);  of  AC  is 
(3,5). 

(d)  m(M2,  M3)  =  1 
m(M2_,  M3)  =  -1 

m(M-j^,  Mg)  is  tindefined. 
m(A,B)  =  I 
m(B,C)  =1 
m(A,C)  =  I 

Hence  the  points  A,  B,  and  C  lie  on  a  straight  line, 
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6.      m(A,B)  = 


1  -  b 


7. 


8. 


m(B,C)  =  f 

2  2 

2-0  _  3  -  1 


If  - 
(a) 
(b) 


[b  /  1] 

then  b  = 
P 

r 


Y 

I 

)(2 

,8: 

,_. 

  4 

\ 

►G( 

>)- 



— 

,^ 

4)- 

/ 

— 

:) 

Y 

ni 

\\\ 

1 

\  i 

\  r 

) 

\- 

X 

K2- 

(a)  m(A,B)  =  -1 
m(D,C)  =  -1 


10.    m(AyC)  -  1 
m(B,D)  «  -1 

Since  1  •  -  1   =  -1,  I?  X  ^» 


m(A,D)  =  if 
m(B,C)  =  if 


Since  the  opposite  sides 
have  the  equal  slopes,  they 
are  parallel  and  ABCD  is  a 
parallelogram, 
(b)  No,  since  the  slope  of  any 
one  side  is  not  the  negative 
reciprocal  of  an  adjoining 
side. 


(a) 


m(A,B)  =  - 
m(C,D)  =  - 


m(B,C)  = 
m(A,D)  = 


Hence  ABCD  Is  a  parallelo- 
gram.   d(A,B)  =  yio6, 
d(B,C)  =   ^W5,    Hence  the 
parallelogram  Is  a  rhombus. 
.(b)  ABCD  Is  also  a  square,  since 
m(A,B)  x:m(B,C)  =  ^  •  f 
=  -1. 
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11. 


12. 


13. 


14. 


»15. 


*l6. 


»17. 


(a) 
(b) 


p 


a  -  b 


=  -1 


>;au8e  the  slope  of 


=  -1,  Tie.  I  W, 


(a)  m(Pi,Pg)  =  1^ 

(b)  Slope  of  a  line  J_  ^1^2 
C    Is  the  vertex  of  the  right  aribit 

the  line  segments    AC    and    BC    ere  negative  reciprocals, 
i.e.  m(A,C)  =  Ij-  ,  in(B,C)  =  -  ^  and  ■§^(^)  =  -1. 

(a)  (5,5),  (8,7). 

(b)  Yes,    Some  students  may  find  that  the  coordinates 
can  be  f  o\md  by  the 
following: 

X  =  2  +  3n 
y  =  3  +  2n 

-(A,c)  =  =  1 

Since  1  X  (-1) 
m(A,B)  = 

m(B,C)  =  4  :  = 

m(A,C)  =  :  P      °)  =  -1 

Since  the  slopes  of  TB,  W,  and       are  equal,  the  points 

B,  and  C  are  collinear. 
(a)   m(A,B)  »  0  which  means  that  JS  is  parallel  to  the  x-axis 
m(B,C)  is  undefined  which  means  i;hat  W  is  parallel  to  the 

y-axis« 

Hence  ^  X  Sc  and  A  ABC  is  a  right  triangle, 
(b)  The  coordinates  are  given  by 


(8 

7) 

(5 

2- 

2- 

3 

3 

X 

X 


a  +  (a  + 



0. 


b  +  (b  .+  -d) 
 ^ 


a  + 


b  +  ^  d 


m(a  +  ^  c,  b  +  d) 


2-k,    Sketching  Graphs  of  Equations  and  Inequalities. 

In  Section  2-4  it  helps  to  remember  that  this  is  an  intro- 
duction to  sketching  graphs.    Many  of  the  curves  treated  here 
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will  be  studied  in  detail  later  when  more  machinery  can  be 
brought  to  bear.    In  fact  some  curves  can  not  be  satisfactorily 
discussed  until  the  derivative  concept  is  available  in  a  calculus 
course.    So  the  aims  here  are: 

Cl)  To  give  the  students  experience  in  plotting  points  on 

curves,  and  after  they  have  a  good  deal  of  practice 

at  this, 

(2)  To  help  them        see  that  obtaining  information  about 
the  inter-    uuv.  :/mmetry  of  the  curve  can  be  more 

helpful  in    -^nv      ses  than  plotting  great  numbers  of 
points ♦ 

A  discussion  of  asymptotes  and  "extent"  (that  is,  values  of 
X    for  which    y    is  not  real  and  vice  versa)  is  omitted  in  this 
section  in  order  to  avoid  confusing  the  central  issues  with 
useful  techniques  which  occur  for  rather  special  curves. 
Asymptotes  will  be'  treated  in  Chapter  6  when  the  hyperbola  is 
discussed.    Extent  will  also  be  touched  on  in  the  discussion 
of  the  conic  sections  in  that  chapter. 

Exercises  2-4.  Answers. 
1.    Sample  number  pairs. 


(a) 


-2  -1 


-3 
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(c)  x_ 

y 


-2  -1 


(d)   xj  ~-  I  :± 


-1 

0 

1 

0 

0 

0,-1,-2,1,2- 

X 


(e)  _ 

y 

£(x,y): 


-1 


-3 


-3,-2,-1, 0,1,2,--- 


X  =  0  or  y  =  -3) 


(f)  X 

-1  -.5    0      .25    .5    1  2 

y 

3     1    0    -.125    0    1  6 
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(h) 


-2  -1 


2 


Y 

h. 

X 

— 1 

(i) 

are 

X 


Saiqi^:?  pairs  for  y  =  x 


-2  -1 


-2    -i  1  2 

Plot  thesf^  n^bsr  pairs. 
But,  the  J3U33il«^  pairs  that 
we  need  a2»e  J(^:p.y)  :y  >  x}  • 
Some  of  ^hem 


y 


-2 


and  are  plotted 
Hone 


y 

X 

\- 

M 

— 

— 

— 1 

-1     J-  2.5 
in  the  portion, 
of  these  "nc>lt>ng  to 
{(x,y):y  ^  Jt}^  zhus  the 
line  y  =  X  is  i^t  included. 
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(j)    Some  number  pairs  for 
y  =  X  4-  3  are; 
X    -2    -1      0      1  2 


y      1,    2      3      4  5 
The  graph  is 
((x,y);y  =  x  +  3)U 
((x,y);y  <  x  +  3)  shown  by 
the  line  and  the  region. 

(k)    Some  nixmber  pairs  for 


X 

=  y^ 

are. 

X 

1 

0 

1 

4 

y 

-2 

-1 

0 

1 

2 

Y 

m 

"i'i'i 

ijiiij; 

i;i> 

•:•:•!• 

P 

Y 

k. 

?t53 

i 

1 

4 

The  graph  is  ((x,y):x  >  y  }, 
the  shaded  region • 


(l)    Some  nvmiber  pairs  for 
y  =  |x|  may  be  found  in  (g)  • 
The  shaded  region  is  the 
graph  of  ((x,y):  y  > 


(m)    The  graph  of  ((x,y):  x  >  2  or  y  >  3)  is  the  shaded 
region  shown.    This  is  ((x,y):x  >  2}U  ((x^y):y  >  3},  i^e, 
all  the  points  whose  first  (m) 
coordinate  is  greater  than 
2  and  all  the  points 
whose  second  coordinate 

is  greater  than  3.  ~|       I    I    I  I 
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m. 
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(n)    The  graph  of  ((x,y):x  >  2  and  y  >  3)  Is  the  shaded 
region  shown.    This  is  ((v,y):x  >  2)0  {(x,y):y  >  3), 
i.e.  all  the  points  whose 
first  coordinate  is  greater 
than  2  and  whose  second 
coordinate  is  greater  than 
3.    Note  the  distinction 
between  the  problems  m 
and  n. 


(a) 


(b) 


Y 

m 

i 

— 

X 

Y 

a. 

r 

X 

F 

f(-3 

-2) 

Y 

b. 

P( 

) 

X 

I) 

(c) 


(d) 
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2. 


(e) 


(f) 


Y 

e 

) 

X 

Y 

f. 

P(l 

2) 

F 

"(3, 

X 

I  1 

(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(g) 

(h) 
(1) 


(J) 


x-inter-cept(s) 
3 
+1 
0 
1 
+2 
None 
9 


There  is  no  real 
number  whose  absolute 
is  a  negative  number. 
-3 


y-intercept(s) 
-6 
+1 
0 
+1 

None 

There  is  no  real  number  whose 
square  is  a  negative  number. 
0 

15 
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Symmetry  with  respect  to: 


x-axls 

y-axls 

origin 

(a)^ 

Yes 

Yes 

Yes 

(b) 

No 

1  e  s 

(o) 

No 

No 

No 

(d) 

No 

No 

Yes 

(e) 

No 

No 

No 

(f) 

Yes 

Yes 

Yes 

(g) 

Yes 

No 

No 

(h) 

Yes 

Yes 

Yes 

(1) 

No 

Yes 

No 

(J) 

No 

Yes 

No 

(k) 

No 

No 

Yes 

(1) 

No 

Yes 

No 

(m) 

No 

No 

Yes 

(a) 

(b) 
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*2-5.    Analytic  Proofs  of  Geometric  Theorems . 

In  section  *2-5  there  are  two  principal  difficulties  which 
you  are  likely  to  encounter.    One  Is  that  In  ae-slgnlng  coordi- 
nates In  the  figure.  It  Is  easy  for  the  student  to  assume 
properties  equivalent  to  the  ones  he  Is  trying  to  prove.  The 
other  Is  that  care  must  be  taken  to  avoid  taking  a  figure  or  a 
position  of  a  figure  which  results  in  proving  a  special  case  of 
the  proposition  rather  than  the  proposition  Itself.    There  are 
no  magic  prescriptions  for  eliminating  these  difficulties,  but 
the  student  needs  to  be  constantly  reminded  of  the  need  for 
avoiding  both  of  these  pitfalls. 
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♦Exercises  2-5.  Answers. 


1.  Given: 


Prove: 


A  line  connecting  the 
midpoints  of  two  sides 
of  a  triangle. 
The  line  is  parallel  to 
the  third  side  of  the 
triangle  and  t-qual  to 
half  of  it. 


2. 


3. 


4. 


ra  +  b 


1. 
2. 


Midpoint  formula. 
Midpoint  formula. 


Slope  %M2= 


c 
•5 


c 


a+b 


=  03.    Definition  of  slope. 


oK  . 


4. 


I  a+b 


^1 


—  TJ^D  < 


5.  d(K^,M.2)  =  1 

6.  Length  of  base  of 
triangle  =  a.  • 

7.  Hence,  M^Mg  =  •|(0A). 

8.  theorem  is  proved. 

2.    Given;  A  parallelogram  with 
diagonals  perpendic- 
ular to  each  other. 
Proye:  Parallelogram  is  a 
rhombus . 


Slope  of  X-axis  is  0  and 
parallel  lines  have  same 
slope. 

Distance  fomula. 
Distance  formula o 

By  steps  5  and  6. 
Steps  1-5. 


P3fa+b,c) 


1.  Slope  P^Pg  = 

2.  Slope  PgPi^  = 


1.  Definition  of  slope. 

2.  Definition  of  slope. 


'  [page  155] 
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3.    Slope  P^Pg  =  ^  ^  ^ 


3.    Given  m. 


m . 


4. 

a  -  b 
c 

c 

a  +  b 

5. 

a    =  b 

+  c2 

6. 

d(PiP4) 

=  yb2 

7. 

d(PiP4) 

=  Ia| 

8. 

dCP^Pg) 

=  |a| 

9. 

>3P^  is 

(Definition  of  perpendicular 
lines.) 
4.    Steps  1  and  3. 


rhombus 

Given:  A  quadrilateral 

with  diagonals  MN 
and  QP  bisecting 
each  other  at  0. 

Prove:    MPNQ  is  a  parallel- 
ogram. 


5.  Pythagorean  Theorem. 

6.  Distance  formula. 

7.  Substitution^  steps  5  and  6. 

8.  Distance  formula. 

9.  A  parallelogram  with  adjacent 
sides  equal  is  a  rhombus. 


Qjrhc) 

y 

(QO) 

\  N/a.Ci) 

P  (brc) 

Proof:     Choose  the    x    and    y    axes  so  that  the  diagonal  MN 
lies  along  the  x-axis*    Then  tjie  midpoint      0  of 
this  diagonal  will  have  .  (O^  O)    as  coordinates.  If 
we  let    N    have  coordinates     (a,0),  then  the  coordi- 
nates of    M    must  be     (-a,0).    We  can  name  the  co- 
ordinates of  either    P    or    Q,  arbitrarily,  but  when 
those  for  one  of  these  points  have  been  labeled 
those  for  the"  other  are  determined.    If  we  label  P 
as  (b,-c),  then    Q    has  the  coordinates  (-b,c), 
since    P    is  reflected  in  the  origin. 
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If    MPNQ    Is  a  parallelogram,  then    QM  =  NP,  and 

MP  =  QN,   

But    QM  =  VA-b  +  a)^  +  , 

and  NP  =  ^[h  -  a)^  +  . 
Hence  QM  =  NP 

In  a  similar  manner  it  can  be  shown  that  MP  =  QN. 
/.  MPNQ    is  a  parallelogram, 

y 


Given:     Rhombus  ^^^2^2^^ 
with  midpoints  of 
the  sides. 

Prove:    Figure  formed  by- 
Joining  the  mid-  ' 
points  of  the 
sides  is  a  rectangle. 


Proof: 

1.    Slope  of 


c 


P4(b.c)  (flffe.c)  (jbtb.c) 
I- 


(0,0)  (f.o) 


2.  Slope  of    i  2 

3.  Slope  of    1 2 

4.  Slope  of    I  ^  ^ 


—-TT  =  — T-TT     1.    Slope  formula, 
a  +  D      a  +  D  ^ 

c  -  ■§ 

a+5B  =  BTa  2.    Slope  formula. 

°  -  f 

a+2b    b  =  a+lF      3.    Slope  formula  . 


c 


b  a 
■5  ■  ? 


c 


5.     .*.    ^1        '^3^4  ^ 
parallelogram. 


6.    a^  =  + 
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4.  Slope  formula. 

5.  A  quadrilateral  with 
opposite  sides  paralle 
is  a  parallelogram. 

6.  dCP^^Pg)  =  d(P^,Pi^) 
since  ^{^^^]:^ 

is  given  a. rhombus. 
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7.  (Slope  of    /.)x(Slope  of    /g)  ^* 

c      ^      c      _  ^ 
a  +  ti  *  b  -  a 

8.  Z^X  ^2 

9.  /.    /]_  4  ^3  ^4  ^ 
rectangle* 


8,  By  Theorem  6-2, 

9,  A  parallelogram  with 


a  right  angle  is  a 
a  rectangle. 


Given;         and  Mg  are  the 
midpoints  of  two 
sides  of  a  tri- 
angle, and  p':^r- 
pendiculars  are 
drawn  to  the 
third  side  from 

Prove:    The  sum  of  the 

lengths  of  these 
perpendiculars ' 
equals  the  length 
of  the  altitude 
drawn  from       to  ^2.^2' 

Proof; 

1,  Coordinates  of       are         ,  ^)  • 
Coordinates  of  Mg  '  • 

2,  d(M^,N3L)  =  dlMgNg)  =  = 

3,  Theorem  is  proved. 


1,    Midpoint  formula. 


2,    Distance  formula. 


3*    Steps  1  and  2, 
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Mj^,r42jM3,  the  mid- 
points of  the  sieves 
of  the  ABC 

The  four  ^rir^'r-J^s 
formed  are  c-%>vv:ruent , 


(0.0)  M3 


Proof: 

1.  d(A,M3)  =  cl(M3,B) 
=  I  d(A,B)  =  ifi  . 

2.  -cl(B,M2)  =  d(M2,C) 
=  I  d(B,C)  


5. 


(b  -  a)' 
2 


3.     cl(A,M^)  =  cl(M^,C) 


=  I  d(A,C)  =  -^^^5^ 


U.  M-j^Mg      =      AM3      =  M3B 

M^Mg     =     CMg     =  MgB 


M3M2  =  CM^ 


.*.  the  four  triangles 
are  congruent. 


1.  Distance  formula  and  Mg 
is  a  midpoint . 

2.  Distance  formula.. 


3.    Distance  formula. 


4.    No.l,  Example  2-5, 


3*    S«S«S»  —  S«S«S« 
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Giver- 


Prove  : 


fee  "'rPO- 
S-  '.O  fSii^^S  of 

a  qua??r^Llateral, 
a     3e  -.ti  9s  bl- 
•s^      .5?9.ch  other. 


1(0,0)  f^io) 


B(qO) 


Proof: 

1.  P    is   (|  ,  r) 

G    is  ,  f ) 

H  is  i;^^ , 

E  is        ,  f) 

2.  The  nuLcs'oint  of  EG  is 

/a+b  —  d      c  +  e\ 
\  ^  >  — ^ — ;  • 

The  midpoint  of  EH  is 
/E  +  b  ^  d      c  +  e\ 

3.  /•  EG   :ar3fi    EH  bisect 
each  0^:1:^^:' 


1,    Midpoint  formula. 


2.  Midpoint  formula. 


3.  Because  the  coordinates 
of  the  midpoints  are 
the  same. 


1  27  ; 
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8. 


D(5b,2c) 


Given:     d(A,C)  =  d(C,B)  = 

d(C,D) . 
Prove:    BD  is  perpendicular 

to  AB. 

Select  the  coordinates  of 
A,  B,  and  C  as  indicated  In 
the  drawing. 


Proof : 

1.    Coordinates  of    D  are 
(2b, 2c)  . 
■    2.     d(A,C)  =  d(C,B) 

^2  ^        =  (b-a)2  +  c^ 

0  =  -2ab  +  a^ 
3.    0  =  -2b  +  a  [a  ;^  0]  and 

a  =  2b 
k.    DB    Is  vertical. 

5.    AB    is  horlzonta?  and 

.%  perpendlcTilar  to  BD. 

9.    Given:     Isosceles  tr&pezold 
ABCD  with  lines  con- 
necting the  mid- 
points E,F,G,H. 
prove:     EFGH  is  a  rhombus. 


1.  Mldpa.:it  formula". 

2.  Hypotaesis  and  instance 
f  omula , 

3.  a    cannot  be  zero  since 
B    is  distinct  from  A. 

4.  B    and    D    have  -zhe 
same  abscissas. 


nfKr.l    G  C(d.c) 


Proof:  , 
1.    E(|,  0),  F(H^,  f) 

G(14^,  c),  H(^,  S)^28 
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Hypothesis  and  z^.s.r::3Xice 
formula. 

Slope  farmula. 

Lines  having  equal  slopes 
are  parallel 
-If  opposite  sides  of  a 
quadrilateral  aj?e  j  j,  it 
is  a  parallelogram. 
Distance  Tormuix* 


Substituting  in  step  6 
for    d    in  step  2., 
A  parallelogram -iiavlng 
two  adjacent  sides  con- 
gruent is  a  rhombus. 

2-6 •     Sets  Satisfying  Geometric  Conditions . 

In  this  section  the  problem  really  is  in  translating  a 
geometric  condition  which  is  usually  stated  in  words  into  an 
algebraic  relation  stated  in  mathematical  symbols.    The  best 
advice  for  the:  student  Is,  as  in  the  ^ase  of  *'word  problems^^ 
•  to  read  th=  problem  through  once.    /Then  read  it  again.    Begin'  by 
letting    Pvx;,y)    be  aaT  point  which  satisfies  the  geometric 
condition.    Then  write  down  the  algebraic  condition  which  must 
be  -satLsfled  by  the  :r::::::n:irdir:srtes    x    aiLd    y  of  any  point  in  the 
set..    Simplify  the  z^sLiating  expression,  if  possible..  'Illus- 
trations a?  the  tecimlcme  h5f  many  exanjples  will  help  the 
student  tc  iget  the  Idea,  bulD  no  amomit  of  watching  ttie  -^rrar.her 
can  takie  tii&  place  of  attenmcts  on  ths-part  of  the  studemr.  to 
set  uprthe  algebraic  equatirna  f b9  hlmsEElf .    The  only  way  to 
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9.     2.     d(A,D)  -  d(B,C)  2, 

b^  +  c    =  a^  -  2ad  -  "1^  + 

-  (a  -  d)2 
b  -  a  -  d 
d  -  a  -  b 
3-.    Slape  EF  =  slope  HG  =  ^  3. 

Slope  FG  =  slope  EH  = 

4.     .\  EF  I  I  HG  and  FG  |  |  EH  4. 

5«         EFCrH  is  a  parallelogram  5, 


6.     d(E,P)  =  7(1)2  + 


d(E,H)  =  Vi^f  +  {-^f 

7.  d(E,E)  =  v4|)2  +  i^f  7. 

8.  .*.    d:(E,F)  =  cl(E,H)  and  8. 
EPGH  is  a  rhombus. 


r-gj  n  confidence  in  salvaras  such  problems  is  to  attempt  enough  of 
tfeem,   proceeding  froit  -ravaer  simple  ones  like  finding  the  set  of 
points,  at  a  given  il±sza^...:^e  from  a  fixed  point,  with  which  most  • 
:5Sui=HTnts  can  succeed,  -t.r  more  difficult  ones  which  require  the 
several  of  the  . :  rmulas  of  sections  2-2  and  2-3. 
IriB  teacher  will  t^^-^e  noticed  that  these  are  the  problems 
vc:-.;n  are  usually  called  "locus"  problems  in  geometry.    The  word 
"Icnia"  was  not  ment±cii£d  in  this  section  since  it  may  have  un- 
pleasant connotations  S  or  some  students  from  experiences  in 
zeomstry  and  more  impr.:r-;ant  because  it  really  contributes  nothing 
to  tas  point  the  sectl^sx  is  trying  to  make  —  the  formulation  of 
an  algebraic  statement  of  geometric  conditions. 

Another  omission  frrim  the  traditional  treatment  of  this 
topic  is  tne  discussion  showing  that  the  coordinates  of  every 
point Jn  the  set  satisfy  the  equation  and  conversely  that  every 
point  whosie  coordinates  satisfy  the  equation  belongs  to  the  set. 
This  discussion  was  deliberately  omitted  at  this  point  since  the 
difficulty  never  arises  in  the  easy  examples  which  the  student 
meets  at  this  time.    The  proper  place  for  this  discussion  is  in 
Chapters      and  7  where  equivalent  equations  and  operations  lead- 
ing tD  eqt£-valent  eisaations  are  treated.    If  the  teacher  wants 
to  cautiac  studeEitr  about  squaring  both  sides  of  an  equation 
and  assuEiag  thav.  ^e  solution  set  of  the  r^iiulting  equation  is 
the  same  as  thz^  ^Z'  the  original  equation,  it  is  entirely 
^aapropriatH.         sesmad  that  to  make  a  big-  issue  of  this  point 
St  this  ti=e  was  inappropriate,  almost  useless,  and  certainly 

Y 


if f ective. 
Szsrciseg;  2-6..  .^w 


/ 

/ 


2    =-"/x    +-T   1  - 

^    =  .s."'  +  y%  the  equation.  \ 
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(0,0)  T 
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2. 

d(C,P)  =  V(x  -  if 

+  :-2 

1  -  V      -  1;     +  y 

3. 

d(c,p)  =         +  (:  . 

3  =  V-^'.-  +  (y  -  2"- 

9  =  x'^  +  (y  -  2)^ 

d(C,P)  =           -  2)2 

+  KZ 

-3)2 

5  =            -  2)2  +  (y 

-3)' 

25  =  (x  -  2)2  +  {j  . 

5. 

dlC,P)  =  vfx  +  1)*^ 

-  3)2  =  ic 

(x  +  1)2  + 

(y  ' 

3)2  =  k2 

6. 

d(C,P)  =  V(x  -  .h)2 

+  (7 

-  k)2  =  r 

(x  -  h)-  + 

(y  - 

k)2  =  r2 

The  set  is  a  cir=le 

Witt 

radius  r. 

7. 

d(A,?)  =  i(B,P) 

v'^Cx  -  3)2  +  y2  ^ 
(x  -  3)2  +  y2  =  . 

5)2  y2 

-.y2 
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,,-^P(x,y) 


;C(l,o)/ 


c(h.k)  ; 


8.    d(A,P)  =  d(E  p; 


»P(x,y) 


X 


Ai3,0);  B(5'CS 


V^x  --2)2       vy  +  ?y-^  ='y(x  -  3)2  +  (y  -  2)^ 

5x  -  7y  =  -8 
*9.    -d(Pj,.P)  =  d/^g,,P) 

V^:x  -  x^)2  _   (y  _  y^)2  .=  -  X2)2  +  (y  -  z^' 


2x(x2  +  x^)  +  2y(y2  -  y-^)  +  (x2  +  x|  +  y2  +  j^)  =  0 
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10.  d(P,A)  =  2d(P,B) 


-/(x  +  2)2  +  y2  =  2V^  -  1)-  -  r 


4x  +       =  0 


Y 

.  .^n^ 

A(-2,0) 

y   B(l,0)  J 

11.  m(P,A) •m(P,B}  =  -1,  the  condition  for  Pl  J_  f3 


m 


(P,A) 


;  ra(P,B) 


X  +  a    X  -  1 

x^  +       =  1,  y  /  0. 

This  set  consla^.^a  xnf  l7he  set 
of  all.  points  sxc€?rt    A  3nd 
B    on  tlie  circ23  witJn  cerruer 
(0^0)  and  the  lenassti  of  -^e 
radius  equai  to  1- 
*12,  .  Using  the  nildpxErrn:  I'ormuLsL, 

P(x,y)  =         ,  ^  iience 

a  =  2x,  b  =  2y.     using  the 
distance  formula^ 


d(A,B) 


=  2 


V(2xp+^2y>^  =  2,  'by 
substitutlin:^. 


x2  +  y2  =  1. 


 1"^''^ 

Y 

-  -  ,P{x,y) 
\  X 

B;(i,o) 

/ 

Y 

B(C-e) 


s^M(x,y) 


A(a,0) 


131: 
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13.  cl(C,T)  =  d(C,A) 


y2  -  1)2 

y  =  I  x2  +  1 

(The  set  of  points  is  a  parabola.) 
l4.  This  problem  can  be  con- 
sidered as  that  of  finding 
the  set  of  all  points  0 
distance  from  the  origin. 

Hence   

d(P,0)  =  ^/x^  +       =  0 

2  2 
x"^  +  y"^  =  0 


15.  d(P,0)  =  4-  y^ 


=  2 


+  y2  =  4 
But,  this  includes  all 
values  for    x    and    y.  To 
exclude  che  "right"  part  of 
the  circle  ,the  description 
may  be  written  as  any  one  of  the  following: 


Y 

\  I 

\ 

\^  \ 

C,'(x^)  ] 

1  I 

T(x,0) 

Y 

/ 

/ 

/ 
1 
1 

X 

i 
\ 
\ 

0(0,0) 
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(a)  (  (x,y):x 


=  -  y^ 


} 


y 

1  \b  X 

o 

(0,0) 

Q(xP)  (3P) 

(b)   (  (x,y)  X  <  0:x2  +  y2  =  4  } 

16.  d(P,A)  =  =  |y| 

d(0,B)  =  3 

Area  =  \  d(P,A) •d(0,B) 
2=i|y|.3 

^  =  |y| 

y  =  +  -J,  which  means  that 
the  set  of  points  (x,y)  is 

the  graph  of  two  lines  parallel  to  the  x-axis.  This  may  be 
described  as, 

f  (x,y):y  =-j  }UC  (x,y):y  =  -  |.  } . 

[pages  159-160] 

133 


ERIC 


124 


2-7 •    Supplementary  Exercises  for  Chapter  2 
Symmetric  with  respect  to^ 


1. 


-  Answers , 
Intercepts 


X-axis 

y-axls 

origin 

X 

(a) 

No 

No 

No 

Yes 

Yes 

Yes 

±2 

+2 

No 

-.-  ^ 

(c) 

No 

Yes 

-3 

(d) 

Yes 

Yes 

Yes 

J  >p> 

(e) 

Yes 

Yes 

les 

JNOiic; 

U ) 

JNO 

No 

No 

6  and  1 

-6 

(g) 

No 

No 

No 

None 

-2 

(h) 

No 

No 

No 

0 

0  and 

(i) 

Yes 

Yes 

Yes 

None 

+4 

(J) 

No 

No 

No 

3 
"5 

3 

(k) 

Yes 

No 

No 

0 

0 

(1) 

No 

Yes 

No 

None 

(m) 

Yes 

Yes 

Yes 

+3 

+4 

(n) 

Yes 

No 

No 

-7  and  1 

i/7 

(o) 

No 

No 

No 

1  and  2 

-4 

(P) 

No 

No 

Yes 

0 

0 

2.  (a) 

(b) 

(c) 
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3»    (a)  Each  point  has  coordinates  of  the  form  (a,y). 
(b)  Each  point  has  coordinates  of  the  form  (x,b). 


(c)  (d) 
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-.1 


(g) 


5.  (a) 


n  Is  the  symbol 
for  Intersection, V 
and  means  all  the  :, 
points  that  are   : ' 
in  both  sets. 


C-(6,5) 


(b)  m(A,B)  =  -2i  m(C,B)  =  | 

Since  -2(^)  =  -1,  7S  _L       and  A  ABC  is  a  right  triangle. 

(c)  m(A,C)  =1 

(d)  d(A,B)  =  2^5  ;  d(B,C)  =  4^5 
Area  «  I  2  -^-/T 

a  20 

6.     (a)    The  coordinates  of 
M3l(A,B)  are  (7,-2) 

M2(B,C)  are  (9,-3) 

M3(A,C)  are  (8,1) 

d(MTL,M3)  = 

(b)    m(MTL,  Mg)  -  -  I  i  138 


B(8,-6) 
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7.  A  ABC  Is  Isosceles  since 
cl(C,B)  =  5  -v^ 

d(C,A)  5 
d(A,B)  =  2  VI5 

8.  m(C,A)  =  -g-S-j  [a  ;^3] 

m(C,B)  =  [a  ;^  0] 

(a)    If  CA  J__ 

then  Q-T-J  *  ^         =  -1  and  a  =  4 


iA(2,4) 


8(4,-2) 


(b)  B  II  6^ 

5     3a  -  fa  -  3) 
-t  =  2a  -  (a  -  1) 


«  -  1^ 
a  -  -  •gu 


9.    d(P,A)  =  d(P,B) 


Vx^  +  y2  =  Vtx  -  6)2  +  (y  - 
2y  =  -4x  +  15 

10.  d(P,A)  =  3 

vfx  -  2)2  +  y2  =  3 

2  2 

The  required  set  Is,  (  (x,y):  y  >  0  and  x    -^l-x  +  y  =5) 

11.  Plot  the  vertices  as  shovm  In 
the  figure.    Use  the 
distance  formula  to 
show  d(A,C)  =  d(0,B). 


C(0,b) 


d(A,C)  =  Va^  +  b^ 
d(0,B)  =  -vA^  + 


X,  +  Xp  y, 
12.  X  =       g    ^  ,  y  =  -J^ 


^ — 


B^,b) 


formula  for  coordinates 

8  +  yg 
=  —2- 

Yo  =-5. 


of  the  midpoint 

1  ^2  3 
?  =   2        '  ? 
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aip.io) 


13.  The  coordinates  of 


Mj_(B,C)  are  ,4) 
M2(A,C)  are  (|  ,6) 

•m(A,B)  =  -  •! 


A' 


B(5,-2) 


X 


.'.  vi^  1 1  IS 

dCMj^Mg)  =  2  ^ 
d(A,B)  =  4 


.-.  dCMj^Mg)  =  I  d(A,B) 
14.  d(P,A)  =  d(P,B) 


^(1  -  3)2  +  (y  -  2)2  =  V^l 


7)2  +  (y  -  6)2 


y  =  8 


.-.  P(l,y)  =  P(l,8) 

15.  (a)  ((x,y):y  =  7  or    y  =  -7) 

(b)  ((x,y):x  =  7  or    x  =  -7) 

(c)  ((x,y):x2  +  y2  =  j^) 

(d)  ((x,y): |xl  =  7    and    lyl  =  7) 

16.  The  equation  of  the  perpendicular  bisector  Is  derived  by 
using  the  distance  formula  and  a  related  theorem  from  plane 
geometry.    It  Is 


The  coordinates  of  point  C  satisfy  this  equation,  hence  C 
Is  on  the  perpendicular  bisector  of  "Kb. 

17.  Each  point  Is  on  the  circle.    The  reflection  of  (a,b)  In  the 
x-axls  Is  (a,-b)j  of  (a,b)  In  the  origin  Is  (-a,-b);  of 
(a,b)  In  the  y-axls  Is  (-a,b). 

18.  (a)  ((x,y):(x  >  0  and  y  >  O)  and  (x2  +  y^  =  9)) 

(b)  ((x,y):   (x  <  0  and  y  >  O)  and  (x2  +  y2  =  9) ) 

(c)  ((x,y):  X  <  0  and  x2  +  y2  =  9  and  y  /  O) 

(d)  ((x,y)![(x  >  0  and  y  >  O)  or  (x  <  0  and  y  <  O) ]  and 


X  +  y 


=  9. 
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Another  description  is    ((x,y):(x  >  0  and  y  >  O)  and 
(x^  +  y2  =  9) } U [ (x,y) : (x  <  0  and  y  <  0)  and 
(x2  +y2  =  9)3. 

19.  [(x,y): (x  >  0  and  y  >  O)  and  (2x  +  y  <  3)3. 

20.  Since  the  vertices  of  such  triangles  will  be  the  set  of 
points,  namely,  the  perpendicular  bisector  of  AB,  the 
equation  is  derived  from 

d(P,A)  =  d(P,B). 

The  equation  is 

Ihx  -  12y  =  -17. 

21.  Area  =      ab  =  k. 

The  coordinates  of    M  give, 

a         _  b 
^  ~  2  f  ^  ~  2 

or  2x  =  a,  2y  =  b 

■|(2x)(2y)  =  k  by 
substitution 
2xy  =  k 

22.  The  slope  of/  is  the 
negative  reciprocal  of 
"FCi,  the  radius. 

m(P,0)  =  -  |. 

7  4 

.*.  slope  of  /  is  +  -j 

23.  (a) 


Y 

B(0,b) 

A{a,0) 

Y 
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23.  (c) 


24.  m(A,B)  =  -2  ;  d(A,B)  =  2 
m(B,C)  =  I    ;  d(B,C)  ^  k  ^ 
.'.TJE  J_  15"       d(A,C)  =  10 
Area.  A  ABC  =  20 
Perimeter   AABC  =  10  +  6  v5 

m(A-T,B«)  =  2  J  d(A«,B«)  =2^5 
m(BV,C')  =  -  I  ;  d(B',C«)  =4^5 
ftWJ_lTcT  d(A«,C«)=10. 
Area    AA'B'C  =  20 
Perimeter   AA'B'C  =  10  +  6 

Challenge  Problems  Answers 

1.    d(P^,R)  =  X  - 

d(P,S)  =  Xg  -  X 

d(R,P)  =  y  - 
d(s,P2)  =  yg  -  y 


AP^RP  ~  APSPg 


p^p 


P^R 


RP 


-.\C(6,-5) 
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!•  cont. 


Let  P^P  =       and  PPg  =  Tg 

p^p    ^1  _  X  -  ^1  ^  y  -  yi 

TgCx  -  x^)  =  r^(x2  -  x)  , 
TgX  +  r^x  =  r^Xg  +  TgX^ 


and. 


rg  -f 


y  = 


2^1 


There  is  no  loss       generality  in 
taking  one  side  on  tha- x-axis  and 
ItShe  tSiird  vertex  on  tiie  y-axis. 
jEet  tne  centroid  be  P  ^,y),  P^ 
K^^,  and  Pg  be  A. 

1(a)  a  +  b 

X  =  ^-          =  — 2 — 


y  = 


— 3"  

1(0)  +  2(f) 


c 

1 


The  same  results  are  found  when 
P^  is  Mg,  Pg  is  Bj  when  P^  is 
and  Pg  is  C. 

2.    P(x,y)  divides  P^  and  Pg  in 
the  ratio  3?^*  ^2 


X  = 


^1^2  ^2^1 

^1  +  ^2 


y  = 


^yg  +  rgyj^ 
^1  +  ^2 

Assigning       to  M-^  and       to  B, 

y  ^  l(^)  ^  2(1)  =  2 

Assigning  P^  to       and  Pr,  to  C, 
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•  ^  .  l(-3)  ^  2(3)  ,  1 

y  .  l(^)  I  2(1)  ,  g 

An  alternate  solution  is  given  by, 

equation  of         is  y  -  1  =  |-(x  +  l) 

equation  of  M^C  is  y  -  1  =  -^(x  -  3) 
solving  for    x    and    y,  x  =  1  and  y  =  2, 
Hence  the  coooirdinates  of    P    are  (1,2). 

3,  Length  of  abscissa    x  =  2  times  length  of  ordinate  y. 
In  (xj^,y-|^),  tter  length  of  x^ 
is  actually  2x^. 
Use  "old"  distaaice  formula, 

d(p^P2)  =  Vfxg-x^)^  +  (y2-yi)^> 

replacing  x^^  by  2x^,  the  "new" 
distance  formula  is, 

dCP-L^Pg)  =  v(2X2-2x-l)^  +(y2-yi)^ 

=  ^A(x2-x^)^  +  (y2-yi)^ 
Check  this  by  using  the  coordinates  used  in  the  above 

drawing .  /  2  2~ 

d(Pi,P2)  =  ^^^(2  -  |)    +  (2  -  1) 

4.  This  system  is  really  a  disguised 
form  of  polar  coordinates.  In- 
stead of  the  usual  polar  coordi- 
nates (r,9)  we  are  using  (tan  Q,v) 
with  special  conventions  about 
the  signs  of  s  =  tan  0  and  d  =  r. 
For  instance  (c)  in  this  problem, 
d  =  k  s   is  essentially  the  polar- 
equation  r  =  k  tan  0. 

144 


Y 

3 

2 

P  (2,2) 

p(£ir^  > 

!■ 

1  2 
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Use  these  transformation  equations. 
Rectangular^  coordinates 


X  = 


id 


7 


1  +  s 


2  ' 


"New"  coordinates 
y  >  0 


+  if  d  and  s  have  same  sign 
I  -  if  d  and  s  have  opposite 
^ signs 


d  =  --v/x^  +  y*^,    y  <  0 


=  2L 

X 


y  = 


ds 


1  +  s2 

Rectangular 

■     (a)  x"'  +  y    =  r^ 

(b)  f  =  k 

(c)  Graph  of  d  =  ks 

The  equation  in  rectangular 
coordinates  is, 

+  y/x^  +  y^  =  k      If  y  >  0 


"New" 

^2  2 
d    =  r 


s  =  k 


■V^^  +  y^  =  k  2^  if  y  <  0 


(d)  X  =  a 


=  a  by  the 


bransf ormation  equations 
(e)Ax+By+C=0       general  linear  equation 

sd 


±d 


A  + 


+  Ad  +  B  s  d 


^  '  B  +  C  =  0  by  the  transformation 
1  +_sf_  equations 


1  +  s"  =  0 


145 
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2-8.    Illustrative  Test  Questions  for  Chapter  1^ 

The  following  Is  a  set  of  Illustrative  tes^:  Items  for 
Chapter  2.    It  Is  not  Intended  that  this  be  usa£  as  a  Chapter 
test,  but  rather  as  a  model  for  making  test  questions. 

1.  The  coordinates  of  the  projections  of  polnr.    P    on  the 
axes  are' (-2,0)  and  (0,3);  the  corresponcLng  coordinates 
for  point    Q    are  (4,0)  and  (0,5).    What  are  the  coordi- 
nates of  the  midpoint  of  PQ? 

2.  Which  of  the  following  terms  apply  to  tts  i;a»langle  whose 
vertices  are  (2,4),  (4,-2)  and  (-3,-1)? 

(a)  acute  (d)  non-Isosceles 

(b)  right  (e)  Isosceles  and  non-equllateral 

(c)  obtuse  (f)  equilateral 

3.  Given  the  points  A(l,2),  B(-ll,4)  and  C(13»-6).    Find  the  \ 
distance  between  the  midpoint  of  AB  and  the  midpoint  of  Tc. , 

4.  Given  the  points  A{l,2),  3(-^-^4),  and  cCl3,-6).    Find  the 
slope  of  thie  line  through  the  midpoint  of  AB  and  the  mid- 
point of  AC. 

5.  Find  the  value  of    k    for  which  the  line  tiirough  the  point 
A(k,2k  -  1)  and  B(2k  +  l,k)  will  have  a  alope  of  |  . 

6.  Given  the  points  -A( 2, -3),  B(-l,2),  and  P(a  -  1,  a  -  3). 
Find  the  values  of    a    for  which  TK  will  be  perpendicular 
to  pE. 

7.  Given  the  three  points  A(-4,-2),  B(0,2)  and  C(3,y).  Find 
the  value  of    y    for  which  thes:e  points  are  the  vertices 
of  a  right  triatngle  if, 

(a)  the  right  angle  is  at  B. 

(b)  the  right  angle  is  at  A. 

Show  that  the  right  angle, cannot  be  at    C    for  any  real 
value  of  y. 

8.  Given  the  points  P^lCS^S),  Pgt^^l),  P3(-l,2)  and  Pi^(-4,s). 
Find      r  and    s    such  that, 

(a)  P^Pg    is  parallel  to  Pp^- 

(b)  F^Fg  is  perpendicular  to  P3P4. 
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9,      If  a  line         has  a  slope  -3  and  y-intercept    5  while 

line  ! 2  slope  2  and  y-intercept  8,  in  which  quadrant 
do  the  graphs  of  7^    and  intersect? 

IC,    Find  the  point  P(x,y)  that  is  symmetric  to  the  point 
P«(3,2)  when  reflected  in  the  line  y  =  x. 

11.  Determine  in  which  quadrants  the  graph  of  each  of  the 
following  equations  has  points.    Indicate  for  each  graph 
whether  it  is  symmetric  with  respect  to  the  x-axis;  with 
respect  to  the  y-axis;  with  respect  to  the  origin, 

(a)  y  =  -2x  +  3 

(b)  y  =  |x| 

(c)  y  =  2x^  +  3 

(d)  x2  ^  y2  =  9  * 

(e)  y  =  x^  -  3x^  +  3x  -  1 

12.  Write  the  equation  of  the  set  of  points  equidistant  from 
the  two  points  A(-5#3)  and  B(5>3), 

13.  Describe  the  graph  and  write  the  equation  of  the  set  of 
points  whose  distance  from  the  point  A(0,3)  is  5  and  for 
which  y  >  0, 

14.  Write  the  equation,  sketch,  and  describe  the  set  of  points 
P(x,y)  such  that       _L  FH,    The  coordinates  are  A(-2,3)  and 
B(2,-3). 

15.  The  points  whose  coordinates  are  (5*2)  and  (-1,^)  are 
symmetric  with  respect  to  a  line, 

(a)  Give  the  coordinates  of  the  point  that  is  on  the  line 
of  symmetry  and  on  the  line  connecting  the  two  given  points 

(b)  What  is  the  slope  of  the  line  of  symmetry? 

16.  What  are  the  coordinates  of  the  point  on  the  line    y  =  x, 
if  its  projection  on  one  axis  has  coordinates  (0,-7)? 

17.  Given  the  points    A(0,l),  B(if,-.3),  C(6,0), 

(a)  Find  the  coordinates  of  M^,  the  midpoint  of 

(b)  Find  the  coordinates  of  Mg,  the  midpoint  of  BS", 
(.c)  Find  the  length  of 

(d)  Find  the  slope  of 
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17.  (e)    Find  the  slope  pf  Sc". 

18.  Given  the  points  A{3,5) j^B(p,-l),  C(-l,2),  D(2,-3). 

(a)  Find    p    such  that  AC  | |  DB. 

(b)  Find    p    such  that  AC    |  DB. 

19.  Give  the  equation  of  the  set  of  points  equidistant  from  the 
points  whose  coordinates  are  (5/7)  and  (7^5) • 

20.  Find  the  equation  of  the  set  of  points  equidistant  from 
the  points  whose  coordinates  are  (3,25)  and  (-5,25). 

21.  Find  the  equation  of  the  set  of  points  which  is  equidistant 
from  the  two  points  (-2,5)  and  (3,-2). 

22.  Find  the  equation  of  the  set  of  points  which  is    5  units 
from  the  point  (-4,-5).  , 

23.  What  is  the  slope  of  the  line  whose  equation  is, 

(a)  y  =  xV  ' 

(b)  X  =  0? 

(c)  y  =  0? 

2h.    A  line    L    with  slope  -  ^  which  intersects  the  x-axis  at 

(2,0)  will  pass  through  which  quadrants? 
25.    Give  the  coordinates  of  the  x-intercept (s)  and/or  the 

y-intercept(s)  of  each  of  the  following  equations: 


(a) 

y  =  2x. 

(b) 

y  =  x^. 

(c) 

2  2 
+  y  = 

=  9. 

(d) 

y  =  |x| . 

(e) 

x^  =  4  + 

y^ 

(f) 

2 

X  =  y^  + 

7. 

(g) 

3y  +  6x  = 

=  9. 

(h) 

y  =  x2- 

3. 

(1) 

X  =  2. 

(j) 

y  =  -2. 

(k) 

y  =  0. 

26,    Give  the  line(s)  of  symmetry  for  the  equations  labeled  (b), 
(c),  (d),  (f),  (h)  in  Problem  25  above. 
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Select  a  sentence  from  the  list  given  below  the  figures  which 

will  completely  describe  each  of  the  graphs.     [The  dotted   

portions  of  the  graph  are  excluded.] 
(1)  (2) 


Y 

X 

(3) 


X 


(5) 


(6) 


Y 

) 

X 
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27.  (7) 


(8) 


(9) 


(a)  ( 

(x,y) 

(b)  ( 

. (x,y) 

(c)  1 

!(x,y) 

(d)  1 

'.  (x,y) 

(e)  1 

[ (x,y) 

(f) 

[(x,y) 

(g) 

[(x,y) 

(h) 

[(x,y) 

(i) 

[(x,y) 

(J) 

t(x,y) 

(k) 

t(x,y) 

(1) 

t(x,y) 

(m) 

t(x,y) 

(n) 

t(x,y) 

(o) 

t(x,y) 

(p) 

t (x,y) 

(q) 

t(x,y) 

2) 
=  23 


X  =  3  or  y  = 
X  =  3  and  y 
y  >  |x|)  ' 
y  >  x^) 
X  -  y  <  3) 
X  +  y  <  3) 
y  =  x3) 
y  =  -x^) 
x^  +  y^  =  9) 

+  y^  and  x  >  0  and  y  ^  O) 
+  y2  =  9  and  X  ^  0) 
-3  <  y  <  3) 

(x  +  2)^  +  (y  -  3)^  =  9) 
-3  >  y  >  3) 

X  =  y^  and  x  =  -y^  +  2  and  y  >  0) 
X  >  y^  and  X  >  -y^  +  2  and  y  >  O) 
(x  =  y^  or  X  =  -y^  +  2)  and  y  >  O) 
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2-9.    Illustrative  Test  Questions  for  Chapter  2.  Answers . 
1. 

2.  (a)  acute. 

(e)  isosceles  ajid  non-equilateral. 

3.  13 

^-   it  . 

3.  i 

6.  (0,4} 

7.  (a)  When  y  =>  -1,  the  right  angle  is  at  B. 

(b)  When  y  =  -9,  the  right  angle  is  at  A. 

For  the  right  angle  to  be  at  C, 

y  -  2  y  +  2  _  , 
'^-T-  '  ^  ^ 

p 

y    -  4    =  -21  which  has  no  real  number  solution, 

8.  (a)  s  =  6 
(b)  r  =  6 

9.  2nd  quadrant 

10.  P(2,3) 

11.  (a)  I,  II,  and  IV,    Not  symmetric  with  respect  to  either 

a.xis  or  the  origin, 

(b)  I  and  II.  Symmetric  with  respect  to  y-axis  only, 

(c)  I  and  II.  Symmetric  with  respect  to  y-axis  only. 

(d)  I,  II,  III  and  IV.    Symmetric  with  respect  to"  both  axes 

also  origin. 

(e)  I,  III  and  IV.  Not  symmetric  with  respect  to  either 

axis  or  the  origin. 

12.  X  =  0  (the  y-axis) 

13.  x^  +  (y  -  3)^  =  25  [y  >  0]  is  the  "upper"  half  of  a  circle 
whose  center  is  (0,3)  and  radius  5-    The  description  may  be 
given  in  set  notation  as, 

{(x,y):y  >  0  and  x^  +  (y  -  3)^  -  25) 
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Ik.    m(P,A)  = 
m(P,B)  = 

pt  I  y  -  3  .  y  +  3  _  , 

PA  J_  PB       ^^-^  -  -1 

+       =  13 
The  graph  is  a  circle  with 
center  at  0(0,0)  and  radius 

r/13. 

15.  (a)  (2,3) 
(b)  slope  is  3 

16.  (-7,-7) 

17.  (a)  M^(2,-l) 

(b)  M2(5,^) 

(c)  -4l 

(d)  slope  ipr^  =  -  E 

(e)  slope  Jc  =  - 

18.  (a)  p  =  ^ 
(b)  p  =  -  I  

19.  -  S)'""  +  (y  -  if  =  y(x  -  7)^  +  (y 

y  =  X 

20.  X  =  -1 

21.  5x  -  7y  =  -8  

22.  y(x  +  if)^  +  (y  +  5)''^  =  5 

(x  +  4)^  +  (y  +  5)^  =  25 

23.  (a)  slope  is  1. 

(b)  slope  is  undefined. 

(c)  slope  is  0. 

24.  Quadrants  i;  II  and  IV. 
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x-intercept (s) 

y-intercept (s) 

(a) 

0 

0 

(t>) 

0 

0 

(c) 

+3 

+3 

(d) 

0 

0 

(e) 

+2 

None 

(f) 

± 

None 

3 

Q 
O 

(h) 

+  V§ 

-3 

(i) 

2 

None 

(J) 

None 

-2 

(k) 

Every  real  number 

0 

(t>) 

y-axls 

(c) 

X  and  y  axes 

(d) 

y-axis 

(f) 

x-axls 

* 

(h) 

y-axis 

(1) 

(k) 

(2) 

(a) 

(3) 

(e) 

(4) 

(o) 

(5) 

(1) 

(6) 

(m) 

(7) 

(c) 

(8) 

(e) 

(9) 

(q) 
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Commentary  for  Teachers 
Chapter  3 

THE  FUNCTION  CONCEPT  AND  THE  LINEAR  FUNCTION 

3-0.    General  Introduction. 

This  chapter  la  about  functions,  but  the  student  should  not 
feel  that  when  he  Is  finished  with  the  chapter  that  he  has  fin- 
ished with  the  concept.    He  will  meet  the  Idea  throughout  the 
rest  of  his  mathematical  studies.    Some  of  the  functions  he  will 
meet  are  the  traditional  ones  -  the  linear  function,  the  quad^ 
ratlc  function,  the  trigonometric  functions,  the  logarithmic  and 
exponential  function.    He  will  also  meet  a  more  abstract  kind  of 
function  that  may  pair  other  objects  besides  numbers.    In  -  '  ' 
geometry,  for  Instance,  It  Is  Instructive  to  regard  congruence, 
similarity,  angle  measure,  and  the  like  In  terms  of  functions. 
These  are  functions  which  Involve  sets  of  points  as  well  as 
numbers.    AlsO;>  In  the  twelfth  grade  algebra  course.,  the  study 
of  groups,  rings  and  fields  Is  pursued  In  terms  of  functions 
which  Involve  quite  abstract  objects.    The  student  should  emerge 
from  this  chapter  with  some  understanding  of  how  widely  appli- 
cable the  function  Idea  Is.    He  should  be  able  to  recognize  a 
function  when  he  sees  one,  and  he  should  be  able  to  see  one 
wherever  he  looks . 

3-1.     Informal  Background  of  the  Function  Concept. 

Once  the  student  grasps  the  function  Idea  he  should  be  able 
to  find  functions  In  all  sorts  of  unlikely  places. 

He  will  probably  get  the  pairing  Idea  first,  and  the  class- 
room has  many  examples;     students  and  their  first  names, 
students  and  seats,  heights  of  objects  above  the  floor,  etc. 
Some  points  to  establish  are; 

(l)    that  the  pairings  need  not  be  one-to-one  ( It  Is 
all  right  If  several  students  are  named  Joe). 
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(2)  Every  member  of  the  domain  set  must  have  exactly  one 
object  assigned  to  it.     (Each  student  has  exactly  one  first 
name  • ) 

(3)  Every  member  of  the  range  set  must  be  assigned  to  at 
least  one  member  of  the  domain  set.     (if  no  one  in  class  is 
named  "Algernon,"  then  "Algernon"  is  not  in  the  range.) 

There  are  usually  three  sets  involved  in  a  function,  its 
domain,  its  range  and  a  third  set  which  includes  the  range. 
For  instance,  assigning  the  first  name  of  a  student  to  a  student 
involves  as  domain  the  set  of  all  students,  as'  range  the  set  of 
all  names  which  are  names  of  students.     It  also  suggests  as  a 
third  set,  the  set  of  all  firs/b  names.    This- latter  set  has  no 
special  name  but.  in  more  advanced  studies  of  functions  such 
sets  are  mentioned. 

Suggestions  for  section  3-1. 

1.  These  exercises  are  better  suited  for  class  discussion  than 
for  written  work.    The  fact  that  some  of  them  have  many 
interpretations  and  many  answers  is  an  asset  in  a  discussion. 
It  is  a  liability  in  a  writing  situation. 

2.  For  some  of  the  problems  the  doma.in  or  the. range  cannot  be 
explicitly  given.    For  instance  In  problem  5,  no  one  knows 
the  set  of  ages  of  living  people.     In  every  case,  however,  a 
descx^lption  phrase  can  be  given  which  is  coi'rect.  The 
teacher  should  not  accept  an  answer  like  "whole  numbers  less 
than  8,000,000"  as  the  range  sought  in  problem  6.    This  set 
includes  the  range,  but  a  more  accurate  answer  should  be 
required . 

3.  The  teacher  should  also  ask  for  relations  suggested  by  these 
phrases  which  are  not  functions.  For  instance  in  problem  1, 
assigning  triangles  to  areas  does  not  define  a  function. 

h.     It  should  be*  possible  to  have  the  students  volunteer  examples 
of  their  own,  from  science,  politics  and  everyday  living. 
The  teacher  ."lould  even  challenge  his  class  to  specify  a 
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topic  which  does  not  suggest  functions.    The  brighter 
students  can  be  counted  on  both  to  produce  far  fetched 
topics  and  Ingenious  solutions. 


Answers  to  Exercises  3-1 

1.  Areas  of  triangles 

Domain:      Set  of  all  triangles. 

Range;        Set  of  all  positive  real  numbers. 

Rule;  To  each  triangle  is  assigned  the  number 

-ibh,  where  b  Is  the  length  of  Its  base  and 
h    Is  the  length  of  its  altitude. 

2.  Multiplication  table  for  positive  Integers 

Domain;  Set  of  all  positive  Integers. 
Range:  Set  of  all  positive  Integers. 
Rule;  Assign  to  each  pair  of  Integers  (x,y) 

the  Integer  xy. 

3.  Election  returns 

Domain:      Set  of  all  offices. 
Range:        Set  of  all  elected  candidates. 
Rule;  Assign  to  each  office  the  single  candidate 

elected  to  that  office. 
Peoples*  first  names 

Domain:      Set  of  all  people. 

Range;        Set  of  all  first  names  of  living  people. 
Rule;  Assign  to  each  person  his  first  name, 

5.    Peoples'  ages 

Domain;      Set  of  all  living  people. 

Range;        Set  of  all  positive  Integers  which  are 

ages  In  years  of  living  people. 
Rule:  Assign  to  each  person  his  age. 

Note;  (l)    The  domain  of  this  function  Is  continu- 

ally changing. 
(2)    We  are  not  able  to  specify  Its  range 
precisely.     It  is  roughly  the  set  of 
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positive  integers    x    such  that 
1  ^  X  ^  110.    There  may  be  a  few  larger 
numbers  in  the  set,  too.    Also  babies' 
ages  are  not  generally  measured  in  years 
at  all  but  in  months,  days  and  even 
hours • 

(3)    It  is  recommended  that  the  teacher  not 
try  to  gloss  over  these  difficulties. 
It  is  a  sad  fact  that  every  day  language 
is  full  of  unclear  phrases.  However, 
he  can  promise  the  class  that  when 
functions  are  used  in  mathematical  con- 
texts such  difficulties  do  not  arise, 

6.  Population  of  cities 

Domain:      Set  of  all  cities. 

Range:        Set  of  all  positive  integers  that  are 

population  of  citiea. 
Rule:         Assign  to  each  city  a  positive  integer  that 

is  the  number  of  its  inhabitants. 

7.  A  dictionary 

Domain:      Set  of  all  words. 

Range:        Set  of  all  meanings. 

Rule:  Assign  to  each  word  its  meaning. 

8.  Relative  nearness  to  sun  of  planets 

Domain:      Earth,  Jupiter,  Mars,  Mercury,  Neptune, 

Pluto,  Saturn,  Venus,  Uranus. 
Range:        (  1,  2,  3  ••••  9  ) 
Rule:  Assign  to  each  planet  its  rank. 

9.  Batting  averages 

Domain:      Set  of  all  baseball  players. 

Range:        set  of  all-  3-place  decimals  which  are 

actxial  batting  averages. 
Rule:  Assign  to  each  player  his  average. 

10.     Absolute  values 

Domain:      Set  of  all  real  members. 

Range:        Set  of  all  non-negative  real  numbers. 
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Rule:  To  each  non-negative  real  number  x 

assign  X. 

To  each  negative  number    x    assign  -x. 
Note:  The  second  part  of  the  answer  to  this 

problem  looks  peculiar.    We  wished  to  assign 
positive  nixmbers  and  in  this  part  we 
assigned    -x,  which  looks  negative. 
Actually  we  assigned    -x    only  in  the  case 
that    X    was  negative,  and  in  this  case  -x 
is  positive. 


3-2.    Formal  Definition  of  Function. 


After  the  student  has  learned  to  discuss  functions  informally, 
he  can  be  led  to  ta^y  to  give  a  formal  definition.    He  will  al- 
most certainly  get  stuck  on  the  "rule"  part  of  the  definition. 
This  is  no  disgrace.    In  fact,  mathematicians  have  come  to  recog- 
nize that  it  is  hard  to  define  "rule"  and  they  avoid  this  problem. 
They  think  of  a  function       being  like  a  -box  with  an  input  funnel 
and  an  output  end. 


R/i/^ae  coti£  OUT  /^/sv^) 

It  is  a  device  which  feeds  something  out  of  the  output  end  after 
something  is  fed  into  the  input  end.    The  rule  of  the  function 
corresponds  to  the  machinery  inside  the  box.    It  is  not  necessary 
to  know  exactly  how  the  machinery  inside  the  box  converts  the 
input  to  the  output.    All  that  is  required  is  that  the  machine 
always  yields  the  same  output  element  for  any  given  input  element. 
In  advanced  treatments  of  function  the  idea  of  a  rule  disappears 
altogether.    The  pairings  are  taken  as  the  primary  thing  and  no 
questions  are  asked  as  to  how  they  are  arrived  at. 
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It  will  be  helpful  to  give  some  examples  of  functions  in 
which  the  "rule*'  is  Just  an  arbitrary  pairing.    For  instance  if 
A    is  the  set  (1,  2,  3}  and  B  is  the  set  [h,  5),  assigning 
5  to  1,  5  to  2  and  4  to  3  is  a  function  whose  domain  is  A  and 
whose  range  is  B.    The  teacher  should  Judge  for  himself  how  much 
of  this  kind  of  arbitrary  pairing  can  be  used. 

Our  text  treats  two  classes  of  functions  -  those  whose 
domain  and  range  are  sets  of  numbers,  and  those  with  more  abstract 
domain  and  range.    In  the  ninth  grade  text,  only  the  former  kind 
are  discussed  and  therefore  this  is  probably-the  student *s  first 
exposure  to  the  second  kind.    The  teacher  should  be  willing  to 
adopt  pretty  much  the  same  attitude  toward  both  these.     When  the 
familiar  linear  and  quadratic  functions  come  up  the  approach  to 
functions  introduced  here  should  be  maintained. 

Suggestions  for  section  3-2.    The  problems  are  suitable  for 
written  work. 


Answers 

to  Exercises  3-2 

(a) 

Domain: 

Set 

of 

all 

real  numbers. 

Range: 

Set 

of 

all 

real  numbers. 

(b) 

Domain: 

Set 

of 

all 

real  numbers. 

Range: 

3et 

of 

all 

real  numbers. 

(c) 

Domain: 

Set 

of 

all 

real  numbers. 

Range: 

Set 

of 

all 

non-negative 

real  ni;unbers . 

(d) 

Domain: 

Set 

of 

all 

real  numbers . 

Range: 

Set 

of 

all 

non-negative 

real  nxjmbers . 

(e) 

Domain: 

Set 

of 

all 

real  numbers. 

Range: 

Set 

of 

all 

non-negative 

real  numbers. 

(f) 

Domain: 

Set 

of 

all 

real  numbers. 

Range: 

] 

(g) 

Domain: 

Set 

of 

all 

integers. 

.  Flange:.  . 

.    {  0. 

p  1 

]  . 

(h) 

Domain: 

Set 

of 

all. 

points  in  the 

plane. 

Range: 

Set 

of 

all 

points  in  the 

plane . 
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(i) 

Domain: 

Set  of 

all  rectangles , 

Plange: 

Set  of 

all  positive  real  numbers. 

(J) 

Domain: 

Set  of 

all  pairs  of  points  in  the  plane. 

Range: 

Set  of 

all  non-negative  real  numbers. 

(a) 

f(i)  =  4, 

f(2) 

-  5,      f(3)  =.4 

(b) 

f(l)  =  2, 

f(2) 

-  1,      f(3)  =  3 

(c) 

r(5) 

-5 

(d) 

Any  function  whose  domain  is    B    has  a  range  containing 

at  most  two  elements.  A  is  therefore  ruled  out;  it 
has  three  elements. 


3-3.  Notation  for  Functions . 

In  traditional  discussions  of  functions  the  language  is 
often  sloppy.    The  teaching  of  functions  can  be  made  less  diffi- 
cult if  a  precise  language  Is  established  and  maintained. 
Consider,  for  instance,     f,  f(x)      x^,  y  =  f{yt).    The  first  f 
should  be  used  to  denote  a  function,  the  second,  f(x),  should 
be  used  to  denote  that  member  of  its  range  that  the  function  f 
assigns  to  the  number    x    of  its  domain,     f(x)  =  x^  should  be 
used  to  mean  that  the  function    f    assigns    x^    to    x.  The 
equation    y  =  f(x)     suggests  a  function  but  does  not  always 
define  one.    This  point  is  discussed  at  length  in  the  next 
section.    The  trickiest  part  of  the  function  notation  involves 
the  technique  of  substitution.     It  should  cause  no  difficulty  to 
use  the  symbol    f(3)    to  denote  the  object  assigned  to    3  by 
the  function    f .    Things  get  a  little  more  complicated  when  . 
letters  appear  and  substitutions  are  made.    For  instance  if 
f(x)  =  x^  then    f(2x)  =  (2x)^  or    4x^.     It  probably  is  best  not 
to  discuss  substitution  as  a  separate  topic,  but  to  try  to 
establish  the  rules  by  use  of  examples. 

The  symbol  f(x)  does  not  necessarily*  denote  an  algebraic 
expression.  If  f  is  the  function  which  assigns  to  each  state 
of  the  U.S.A.  its  capitol  then    f(New  York)  =  Albany. 

Suggestions  for  Section  3-3. 

1.    The  fast  learners  will  catch  on  to  this  material  quickly 
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and  enjoy  it.    Some  of  the  slow  learners  may  feel  hopelessly 
lost  at  the  start.    The  teacher  should  try  to  get  across  the 
recognition  that  this  notation  for  functions  Is  only  a  new 
way  of  saying  something,  what  Is  said  Is  not  new. 
The  text  uses  only  the  letters  "f"  and  "g"  to  denote 
functions.     In  classroom  discussion  It  Is  a  good  Idea  to  use 
other  letters  as  well. 

Answers  to  Exercises 

(a)  The  range  of    f    Is  the  set  of  positive 
Integers  [  3,  6,  9  —  ) 

(b)  f(4)  =  12 

(c)  f(6)  =  18 

(d)  f(a)  =  3a 

(e)  f(3a)  =  9a 

(f)  f(2  +  x)  =  6  +  3x 

(g)  Yes,  because    f(3x)  =  3( 3x)  =  9x  and 
3f(x)  =  3(3x)  =  9x 

(h)  NO,  because 

f(3h  +  4)  ==  3(3x  +  4)  =  9x  +  12 
3f(x)  +  4  =  3(3x)  +  4  =  9x  +  4 

( a )  The  range  of    f   ' Is  (  0,  1  ) 

(b)  f(2)  =  0 

(c)  f(3)  =1 

(d)  f(l04)  =  0 

(e)  No,  because    f ( 3)  +  f ( 5)  =  1  +  1  =  2 

and    f(3  +  5)  =  f(8)  =  0 

(f)  Yes,  because    f ( 3)  +  f ( 4)  =  1  +  0  =  1 

and    f(3  +  4)  =  f(7)  =  1 

(g)  Yes,  because    f(2)  +  f(4)  =0+0=0 
and    f(2  +  4)  =  f(6)  =  0 

(h)  Yes,  because    f(3)  •  f(4)  =  1-0  =  0 
and    f(3  •  4)  =  f(l2)  =  0 

(i)  Yes,  because    f(2)  •  f(4)  =  0  .  0=0 
and    f(2  •  4)  =  f(8)  =  0 
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(j)    Yea.    If    X  +  2    is  even,  so  la    x    and    f(x  +  2)  = 

f(x)  =0.    If    X  +  2    is  odd,  so  is    x  and 

f(x  +  2)  =  f(x)  =  1 
(k)    No.    If    X    is  even,  then    x  +  1    is  odd  so    f(x)  =0 

and    f(x  +  l)  =  1.    If    X    ia  odd,  then  x  +  1  is  even, 

so    f(x)  =  1    and    f(x  +  l)  0 
(l)    Nq^    If    X    Is  odd,  then    2x    ia  even  so  f(x)  =  1  and 

f(2x)  =  0.     (For  even  valuea  of    x,  f(x)  =  f(2x),  but 

aince  thia  doesn't  hold  for  all  valuea  of    x,  the 

anawer  ia  "no"  . ) 

3.  {  X  :  0  ^  X  <  2  } 

4.  {  X  :  X  ^  0  1 

3-4.    Punctiona  Defined  by  Equations. 

The  notion  of  the  aolution  aet  of  an  equation  haa  already 

been  defined  and  diacuaaed.    Thia  aection  ia  concerned  with  the 

poaaibility  of  uaing  auch  aolution  sets  to  define  functions.  A 

solution  set  of  an  equation  in    x    and  y    consists  of  pairs  (a,b). 

If  each  first  member    a    occurs  only  once,  then  assigning    b  to 

a      defines  a    function  whose  domain  is  the  set  of  all  first 

members .whose  range  is  the  set  of  all  second  members. 

For  some  equations  this  condition  is  fulfilled,  for  others 

2 

it  is  not.    For  instance  the  equation    y  =  x      defines  a  function 

2  2 

-  for  each    x    there  is  only  one    y.    The  equation    y    =  x  does 
not  define  a  function  since  for  every   .x    other  than    0    there  are 
two  values  of  y. 

The  traditional  study  of  functions  tended  to  concentrate 
exclusively  on  functions  defin'^d  by  equations.     It  should  be 
made  clear  here  that 

(a)  Not  all  equations  define  functions 

(b)  Not  all  functions  are  defined  by  equations. 

Suggestions  for  section  3-4. 
Some  points  to  be  made  are: 

1.    Not  all  functions  are  defined»"by  equations 
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2.  Not  all  equations  define  functions 

3.  To  find  the  domain  and  range  of  a  function  defined  by  an 
equation.  It  helps  to  obey  these  rules: 

(a)  don't  divide  by  zero 

(b)  don't  take  the  square  root  of  a  negative  number 
(or  any  even  root) 

(c)  The  square  of  a  real  niomber  must  be  non-negative 
(or  more  generally  any  even  power  of  a  real  number 
must  be  non-negative) 

(d)  Negative  numbers  have  real  roots  of  odd  index  and 
odd  powers  of  negative  numbers  are  negative. 


Answers  to  Exercises  3-4 


1. 


2. 


f  (x)  =  2x  -f  6 

(a)    The  domain  of    f    is  the  set  of  all  real  numbers. 
The  range  of    f    is  the  set  of  all  real  numbers. 
f(2)  =  10 

f(x)  =  100,    X  =  47 


(b) 
(c) 
(d) 
(e) 

(a) 


(b) 


(c) 


(d) 


(e) 


f(x)  =  0 

y  =  3x 
Doma  in: 
Range: 

^  X 

Doma  in: 
Range: 

Domain: 
Range 

J-  =  x3 
Domain: 
Range: 
y  = 

Domain: 
Range: 


X  =  -3 

Set  of  all  real  numbers. 
Set  of  all  real  numbers. 

Set  of  all  real  numbers  except  zero. 
Set  of  all  real  numbers  except  zero. 

Set  of  all  non-negative  real  numbers. 
Set  of  all  non-negative  real  numbers. 

Set  of  all  real  numbers. 
Set  of  all  real  numbers. 

Set  of  all  real  numbers. 
Set  of  all  real  numbers. 
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3.    y  =  x"^ 

(a)  Domain:     Set  of  all  real  numbers. 

(b)  Range:      Set  of  non-negative  real  numbers. 

(c)  Yes,     X  =^/5^.     Also  -  ^/E. 

(d)  No.     The  square  of  a  real  number  cannot  be  negative. 
h.    y  =  x^ 

(a)  Domain:     Set  cf  all  real  numbers. 

(b)  Range:      S^t  of  all  real  numbers. 

( c)  Yes,     X  =  y/E^  . 

(d)  Yes,    X  =  .^IF". 

5.  y  =  x",     n    is  a  positive  integer* 

(a)  Domain:     Set  of  all  real  numbers. 

(b)  Range:      Set  of  all  real  numbers  if    n    is  odd. 

:      Set  of  all  non-negative  real  numbers  if 
n^^is  even. 
(  c)    Yes,     X  =  yU^. 
(d)    No,  if    n    is  even.  ^ 

Yes,  if    n    is  odd,     y  =  . 

6.  y  =  ^ 

(^a)     Range:     Set  of  all  real  numbers  except  zero. 

(b)  Domain:  Set  of  all  real  numbers  except  zero. 

(c)  Yes.     If  f(x)  =6,     X  =  -5  . 

(d)  Yes.     If  f(x)  =  -6,  X  =  »  -5  . 
1_ 
x' 

(a)  Range:     Set  of  all  positive  real  numbers. 

(b)  Domain:  Set  of  all  real  numbers  except  zero. 

(c)  Yes.    X  =  ^  . 

(d)  No.     y    has  to  be  positive. 


7.     y  =  "2 


8.    y  = 


1 

n 


X 

(a)  Range:     If    n    is  even,  all  positive  real  numbers. 

If    n    is  odd,  all  real  numbers  except  zero, 

(b)  Domain:  Set  of  all  real  numbers  except  zero. 


[pages  171-172] 

.  164 


156 


(c) 


Yes 


Yea,  if  n  Is  odd,  x  = 
No,  if    n    i3  even. 


3-5.    The  Graph  of  a  Function. 

The  word  "graph"  Is  already  part  of  the  student's  vocabulary. 
It  occurs  in  this  text  as  a  technical  word  with  a  very  precise 
meaning  and  it  is  probably  best  to  use  it  only  in  this  way. 
Recommended  usages  are  to  talk  about  "the  graph  of  a-  function," 
"the  graph  of  an  equation,"  "Plot,  draw  or  sketch  the  graph  of 
a  function."     While  it  is  probably  harmless  to  talk  about 

graphing  an  equation"  or  "graphing  a  function"  these  usages  are 
are  not  recommended.  In  other  words  "graph"  should  be  used  as  a 
noun  and  not  as  a  verb. 

The  graph  of  a  function  is  a  set  of  ordered  pairs.   If  these  pal 
are  p^virs  of  numbers  then  they  can  be  regarded  as  points  and  the 
graph  becomes  a  geometric  figure.    There  is  no  geometric  figure 
attached  to  the  functions  which  do  not  pair  numbers  with  numbers. 
Nevertheless,  these  functions  have  graphs  too.    The  graph  of  such 
a  function    f    is  the  set  of  all  pairs  (a,  f(a))  where    a  is 
the  domain  of    f    and    f(a)    is  what    f    assigns  to    a.  Thus 
if    f    were  the  function  which  assigned  to  each  state  of  the 
U.S.A.  its  Capitol  then  (New  York,  Albany)  would  be  in  its 
graph.    This  pair  is  clearly  not  a  point  on  a  geometric  object 
of  any  kind.    The  student  will  not  have  much  occasion  to  use 
the  term  "graph"  for  non-geometric  objects  in  this  course.  In 
his  later  work  such  usage  will  be  more  frequent.  . 

Suggestions  for  section  3-5* 

1,  Problems  1  and  2  are  suitable  for  classroom  discussion. 

2.  Problems  3  and  4  should  be  handled  lightly  as  far  as 
geometry  and  calculation  are  concerned.    The  main  thing 
la  that  for  each    x    there  is  exactly  one  y. 
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Answers  to  Exercises  3-5 

1.  No,  (1,2)  and  (1,3)  cannot  occur  In  the  graph  of  same  function 
for  to  a  single  value  of  domain  must  be  assigned  only  one 

 value  of  the  range, 

2.  Yes,  (2,1)  and  (3,1)  can  occur  In  the  graph  of  same  function 
since  each  first  number  is  paired  with  a  single  second  member. 


X 


X 


1,66 
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3-6.    Functions  Defined  Geometrically, 

This  section  reverses  the  relation  studied  In  section  3«5. 
In  section  3-5  we  start  with  a  function  and  plot  Its  graph.  In 
this  section  we  start  with  a  set  of  points  and  seek  a  function 
of  which  It  Is  the  graph.    Two  facts  are  noteworthy.    In  the 
first  place,  not  all  sets  of  points  are  graphs  of  functions.  The 
second  fact  Is  that  a  set  of  points  can  be  the  graph  of  a  function 
and  fall  to  be  the  graph  of  an  algebraic  eqxiatlon.    A  set  of 
points  Is  the  graph  of  a  function  If  and  only  If-  each  vertical 
line  Intersects  It  In  at  most  one  point.    This  permits  some 
strange  looking  set  of  points  to  define  functions. 
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Suggestions  for  section  3*^6, 

1.  All  these  problems  except  problem  8  are  suitable  for  classroom 
discussion.    The  "vertical  line*'  test  Is  the  Important  thing. 

2.  Problem  8  calls  for  a  proof.     It  cannot  be  answered  com- 
pletely by  a  graph  or  by  some  numerical  examples.  Neverthe- 
less,  a  graph  and  numerical  examples  can  show  whether  the 
student  Is  thinking  along  correct  lines. 
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Answers  to  Exercises  3"'6 


1. 

2. 
3. 
4. 

5. 
6. 

7. 


8. 


No,  because  some  vertical  lines  Intersect  the  circle  In  more 
than  one  point • 

Yes,  If  the  diameter  Is  parallel  to  x-axls. 

Yes,  If  diameter  Is  not  parallel  to  the  X-axls. 

No,  for  some  vertical  lines    cross  the  triangle  In  more 

than  one  point, 

"Yes,  any  line  not  parallel  to  y-axls  Is  the  graph  of  a 
function. 

Yes,  because  no  line  parallel  to  the  y-axls  Is  the  graph  of 
a  function. 


Use 

the  vertical  line  teat  on  each  of- these. 

(a) 

Yea. 

(b) 

No. 

(c) 

No. 

(d) 

Yea. 

(e) 

Yea. 

(f) 

No. 

(e) 

No. 

(h) 

Yea. 

* 

(1) 

No. 

If 

n    la  odd  for  each  real  nximber    x,  there 

la  one  and 

one 

number    y    for  which         =  x.  Therefore 

y"  «  X 

defines  a  function  for  odd  n. 

If 

n    la  even  for  each  negative  number  x. 

there  la  no 

number    y    and  for  each  positive  number    x.  There  are  two 
numbers    y    such  that    y^      x.    Therefore    y    «  x  does 
not  define  a  function  If    n    Is  even. 


3-7 .    Functions  Defined  by  Physical  Processes. 

This  may  be  a  good  place  to  point  out  that  science  and 
common  sense  are  not  the  same  thing.    Common  sense  can  see  that 
a  falling  body  has  a  speed  at  each  Instant  but  It  needs  deep 
Insight  to  find  an  algebraic  equation  which  will  relate  speed 
and  time.    This  Is  the  task  of  the  physicists.    Some  students 

[page  l80] 

1)69 


I6l' 

will  know  a  few  such  equations  of  physics  but  the  teacher  should 
not  require  or  expect  It, 

Suggestions  for  section  3-7 » 

,1,    Most  of  the  answers  Involve  a  constant    k.    This  Is  to 
allow  for  variations  In  the  physical  conditions  of  the 
problem,  choice  of  units,  and  other  relevant  factors  not 
mentioned  explicitly. 

2.     One  of  the  objectives  of  these  problems  Is  to  obtain 
mathematical  statements  which  express  what  the  studCiHt 
knows.     He  should  not  be  expected  to  know  the  correct 
formula  but  should  be  required  to  devise  one  which  Is 
qualitatively  (if  not  quantitatively)  reasonable.  This 
means  that  If  he  knows  that  the  temperature  diminishes 
with  time,  he  should  devise  a  formula  In  which  this 
actually  happens. 


Answers  to  Exercises  3-7 

1.  Domain:  Pressures 

Range;  Volumes 

Rule  ;     Assign  to  each  pressure  Its  corresponding 
volume. 

Algebraic  Formula;     V  = -p,  where  P  denotes  pressure,  ..  .V  de- 
notes volume,  and    k    Is  a  number  which 
depends  on  the  properties  of  the  gas 
and  the  container. 

2.  Domain;     Set  of  lengths  of  pendulums. 

Set  of  time  Intervals. 
Assign  to  each  length  the  time  It  takes 
a  pendulum  of  that  length  to  complete 
a  awing. 

(approximate)     t  =  k  /L,  where  L  denotes 
length,     t    denotes  time,  and    k    is  a 
suitable  constant. 

3.  Domain;     Set  of  all  positions  in  space  of  the 

body. 


Domain; 
Range ; 
Rule; 


Algebraic  Formula: 
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Range: 
Rule: 

Algebraic  Rule: 


Domain: 
Range; 
Rule: 

Algebraic  Formula: 


Domain: 
Range: 
Rule: 

Algebraic  Formula: 


Domain: 
Range: 
Rule: 

Algebraic  Rule: 

Domain: 
.  ige: 
Rule: 


Magnitude  of  the  gravitational 
attractions. 

Assign  to  each  position  of  the  body,  the 

gravitational  attraction  of  the  earth  on  

it  in  that  position. 

F  =:         where    r    denotes  the  distance  of 

the  position  of  the  body  from  the  center  of 
the  earth,  F  denotes  the  attraction  in  ques 
tion  and  where    k    is  a  suitable  constant. 
Set  of  all  weights  of  the  objects. 
Set  of  displacements  of  the  beam. 
Assign  to  each  weight  the  displacement 
it  produces. 

d  -  kw,  where    w    denotes  the  weight,  and  . 
d    denotes  the  displacement.     (This  is 
a  reasonable  guess,  which  is  not  entirely 
accurate. ) 

Set  of  distances  of  the  observer. 

Set  of  apparent  brightnesses. 

Assign  to  each  distance  the  corresponding 

apparent  brightness. 

b  =r  i~  ,  where    r    denotes  the  distance, 
r 

b    denotes  the  apparent  brightness  and 

k    is  a  suitable  constant. 

Set  of  all  distances  of  fulcrum. 

Set  of  all  forces  exerted. 

Assign  to  each  distance  the  corresponding 

force. 

F  =      ,  where    L    denotes  the  distance, 
F    denotes  the  corresponding  force  and 
k    is  a  suitable  constant. 
Set  of  all  times  of  flow. 
Set  of  all  volumes  of  the  water. 
Assign  to^e&ch  time  the  corresponding 
volume.  171 
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Algebraic  Formula: 


Domain: 
Range: 
Rule: 


V  «  kt,  where   ,t    denotes  time  of  flow, 

V  denotes  volume  and  k  is  a  suitable 
constant. 

Set  of  all  cooling  times • 
Set  of  all  temperatures  of  coffee. 
Assign  to  each  cooling  time  the 
corresponding  temperature. 


Algebraic  Formula:    T  =       +  ^  ^  ^  ,  where    T  denotes 


Domain: 
Range: 
Rule: 

Algebraic  Formula: 


Domain: 
Range : 
Rule: 

Algebraic  Formula: 


temperature,         denotes  room  temperature, 

t    denotes  time  and  where    a    and    b  are 

suitable  constants,    (This  is  a  reasonable 

guesE.    Chapter  9,  on  exponential^  gives 

a  better  one.) 

Set  of  all  altitudes. 

Set  of  all  boiling  points  of  water. 

Assign  to  each  altitude  the  corresponding 

boiling  point. 

B  =  212  -  kh,  where    B    denotes  the 

boiling  point,  h    denotes  the  altitude . 

and  where    k    is  a  suitable  constant. 

(This  is  a  reasonable  guess.    It  is  far 

from  accurate. ) 

Speeds  of  an  automobile. 

Times  needed  to  stop. 

Assign  to  each  speed  its  corresponding 

time. 

p 

T  =  kv    ,  where    T    denotes  stopping 
time,  V    denotes  speed  of  automobile  and 
where    k    ia  a  suitable  constant. 
(This  is  a  reasonable  guess.     It  shows 
that  if  the  speed  of  an  automobile  is 
doubled,  its  stopping  time  is  quadrupled.) 
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3-8.    Function  Defined  by  Compoaltlonj  Inverses > 

Composition  of  functions  Is  easily  illustrated  by  using 

boxes  like  those  mentioned  in  section  3-2'. 

f- INPUT 


INPUT 


A 

If  the  output  of  the  f-machine  is  fed  into  the  input  of  the 
g-machine,  then  the  whole  device  illustrates  the  composition  of 
g    with    f.    Notice  that  it  is  assumed  that  the  output  of  the 
f-machine  can  be  fed  into  the  input  of  the  g-machine.  This 
only  requires  that  the  range  of    f .   be  included  in  the  domain 
of    g.    Our  formal  definition  goes  a  little  farther  and  asks 
"that  the  range  of    f    be  the  came  as  the  domain  of    g.  This 
makes  for  a  neater  treatment  later.    The  notion  of  inverse 
functions  is  treated  in  Chapter  9>  in  the  discussion  of 
logarithmic  and  exponential  functions.    Some  preview  here  for 
the  student  (and  also  for  the  teacher)  might  not  be  amiss. 

Suggestions  for  section  3-8. 

1.  In  classroom  discussion  students  can  be  invited  to  find 
examples  of  composition  of  functions  from  everyday  life. 
Elections  in  which  voters  elect  the  electors,  and  the 
electors  elect  the  office  holders  is  an  example. 

2.  Addition  and  multiplication  have  good  examples  on  inverses. 
Note  that    x  +  6    has  an  inverse,  but    x  +  y    does  not. 

.3.    Algebraic  technique  for  actually  finding  inverses  should 
not  be  stressed.  ,  ^ 
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Answers  to  Exercises  3-8 

^'    (a)    f(g(x))  =  (x3)2  =  x^. 

(b)  g(f(x))  -  (x2)3  =  x^. 

(c)  Yes. 

^*     (a)  f(g(x))  =  (x^  +  1)2  +  1  =       +  2x2  +  ^ 

(b)  g(f(x))  =  (x2)3  +  1  =  x^  +  1 

(c)  No. 

3.    f(x)  =  2x  +  3. 

g(x)  =  -gX  -  -g. 

f(g(x))  =  2(i-x  -  |)  +  3  =  X. 

g(f(x))  =  ■|(2x  +  3)  -  I  =  X. 
Therefore    f    and    g    are  inverse  functions. 
U.    f(x)  =  4x  +  5. 

g(x)  =Tf5^ 

g(f(x))  -=  4(4^.  +  g)  +  5  =  ibx^  ^5  ^ 
Therefore,  f    and    g    are  not  inverses. 

5.  Only    a,    d,    e,    and    h    define  functions 

and  none  of  these  has  an  inverse  because 
.each  of  the  graphs  is  crossed  by  some 
horizontal  line  in  more  than  one  point. 

6.  (a)    The  line    y  =  x    is  the  perpendicular  bisector 

of  the  segment  whose  endpoints  are    (a,b)  and 
(b,a).    To  prove  this,  use  the  distance  formula. 
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(x  -  a)2  +  (y  -  b)2  =  (x  -  b)^  +  (y  -  a)^ 


x^  -  2ax  +  a^  +       -  2by  +  b^  =  x^  -  2bx     b^  +  y^  ^  gay  +  a^ 


X  =  y* 

The  rule  we  infei*  is  that  if    a  point  P  is  on  the  graph  of 
a  function    f    which  has  an  inverse    g,  then  the  mirror 
image  of  P    in  the  line    y  =  x    is  on  the  graph  of  g. 
The  whole  graph  of    g    can  be  obtained  by  reflecting  the 
graph  of    f    in  the  line    y  =  x. 


(b) 


(I) 


Y 


Y 
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■■■  3«9«    The  Linear  Function^ 

The  traditional  treatment  of  the  linear  function  emphasizes 
the  graph  to  the  exclusion  of  almost  all  its  other  properties. 

_It  is. ..hoped,  that  the  teacher  will  be  willing  to  stand  behind  

^-•the  somewhat  different  viewpoint  stressed  here;  that  the  linear 
function  is  a  special  kind  of  pairing  of  numbers  with  numbers. 

Theorem  3-9a  relates  to  an  interesting  paradox.  Consider 
all  the  positive  integers  (l,  2,  3,  n,   ••.}  and  all  the 

even  positive  integers  [2,  4,  6,  2n,  •••). 

There  is  a  natural  pairing  of  the  members  of  the  two  sets, 
n    with    2n,  which  is  in  fact  a  one-to-one  correspondence.  It 
follows  that  there  are  as  many  even  integers  as  there  are  inte- 
gers.   This  fact  is  somewhat  distressing  because  it  is  clear 
that  the  second  set  is  a  proper  subset  of  the  first,  and  so  ought 
to  have  fewer  members.    Theorem  3-9a  can  be  regarded  as  a  gen- 
eralization of  this  fact. 

Theorem  3«9a  also  implies  that  every  linear  function  has  an 
inverse.    The  corollary  which  states  this  fact  is  an  example  of 
what  mathematicians  call  an  "existence  theorem."     It  should  be 
compared  with  Theorem  3-9b  which  shows  how  to  find  the  inverse 
in  question  and  identifies  the  inverse  as  a  linear  function. 

Theorem  3-9c  and  3-9d  are  rarely  stated  in  elementary 
courses  because  when  the  treatment  is  largely  geometric  they  seem 
almost  trivial.     The  proof  of  Theorem  3-9d  may  create  some 
problems.     It  ends  up  by  representing  f(x)  as  the  expression 
tx  -  tq^  +  i^lq^).     It  is  not  easy  to  see  that  this  really  is 
of  the  form 

"number  times  x  plus  number" 

on  account  of  all  the  subscripts,  letters  and  parentheses.  It 

also  may  occur  to  a  bright  student  to  wonder  whether  a  different 

linear  function  could  have  been  obtained  if  a  different  value 

from    q^,     say    q^  ,  had  been  used  at  the  outset.    Stai^^ting  the 

proof  with    q,  would  have  led  to    f(x)  =  tx  -  tq^  +  f(q^).  The 

question  is  whether  the  expres3ion    -tq    +  f(q  )  and 

o  o 

-tq^  4-  ^(Qj)  'ire  equal.  ^ 

This  can  be  settled  by  appealing  to  the  hypothesis,  which 
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implies  that 


f{qi)  - 


=  t,  and 


then  clearing  fractions, 


Suggestions  for  section  3-9. 

The  algebra  of  finding  the  inverse  of  a  linear  function  is 
easy.     If    f(x)  =  ax  +  b,  then  its  inverse    g    is  found  by 
solving    y  =  ax  +  b  f or    x    and  substituting    x    for    y    in  the 
result.    The  student  should  know  primarily  what  he  is  looking 
for;  the  method  of  finding  it  is  subordinate. 


Answers  to.  Exercises  3-9 
(e)  Yes. 


(a)  Yes. 

(b)  Yes. 

(c)  Yes. 

(d)  No,  (constant  function). 

y  =  5x  +  6 

(a)  f(0)  =  6 

(b)  f(-|) 

(c)  f(ll)  =  61 


(f)  Yes. 

(g)  No. 

(h)  No,  (constant  function) 


(d) 
(e) 
(f) 


X  =     -  -H 


X  = 


6 
5 
11 


X  = 
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/Vsr  ^X*^^ 

\  \  y=-^-^2 

^y-'Sx^^ 
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6.    (a)      y  =  2x  -  1 

2x  =  y  +  1 
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(a)  g(x)  =  "Ix  +  I 

(b)  f(6)  =  5 

(c)  g(f(6))  =  6 

(d)  g(6)  =  1|  180 
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9. 


(e)    f(s(6))  =  6 

Prediction:     -3    using  Theorem  3-9c. 


Computation: 


(-3004j^^+  304  _    -  2700 


TOO 


10.    For  example  choose  points 
k{^k,k)  and  B(-5,7) 

-5-4 


=  -3. 


11. 


12. 


f(3^  -  f(5)  ^ 
4  -  b 


9-25  , 
3-5 

16  -  36 
4  -  b 


-16 
-2 

-20 


-2 


=  8 
=  10 


Therefore 


"r^5 

(a)    We  solve 
.2 


X-  -  49  _  -.6 


Since  x      7  (and  hence  x  -  7  /  O) 
we  divide  both  numerator  and 
denominator  of  the  fraction  on  the 
left  by    X  -  7    to  obtain 
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X  +  7  =  16 
Hence     x  =  9 
(b)    Every  real    x    except    7    (this  follows  from 
Theorem  3-9c) . 

3-10.     Linear  Functions  having  Prescribed  Values . 

In  some  traditional  algebra  courses  students  are  given  sample 
pairings  and  are  asked  to  fill  in  others,  as  in  the  following: 


/ 

Z 

3 

4 

5 

? 

4 

6 

8 

10 

2 

While  it  is  true  that  such  problems  are  often  dealt  with  in  an 
acceptable  way,  the  problems  themselves  really  are  not  acceptable 
problems.    They  involve  hidden  assumptions  without  which  no 
definite  answer  is  possible.    For  instance,  there  is  no  way  of 
telling  what    f(5)  is  knowing  that    f(l)  =  4,     f(2)  =  6, 
f(3)  =r  8,  f(4)  =  10.    The  guess  that  f(5)  -  12  is  reasonable  but 
there  is  no  sound  way  of  Justifying  this  unless  further  assumptions 
are  made  about  f. 

The  state  of  affairs  with  the  linear  function  is  quite 
different.     If    f    is  known  to  be  a  linear -function  then  from 
information  such  as    f(l)  =  if,     f(2)  =  6,  the  value  of    f(x)  for 
any    x    whatsoever  can  be  computed.    It  is  with  this  that  Theorem 
3-lOb  is  concerned.  It  asserts  that  any  two  pairings  of  a 

linear  function  determines  all  other  pairings.     It  also  asserts 
that  a  linear  function  can  be  found  to  ass3ign  to  given  numbers 
Xj^,     Xg    given  numbers    y^,  y^. 

When  we  study  the  quadratic  function  in  Chapter  4  we  shall 
see  a  theorem  there  which  is  like  Theorem  3-lOa.     It  asserts  that 
any  three  pairings  of  a  quadratic  function  determines  all  its  other 
pairings  and  that  generally  a  quadratic  function  can  Tie  found  to 
assign  given  numbers    y^,  y^,  y^  to  given  numbers    x^,  Xg,  Xg. 

Suggestions  for  section  3-'10, 

Use  the  graphs,  to  illustrate  the  algebra,  not  to  develop  it. 
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Answers  to  Exercises  3-10 


y  =  ax  +  b 

(a)    1  =  a  +  b' 

3  =  3a  +  b 

a  =  1 

b  =  0 

y  =  X 

Same  as  problem  1. 


(a) 
(b) 

(c) 

(d) 


(a) 

(b) 
(c) 


y  =  X 

y  =  -X  +  4 


y 

y  =  42x 


-  2|-X  +  — [J- 


294 


-(- 

(c) 


y  =  -X  +  4 

y 

y  =  42*^.^4 


f  (x)  =  X  -H  1 
f(x)  =  2x 

f(x)  -  a(x  -  1)  +  2  for  any  a  j4  0  . 

The  graphs  of  each  of  these  fu.xctions  goes  through  (1,2) 


Y 

All  graphs  have    (0,0)    in  common. 


[page  198] 
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(b)    f(x)  =  ax  +  6  for  all  non-zero  real  a. 
All  graphs  have  (0,6)  In  conunon. 


(c)    f(x)  •^)x  +  b    for  all  non-zero  real  b. 


All  graphs  have    (6,0)  ^In  common. 
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Answers  to  Miscellaneous  Problems  3^11 


Domain:  Set  of  all  hexagons. 

Range:  Set  of  all  non-negative  real  numbers. 

Rule:  To  each  hexagon  is  assigned  the  number  which 
is  sum  of  lengths  of  its  6  sides. 

Domain:  Set  of  all  circles. 

Range:  Set  of  all  positive  real  numbers. 

Rule:  To  each  circle  is  assigned  the  number  ird 
where    d    is  the  diameter. 

Domain:  (1,  2,  3] 

Range:  [h,  9] 

Rule:  Assign    9    to    1,     4  to    2    and    9    to  3. 

Domain:  Set  of  times. 

Range:  Set  of  temperatures. 

Rule:  Assign  to  each  time  its  temperature. 

Domain:  Set  of  all  real  numbers. 

Range:  Set  of  all  real  numbers  greater  than  or 
equal  to  -6. 

Rule:  Assign  to  each    x    the  number    x    +  4x  -  2.  . 

Domain:  (1,  2,  3] 

Range:  (a) 

Rule:  To  each  number  in  [1,  2,   3]  assign  a. 

Domain:  Set  of  all  real  numbers,. 

Range:     Set  of  all  real  numbers  greater  than  or 
or  equal  to  3. 

2 

Rule:     To  each  number    x,  assign  the  number    x  +3. 
Domain:     Set  of  all  possible  speeds    r    and  elapsed 
times  t. 

Range:     Set  of  all  possible  distances  d. 
Rule:     d  =  rt. 
Domain:     Set  of  all  integers* 
Range:     (1,  -1) 
Rule:     To  each  even  positive  integer  assign    1,  cl 
to  each  odd  positive  integer  assign  -1. 
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(j)  Domain: 
Range : 


(a; 

(c; 
(e; 

(i 


Rule : 

Doma in: 
Range: 


Set  of  all  state  capitols. 

Set  of  all  distances  of  state  capitols  from 
Washington,  D.  C.    Each  number  in  this  set 
is  a  positive  integer. 

To  each  capltol  assign  its  distance  from 
Washington,  D.  C. 

Set  of  all  real  numbers. 

Set  of  all  real  numbers  greater  than  or 

equal  to  -5. 


f(0)  =  -5 
f(-l)  =  -2 
f(5)  =  70 
f(a)  =  aa^  -5 

f(a  -  1)  =  3(a  -  1)^  -5  =  3a^  -  6a  -  2 
f(Tr)  =  3Tr^  -  5 


(a)  Range:     (1,  -1} 

(b)  f(-3)  =  -1 

(c)  f(0)  =  1 

(d)  f(3)  =  1 

(e)  f(2  -  6)  =  -1 

(f)  f(2)  -  f(6)  =  0 

(g)  +  f(2)  =  2 

(h)  f(4  +  2)  =  1 
(1)  f(-6)  =  -1 
(J)  f(-6)  +3=2 
(k)  f(3-6)  =  1 
(1)  3f(6)  =  3 
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5.    f(x)  =       +  3    and    g(x)  =  2x  +  5 

(a)  f(g(x))  =.  (2x  +  5)^  +  3  =  4x^  +  20x  +  28 

(b)  g(f(x))  =  2(x2  +  3)  +  5  =  2x2  +  11 

6. 

(a)  f:y  =  X  +  5 
X  =  y  -  5 
g:y  =  X  -  5 

f(g(x))  =  (x  -  5)  +  5  =  X 
g(f(x)  =  (x  +  5)  -  5  =  X 

(b)  f:y  =  -2x  -  1 
+2x  =  -y  -  1 

X  =  -  -^y  -  "I 

(continued  -  next  page) 
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y  .  -       -  1 

f(g(x))  =  -2(-  Ix  -  -i)  -  1  =  X  ■ 
g(f(X))  =  -  -|(-2x  -  3)  -  I  =  X 

(c)  f:y  =  -3x  +  7 

-3x  =  y  -  7 

1  7 
X  =     -jy  +  ^ 

1  7 
g:y  =  -  -^x  + 

.f(s(x))  =  -3(-  Ix  +  I)  +  T  =  X 

g(f(x)  =  -  ^(-3x  +  7)  +  I  =  X 

(d)  f:y  =  5x  -  6 

X  =      +  I 

1  6 
g:y  =  -^x  + 

f(g(x))  =  5(-|x  +  |)  6  =  X 
g(f(x))  =-i(5x  -  6)  +1  =  X 

(a)  ii4-^  =  -1      (0  ^(-)  ;|("^)  = 

f(x)  -  5  =  -X  +  3  f(x)  -  3  =  -X  -  2 

f(x)  =  -X  +  8  f (x)  =  -X  +  1 

f(x)  =  -  -JCx  -  1)  f(x)  -  5  =  -  |x 

f(x)  =  -  Ix  +  ^  f(x)  =  -  |x  +  5 

8.     (a)  Yes. 

(b)  No.     Here  is  the  graph  of  a  function    f    which  is  not 
the  constant  function  for  which    f(x  +  l)  =  f(x). 

[page  200] 
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l8o 


Y 


10. 


11. 


12. 


13. 


(a)  .  Yea. 

(b)  "%o,  same  as  graph  In  8(b). 
f:y  =       +  1 


f(g(x))  =  (  vr:^)''  +  1 

=ix-l-fl=sx 

g(f(x))     =  i-    1    -     1  X 

(a)    Domain:    Set  of  all  real  numbers  except  -1. 
Flange;    Set  of  all  real  numbers  except  0. 

g;y  =  X  -  1 

Domain  of  g  is  all  real  nixmbers  except  0. 
Range  of    g    is  all  real  numbers  except  -1, 

f(x  -f  1)  =  a(x+  1)^  +  b(x  -f  1)  +  c 

f (x)  =  ax^  +  6x  + 

f(x  -f  1)  -  f(x)  =  2ax  -f  a  +  b 

Therefore,  since    g(x)  =  f(x  +  l)  -  f(x)  and  since 
a  ^  0,"    g  is  a  linear  function. 

(a)  y  =  X    defines  a  function  which  Is  Its  own  inverse, 

(b)  y  =  -X  +  b    for  any  real  b 

or 
y  =  X 

189 
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Illustrative  Teat  Questions  3-12 


1.  If    f    is  the  function  defined  by    f(x)  -  (x  -  l)"^  +  1 
whose  domain  is  the  set  of  all  positive  real  numbers,  find 

(a)  f(l)    and  £{2) 

(b)  the  range  of  f 

(c)  the  value  of    x    for  which    f(x)  =  5. 

(d)  Does    f    have  an  inverse? 

2.  Answer  (a),   (b),  (c)  of  question  1  for  the  function  defined 

by    f(x)  =       ^  J  ,  if  the  domain  is  the  set  of  all  positive 

real  numbers, 

3.  Find  the  linear  function  such  that 

(a)  f(--2)  =  -1  ,     f(4)  =  2 

(b)  f(l)  =  2      ,     f(2)  =  5 

if.    For  which  value  of    k    will  the  linear  function 
y  =  kx  +  k    pair    -3    with  2? 

5.    Given  that    f(x)  =  3x^  +  5 


g(x)      5x  +  3 


6. 


(a)  f(g(x))  =  ? 

(b)  g(f(x))  =  ? 

(c)  Does    f(g(x))  =  g(f(x))? 

V/hich  of  following  graphs  defines  a  function? 


Y 


y 


Y 


e 


X 


X 
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8.  Given  the  following  linear  functions.    Find  the  inverse  of 
each.    For  each  function  plot  its  graph  and  the  graph  of 
its  inverse  using  a  single  set  of  axes. 

(a)  y      3x  +  8 

(b)  y  =s  -x  +  6 

(c)  y  =  2x  -  3 

(d)  y  =  X  -  6 

9.  Give  an  example  of  each  of  the  following: 

(a)  A  function  whose  range  is  a  single  real  number 

(b)  A  function  whose  domain  is  an  infinite  set  of  real 
numbers  and  whose  range  is  a  finite  set  of  real  numbers. 

(c)  A  non--linear  function  whose  domain  and  range  are 
the  same. 

10.  Which  of  the  following  equations  does  not  define  a  function? 

(a)  y  =  Ul 

(b)  \y\=x 

(c)  Vy~-=  X 

(d)  y  =y3r 

(e)  y  = -pi  

x*^  +  1 

11.  If  the  domain  of  a  function    f    la     (x:  -5  ^  x  ^  2]  and 
If    f(x)  =  2x  +  4    what  la  the  range  of  thla  function? 

(a)  {y:  -14  ^  y  ^  3}  (d)     {y:  -10  ^  y  <^  4] 

(b)  (y:  -6  ^  y  _^  8]  (e)     {y:  -6  ^  y  ^  12] 

(c)  (y:   10  ^  y  ^  12] 

12.  The  domain  of  the  function  defined  by  f(x)  =  Is 

X  <-  J 

(a)  All  real  numbera 

(b)  (x:  -3  <  X  <  3] 

(c)  {x:  X  7^  1] 

(d)  {x:  X  j/  3] 

(e)  None  of  theae. 

13.  Given  that    f    la  a  linear  function,  that    g    ia  lbs 
Inverse,     that  f(2)  =  4  and  that    f(3)  =  -2. 

g(4)  =  ?  ,      g(-2)  =  ?,     g(5)  -  ? 
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14.  Plot  the  graph  of  each  of  the  following  linear  functions 
using  a  single  set  of  coordinate  axes. 

(a)  y  =>  3x  +  2 

(b)  y  =  5x  +  2 

( c)  y  =.  -X  +  2 

(d)  y  =  X  +  2 

15.  Let    f(x)  =  |x|  +  X 

(a)  What  is  the  domain  of  f? 

(b)  What  is  the  range  of  f? 

(c)  Sketch  the  graph  of  f. 

16.  V/hich  of  the  following  pairings  are  the  pairings  of  a 
function? 

(a)  (1,2),  (2,3),  (3,4) 

(b)  (1,2),  (2,2),  (3,2) 

(c)  (1,2),  (1,3),  (1,4) 

(d)  (2,1),  (3,1),  (2,3) 

17.  Describe  the  domain  of  the  function  defined  by  each  of 
the  following  equations . 

(a)  y  =  i  (d)  y 

(b)  y= — ^^—r  (e)    y  =>A  -  x 

1  -  x"^ 

(  c)    y  =  -J^ — 
x'^-  2 

18.  For  what  value  of    c    is  the  function  defined  by 
y  =  cx  +  c    its  own  inverse? 

19.  (a;i    Which  of  the  following  equations  defines  a  function 

which  has  an  inverse? 
(b)    Which,  if  any,  of  these  functions  is  its  own  inverse? 

1)  y  =  |x|  4)    y  =  x^  +  1 

2)  y  =  -X  -  3  5)    y  =       +  1 

3)  ,=f^ 
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20.    (a)    Given    f(x)  =  2x    find    g(x)  such  that 
f(g(x))  =  -x„ 

(b)    Given    f(x)  =  -ix  +  1    fine    g(x)     such  that 
f(g(x))  =  -X. 


Answers  to  Illustrative  Teat  Questions  3-12 

1.  (a)    f(l)  =  1,     f(2)  =  2 

(b)  (y:  y  ^  1) 

(c)  3,     (Even  though    -1    also  satisfies    (x  -  1)^  +1=5, 

is  not  in  the  domain  of  f). 

( d )  No . 

2.  (a)    f(l)  =  ^  ,     f(2)  =  1 

(b)  [y:  y  /  2]      i.e.    all  real  numbers  except  2. 

(c)  -2 

( d )  Yes . 

3. 

(a)  f(x)  -  f(-2)  =  f(k)  -  f(-2) 
^    '  X  +  2  4  +  2 

-  (-1)  =  2+1 
X  +  2  5 

f(x).  +  1  =  i(x  +  2) 

f(x)  =  -x  (answer) 

(b)  f(x)  -  f(l)  ^  f(2)  -  f(l) 
^   '  X  -  1  2-1 

f(x)  -  2  5-2 

k  -  1  =  ^^r— 

f(x)  =  3(x  -  1)  +  2 

f(x)  =  3x  -  3  +  2 

f(x)  =  3x  -  1  (answer) 
y  =  kx  +  k 
-3  =  2k  +  k 
3k  =  -3 

k  =  -1  (answer) 
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6. 

7. 

8. 


(a)  f(g(x))  =  3(5x  +  3)2  +  5  =  75x'-  +  90x  +  32 

(b)  g(f(x))  =  5(3x2  +  5)  +  3  »  i5x'2  +  28 

(c)  No. 
(d) 

(e) 

(a)  f'.y  =  3x  +  8 

3x  =  y  -  8 

1  8 
^  =  1^  -  3 

1  8 
S--y=l^-3 

(b)  f:y  =  -X  +  6 
X  =  -y  +  6 
g:y  «=  -X  +  6 


10. 


(c)     f:y  =    2x  -  3 
-2x  =  -y  -  3 


2^+2 


g:x  = 

(d)    fry  =  X  -  6 
X  =  y  +  6 
g:y  =  X  +  6 

(a)  Assign  1?  to  each  real  number. 

(b)  Assign    0    to  all  the  rational  numbers  and    1  to 
all  the  irrational  numbers. 

3 

(c)  The  function  defined  by    y  =  x  . 


GRAPH  or 

Ml-'' 
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11.  (b)     [y:  -6  ^  y  ^  8), 

12.  (d)     (x:  X  /  3). 

13.  sik)  =  2,     g(~2)  =  3,     g(5)  = 


15. 

(a)  Domain: 

(b)  Piange: 


y 


16.     (a)  and  (b). 


X 


Set  of  all  real  numbers. 

Set  of  all  non-negative  real  numbers. 
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17.  (a)  (x:  X  ^  0} 

(b)  (x:  X  7^  +  1} 

(c)  (x:  X  ^  +  /T) 

(d)  (x:  X  0) 

(e)  (xJ  X  ^  4). 

18.  -1. 

19.  (a)  2),  3),  5) 
(b)  2),  3)  . 

20.  (a)     f(g(x))  =  2(g(x))  =  -X 

g(x)  =  -  f  (answer) 
(b)    f(g(x))  »  ^isix))  +  1  =  -X 
g(x)  =  -2x  -  2  (answer) 
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Commentary  for  Teachers 


Chapter  4 

QUADRATIC  FUNCTIONS  AND  EQUATIONS 

4-0.    Introduction > 

A  reasonable  teaching  time  for  this  chapter  is  three  weeks, 
allotting  generally  one  classroom  hour  per  section.    Some  of  this 
material  can  be  covered  at  a  faster  rate,  if  the  class  has  a  good 
background.     Section  4-1  and  4-2  can  be  combined  into  a  single 
lesson.    Sections  4-3,  4-4,  4-5  and  4-6  are  so  much  alike  that 
they  could  be  covered  adequately  in  as  few  as  two  days.  Section 
4-10  is  a  faiiay  solid  one  and  4-11  is  relatively  light.     A  total 
of  two  days  would  be  adequate  for  both  of  these,  most  of  the  two 
days  being  given  to  4-10.     It  would  be  possible  to  spend  a  whole 
term  on  working  the  kind  of  problems  which  are  introduced  in 
Section  4-13.    It  is  recommended  that  the  teacher  aim  at  an  intro- 
duction to  this  material  rather  than  to  strive  for  perfection; 
two  teaching  days  should  be  an  adequate  amount  of  time. 


4-1.     Quadratic  Functions . 

Most  of  the  Important  facts  about  quadratic  functions  are 
clearly  illustrated  by  their  graphs.    This  tempts  most  teachers  to 
start  their  discussion  of  this  subject  with  the  graphs  and  to  work 
with  them  exclusively.    While  this  practice  is  pedagogically  easy 
it  is  mathematically  unsound.    The  graph  can^t  be  drawn  with  any 
assurance  until  the  function  itself  is  studied.     In  this  chapter 
the  quadratic  function  is  treated  primarily  as  a  special  kind  of 
pairing  of  real  numbers  with  real  noombers.    Its  analysis  is  based 
on  certain  properties  of  real  numbers  --  that  no  square  of  a  real 
nr.mber  is  negative  and  that  every  positive  real  niomber    b    is  the 
square  of  the  two  real  numbers  .  and    -^F".    The  graph  is  used 

as  a  way  of  displaying  the  facts  after  they  are  derived. 
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Suggestions  for  Section  ^^-1 

Problems  1-15  can    be  covered  by  oral  discussion.  Problems 
17  -  20  are  suitable  for  written  work. 

Answers  to  Exercises  4-1 

1.  Yes. 

2 .  No . 

3.  Yes. 

4.  No. 

5.  Yes. 

6.  No. 

7.  Yes. 

8.  Yes. 

9.  No. 

10.  No. 

11.  All  non-zero  real  numbers. 

12.  All  real  numbers. 

13.  All  real  numbers,  except  t  =  2. 

14.  All  non-zero  real  members. 

15.  t  -  2. 

16.  a  =  3,  b  =  0,  c  =  0. 

17.  a  -  3,  b  -  -24,  c  =  48. 

18.  a  -  3,  b  -  -24,  c  =  53. 

19.  a  =  1,  b  =  -JL,  c  =  -6. 

20.  a  =  12,  b  =  13,  c  =  -l4. 


4-2.     The  Function  Defined  by  y      x  . 

The  irregularity  of  figure  4-2a  can  best  be  described  In 
geometric  language  —  that  certain  lines  Intersect  the  graph  In 
more  than  tvro  points.     It  will  be  shown  In  Chapter  7  that  no  line 
cuts  the  graph  of  a  quadratic  function  In  more  than  two  points. 

The  teacher  should  maintain  the  distinction  between  properties 
of  the  graph  which  were  formally  derived  and  those  which  were  used 
without  proof.     Properties  of  the  first  kind  are  (a)  that  the 

[page  203] 
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curve  has  a  single  minimiain  point  at     (O,  0)j     (b)     that  each 
horizontal  line  above  the  x-axis  intersects  the  curve  in  exactly 
two  points,  symmetric  with  respect  to  the  y-axisj     (c)  that 
as    X    increases  indefinitely  through  positive  values    y    incre  ases 
indefinitely.    Properties  of  the  second  kind  are  (a)     that  it  is 
uriwrinkledj     (b)     that  it  is  concave  upward. 

5up;gestions  for  Section  4-2 

1.  Problem  1  asks  the  student  to  check  the  v/hole  sketching  process 
of  mailing  graphs.     In  this  process  he  plots  only  a  few  points 
and  then  drav/s  the  rest  of  the  graph  freehand.     Problem  1  can 
be  used  to  give  him  assurance  that  his  freehand  sketch  really 
produces  the  desired  graph. 

2.  Problem  3(b)  is  a  tricKy  one.    The  drawing  looks  exactly  like 

2 

the  graph  of    y  =  x      for  real  values  of    x.    This  is  so 
because  the  rational  numbers  are  so  densely  distributed  among 
the  real  numbers  that  the  thickness  of  the  pencil  maJces  it 
impossible  to  differentiate  between  the  two  graphs. 


Answers  to  Exercises  4->2 


1. 


(b) 


(d) 


(a) 


(c) 


(e) 
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4-3.    Th^  Function  Defined  b^;  y  =  ax  . 

2 

In  this  section  we  study  the  graph  of 'y  =  ax  ,  where    a  Is 
any  non-zero  real  number.    Vie  show  how  the  graph  can  be  obtained 
from  the  graph  of    y  =  x^.    The  sign  of    a    and  the  absolute 
value  of    a    are  the  determining  factors.     If    a    Is  positive 
the  curve  opens  upward,     If'^aT  Is  negative  the  curve  opens  down 
ward.     If     Ia|     Is  small  the  curve  Is  flat.  If     |a|  Is  large  the 
curve  Is  steep.    This  can  be  proved,  but  It  Is  probably  best 
shown  by  examples.    Figure  4-3a  Illustrates  some  of  these  facts. 

Y 


•v.::   Figure  U-3a 

Sugp^estlons  for  Section  4-3 

1.    The  student  should  be  asked  to  plot  the  graphs  of  Problem  1 
In  the  usual  way  — to  draw  up  a  short  table  of  values,  plot 
the  corresponding  points  and  pass  a  smooth  curve  through  them. 
..His  study  of.  the  significance  of  the  coefficient    a^  gives 
.him  qualitative  information  but  does  not  by  itself  enable  him 
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to  drav;  the  graph, 
2,     Problem  3  is  intentionally  stated  in  algebraic  form.     It  v/ill 
help  the  student  to  solve  this  problem  if  he  sees  what  it 
means  in  geometric  language.    The  algebraic  question  about 
which  of  the  numbers  is  the  greater  means,  in  ^^eometric 
language,  which  of  the  curves  is  above  the  other. 
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4-4,    The  Function  Defined  by  y  =  ax    +  c, 

2 

In  this  section  vie  show  how  the  graph  of    y  =  ax    +  c    can  be 

2  2 
obtained  from  the  graph  of    y  =  ax  ,    The  graph  of    y  =  ax    +  c . 

2 

Is  congruent  to  the  graph  of    y  =  ax    and  Is  obtainable  from  the 

latter  by  translating  It.  upward  or  downward,  der  ^ 

value  of    c.    The  student  needs  to  know  how  tc  "*  c 

2 

to  locate  the  graph  of    y  =  ax    +  c.    The  verlv-  l-    _,raph  of 

y  ==  ax    +  c    Is  at    (0,  c),  and  Its  axis  Is  the  line    x  =  0,  The 

2 

curve  is     |c|    units  above  the  graph  of    y  =  ax     If    c  Is 

2 

positive,  and  |c|  units  below  the  graph  of  y  =  ax  If  c  Is 
negative.  Here,  too,  examples,  rather  than  formal  proofs  should 
be  stressed.    Figure  4-4a  shows  some  of  these  facts. 


V 


Figure  k~k& 
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Suggestions  for  Section  4-4 


ERIC 


Problem  2  suggests  a  topic  for  the  brighter  students.  The 

1  2 

table  of  values  for    Y  =         -  1    can  be  obtained  from  the  table 

1  2 

of  values  of  y  =  -jx     by  the  simple  arithmetic  operation  of 

1  2 

subtraction;  the  graph  of    y  =         --1    can  be  obtained  from  the 
1  2 

graph  of    j-  =  -jx     by  the  simple  geometric  operation  of  slid.Uitj- 
The  topic  in  question  is  about  the  relation  betv/een  sliding  n^^^^ 
subtraction. 


Ansv/ers  to  Exercises 


1. 


2. 


Vertex 

Axis 

(a) 

(0,  1), 

X  =  0 

(b) 

(0,  2), 

X  =  0 

(c) 

(0,  -1), 

X  =  0 

(d) 

(0,  -  i). 

X  =  0 

(e) 

(0,  6), 

X  =  0 

(a) 


(b) 
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(c) 


(d) 


X 


(e) 
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(e) 

(a)  Minimum:  1 

(b)  Maximum:  2 

(c)  Minimum:  -1 
5-  (a) 


(d)  Minimum:  - 

(e)  Maximum:  6 


J 


V  >  w 
[p?^g^  211] 
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V  <  w 
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4-5.  Function  Defined  by    y  =  a(x  -  k)  , 

In  this  section  we  show  how  the  graph  of    y  =  a(x  -  k)  can 
be  obtained  from  the  graph  of    y  =  ax^.    The  graph  of    y  =  a(x  -  k]P 
is  congruent  to  the  graph  of    y  =  ax      and  is  obtainable  from  the 
latter  by  translating  It,  either  to  the  right  or  to  the  left, 
depending  on  the  value  of    k.    The  student  needs  to  know  how  to 
use  the  number    k    to  locate  the  graph  of    y  =  a(x  -  k)^.  The 
vertex  of  the  graph  of    y  =  a(x  -  k)^    Is  at    (k,  o),^^hd  Its 
axis  Is  .the  line    x  =  k.    The  curve  Is     |k|    \inlts  to  the  right 
of  the  graph  of    y  =  ax^    If    k    Is  positive  and     |k|  \inlts  to  the  ' 
left  of  this  graph  if    k    is  negative.    Figure  4-5a  shows  some  of 
these  facts.     (a  <  o  for  these  graphs . ) 


-Ikl- 


X=0 


Jkl- 


=<zx: 


x-k 


k>0 


Figure  4-5 a 
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Suggestions  for  Section  4->5 

The  novelty  of  these  problems  Is  that  we  work  with    x  Instead 
of  with    y  and  slide  the  curve  to  the  right  or  to  the  left  Instead 
of  up  or  down- 


Answers  to  Exercises  4-5 


Vertex 

•Axis 

(a)     (2,  0), 

X  =  2 

^c)     (-1,  0), 

X  =  -1 

(c)     (1,  0), 

X  =  1 

(d)     (-2,  0), 

X  =  -2 

(e)     (2,  0), 

X  =  2 

(f)     (1,  0), 

X  =  1 

2. 


Ho)\ 


X 


(a) 


(b) 
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(c)  (d) 

214 
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Y 


X 


(e) 

(a)  Mln±Erum 

(b)  Maximum 

( c )  Mlnlmtun 

(d)  Maximum 


0 
0 
0 
0 


(e)  Minimiim: 

(f)  Maxlmiim: 


0 
0 


(a) 


For  u  =  'I;,  V  =  w 
For  u  <  4  or  u  >  4,  v  >'  w 
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(b)  For  u  =  0,  V  =  w 

For  u  >  0,  V  <  w 
For  u  <  0,  V  >  w 


216 

[page  21k] 


ERIC 


208 


^-6.    The  Function  Defined  by    y  =  a(x  -  k)    +  p> 

In  this  section  we  show  how  the  graph  of    y  =  a(x  -  k)    +  p 

2 

can  be  obtained  from  the  graph  of    y  =  ax  .    The  graph  of 

2  P 
y  =    a(x  -  k)    +  p    Is  congruent  to  the  graph  of    y  =  ax    and  Is 

obtainable  from  this  latter  graph  by  translating  It  up  or  down 

depending  on  the  value  of    p    and  right  or  left  depending  on  the 

value  of    k.    The  student  needs  to  knov;  how  to  use  the  numbers 

k    and    p    to  locate  the  graph  of    y  =  a(x  -  k)    +  p.    The  vertex 

of  the  graph  of    y  =  a(x  -  k)    +  p    Is     (k,  p)     and  the  axis  Is 

the  line    x      k.    The  curve  Is     |p|     units  above  the  graph  of 
2 

y  =  ax     If    p    Is  positive  and    |p|    units  below  this  graph  If 
p    Is  negative,     |k|    units  to  the  right 'If    k    Is  positive,  and  ' 
|k|    \mlts  to  the  left  if    k    Is  negative. 

Here,  too,  examples  rather  than  formal  proofs  should  be 
stressed.    Figure  4-6a  shows  some  of  these  facts. 


Y 


Figure  4 -6a 
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Sup;p;estlons  for  Section  4-6 

The  novelty  of  these  exercises  Is  that  the  student  works 
simultaneously  v/lth    x    and    y    and  he  has  to  slide  both  right 
or  left  as  well  as  up  or  down. 


Answers  to  Exercises  4-6 


Vertex 

Axis 

(a)     (3,  4), 

X  =  3 

(b)     (3,  iO, 

X    =  C 

(c)     (-3,  0) 

X  =  -3 

(d)     (1,  -1), 

X  =  1 

(e)     (-1,  2), 

X  =  -1 

(f)     (2,  -3), 

X  =  2 

(a) 


(b) 


218 
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(e) 


(f) 


I  ■■  *  '■ 
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Y'0 


H-s) 


  X 


I 


\ 


(d) 
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Y 


/ 


(e) 

k.     (a)  Minimum 

(b)  Maximum 

( c )  Minimum 

5. 


(f) 


4 
0 


Y 


U6) 


Maxlmioin; 

-1 

Minimiain: 

2 

Minimiain; 

_3 

V 

X 

r 

1 

(a) 


V  >  w 


(b) 
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V  >  w 
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X 


i 

(c)  For  u  >  0^  V  <  w 

For  u  ==  0,  V  =  w 

For  u  <  0,  V  >  w 


4-7.    The  Function  Defined  by    y  =^  ax   -f  bx  +  c, 

2 

The  text  shows  how  to  represent    ax    -f  bx  +  c    In  the  form 

a(x  -  k)^  -f  p,  by  completing  the  square.     It  Is  probably  best  not 

to  let  the  students  read  off  the  values  of    k    and    p    from  the 

foirmula  of  the  text,  but  rather  to  have  them  carry  out  the  steps  of 

completing  the  square  In  each  Individual  case.    The  student  has 

2 

been  exposed  to  many  details  In  progressing  from    y  =  x  to 

y  =  ax^  -f  bx  -f  c.    This  Is  a  good  time  to  try  to  give  him  some 

unifying  perspective  so  that  he  doesn't  drown  in  a  sea  of  algebraic 

tricks.    He  studied  the  fimctlon  defined  by    y  =  x^    by  referring 

to  properties  of  the  real  niomber  system.    The  Information  obtained 

in  this  way  was  then  applied  to  the  case    y  =  ax    -f  bx  -f  c  by 

a  few  algebraic  and  geometric  devices.    The  material  about    y  =  x 

2 

is  probably  deeper  than  the  steps  leading  to    y  =  ax    +  bx  +  c, 
(although  it  is  not  easy  to  Justify  such  a  value  Judgment).  How- 
ever, the  student  will  probably  be  more  Interested  in  these  latter 
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steps,  because  theze  hs     "     .ir:5d  :;c-    erf orm  rather  than 
meditate . 

Suggestions  for  Section 

The  emphasis  in  these:     'oble^:-    should  not  be  on  the  pl:-i;ting 
of  the  graphs,  but  rather        -.he   i  .iabraic  reduction  of  the 
problem  to  the  previous  cas-s 

Answers        Iaci  ises  4—7 

1.     (a)    y  =       -  iJx 

y  =       -  4x  +  4  - 
y  =  (x  -  2)2  _  4 

(b)  y  =  -x^  +  2x 

y  =  -(x^  -  2x  +  1) 
y  =  -(x  -  if  +  1 

(c)  y  =  x^  +  3 

y  =  (x  -  0)2  +  3 


(d)  y  =  3x2  +  5 

y  =  3(x  -  0)2  +  5 

(e)  y  =  -x2  +  6x  +  7 

y  =  -(x2  -  6x  +  9)  +  7^9 

y  =  -(x  -  3)2  +  i6 

(f)  y  =  x2  -  144 

y  =  (x  -  0)2  -  144 
y  =  x*^  +  2x  + 

(g)  y  =  (x2  +  2x  +  1)  -  3  -  1 
y  =  (x  -t;  1)2  -  4 

(h)  y  =  2x2  +  8x  -  5 

y  =  2(x2  +  4x  +  4)  -  5  -  8 
y  =  2(x  +  2)2  _  13 

22:3 
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(i)    y  =       +  2x  -  24 

y  =      +  2x  +  1  -  ^4 

y  =  (x  +  1)^  -  25 

(J)    y  =  -5x^  +  5x  +  10 


y 


-5(x2  _  X  +  i)  +  10  +  I 


1x2  k5 

2.    and  3. 


y  =  -5(x  -  4)' 


(a)    y  =  x^  +  7x  -  8 


y 


x2  +  7x  +  ¥  -  8  _ 


y  =  (.  ,  7)2  _  49  .  32 

Vertex  at  ( -  I,  -  |i) . 

7 

Axis  Is  line  X  =  -  ^  . 

(b)    y  =  -x^  -  iix  -  31 

/  2  ,           ,   121v  ^  121  124 
y  =  -(x    +  llx  +  +   ip 

y=-(x  +  ^)2-| 

Vertex  at  ( -         -  ^) . 
Axis  Is  line    y  -  -  , 
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(c)  y  =  -2x'  -      -  i 

y  =  -2(x2  -^-|x  +y   -  1  +  ^ 

y  =  -2(x  +  -^  -^  -  3 

Vertex  at  ~  "g;)  • 

1 

Axis  is  line    x  =  -  -jp. 

(d)  y  =  4x^  +  y.  -  3 

y  =  Mx^  +       +  ^)  -  3  -  ^ 

y  =  Mx.^)^-^§ 

Vertex  at  -  f-       "  l|)  • 
Axis  is  line    x  =  - 


(e)    J  =  -2x'^  -  5x  -  1 

-  .  .2(^2  ^.5^  ^  25)  .  1  ^  ^ 

y  =  -2(x  +  |)2+^ 
/  5 

Vertex  Is     [-ft  "5^^  • 

5 

Axis  is  the  lies    x  =  -  . 
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y 
y 


X 


y  =     if  -  il 

Vertex  _s  at  p^---- 
Axis  is  t:ie  llir- 


49 
IE 


7 


V 


y  =  5x    +  4x  +  3 
y  =  5(x^  +  -^x  +  ^) 

y  =  5(x  +  |)2 


4 

5 


Vertex  is  at  point  i—^, 


Axis  is  the  line    x  =  -  #. 


y  =  -3x    +  2x  2 
y  =  -3(x2  -  4-+  i) 

y  =  -3(x  -  k~  -  I 


Vertex  a.t  (-5-,   — --^-i 


Axis  ii  Ti.ne    —  =  =^. 


2-^3- 
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(i)     7  =  -5^    +  3x 

2     3^  ,    9  w  9 

y  =  -5(x  -  jq)    +  ^ 


^    c  3  9\ 
Vertex  is  at  20'  * 


Axis  Is  lies    X  = 


10" 


(j)    y  =         +  6 

y  =  2(x  -  C^^  +  8 
Vertex  at    (O,  8) . 
Axis  Is  line    x  =  0. 


4-8.     Quadratic  Punctlcns  Having  I?re:?c:r!lrxed  VaLraes.. 

We  saw  in  Section  3-IC    tP:i.c  if  a=d   "Xg    are  a±stlnct 

numbers  and  if  and    yg    ™  disrinc:^  nmnbers  then  inhere  is 

one  and  only  one  linear  funct^  l  wb±2li  pairs    y^    with    x^  and 
y      with    Xg'^    This  sect±on  is   .aoirt  the  corresponding  state  of 
affairs  for  quadratic  ±canctions  —  to  discuss  how  many  and  whatr- 
kind  of  prescribed  palr±ng£  determine  a  quadratic  function.    It  -±s 
instructive  to  compare  the  ;2onclusion  about  the  linear  function 
with  those  about  the  quadratic  function.     It- is  helpful  to 
consider  the  constant  i^incirion  in  this  connection  as  well. 
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The  follov/ing  table  summarizes  the  conclusions  and  su^ests 
their  similarities. 


Constant 
Function 


Linear 
Function 


Quadratl-c 
Function 


Defining 
Eauation 


y  =  a 


y  =  ax  -f 


y  =  ax    —  zx  +  c 


Auxiliary 
Condition 


none 


a  0 


a  ^  C 


Number  of  Pairs 
(x,  y)  that  can 
be  Prescribed 


one 


two 

(x^,  y^)  .Hiid 


three 
(x^,  y-j_),  (xg,  yg) 

and  (xg,  y-^) 


Supplementary 
Condition  on 
the  Pairs 


none 


Not  the 
pairings  of 
a  constant 
fimctlon. 


N:ot  the  p.ai'l.Tln-gs 
of  a  linaciT^  nor  a 
constant  function. 


Algebraic 
Statement  of 
Supp 1 emen t  ary 
Conditions 


none 


Graph 


Any 

horizontal 
line 


Any  11ns. 
v/hich  ±s 
neither 
horizontal 
nor  vertic^z 


Any  narHTCLLa 
with  asi:::: 
paraZlBi  ttr:  the 
y-axrs. 


Conditions 
that  can  be 
imposed  on 
graph 


To  contain 
any  given 
point 


mo  contain 
any  two 
points  (not 
on  a  hoirl- 
zontal  or 
vertlc-^ 
line) 


To  contain  sny 
three  non-c;cillinear 
points:,  m  vmo  of 
v/hiah  have  ssme 
X  -  CO  or  dinHira. 
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The  teacher  can  let  the  brighter  students  try  to  extend  the  table 
to  include  the  functions  defined  by 

o  2 
y  -  ax    +  bx    +  cx  +  d 

h         "\         2  . 
y  :=  ax    +  bx    +  cx    +  dx  +  e 

etc . 

The  proof  that  there  is  a  quadratic  function  which  makes 
three  prescribed  pairings  depends  on  solving  three  equations  in 
three  unknowns.    It  is  postponed  \mtil  that  topic  is  discussed  in 
Chapter  8.    The  student  can  probably  handle  the  calculations  here* 
However,  he  is  not  prepared  for  an  important  subtlety  which  is  a 
part  of  the  problem.    He  probably  can  find  the    a,    b    and    c  of 
the  quadratic  function  which  makes  prescribed  assignments.    He  is 
not  yet  able  to  prove  that  the  coefficient    a    he  discovers  by 
his  calculations  v/ill  be  different  from  zero  if  and  only  if 


Sup;gestions  for  3ection  4-8 

1.    Probleirs-2  and  3  are  basically  the  same.  Problem  2  is  stated 


2»    The  exercises  cannot  be  counted  on  to  get  across  all  the 

material  of  this  section.  The  teacher  will  want  to  discuss  . 
the  material  apart  from  its  problem  solving  aspect. 


in  geometric  language  and  Problem  3  in  algebraic  language. 


1. 


Answers  to  Exercises  4-8 

2 

y  ==  ax    +  bx  +  c 
0  =  0  H-  0  +  c 


1 


=  a  +  b 


1  = 


a 


-  b 


by  inspection 
hence 


a  =  1, 


b  =  0, 


c  =  0 
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2 

2,  y  =  ax    +  bx  +  c 

0  =  0  +  0  +  0 

0  =  4a  +  2b 
-1  =  a  +  b 
2a  =  2 

a  =  1 

b  =  -2 

c  =  0 

y  =  x^  -  2x 

3.  Answer  is    y  =  x^  -  2x.'    Calculations  same  as  those  in 
Problem  2. 

h.    We  need  to  determine    t    so  that    (O,  O),     (l,  2),     (-1,  t) 

are  not  collinear. 

If  the  points  are      ?  I  "n  ^^"^^q 
collinear, 

2  =  -t 
t  -  -2. 

Hence,  for  the  points  to  be  non-collinear,    t  ^  -2. 

2 

4-9.    Equivalent  Equations,  the  Equation    ax    +  bx  +  c  =  0. 

This  section  gives  a  definition  of  equivalent  equations.  It 
then  shows  some  ways  of  transforming  an  equation  to  obtain  an 
equivalent  equation.    The  virtue  of  these  transformations  is  that 
they  can  be  applied  to  any  equation  and  always  yield  an  equivalent 
equation.    In  Section  4-13  we  discuss  transformations  of  equations 
which  need  not  lead  to  equivalent  equations. 

Quadratic  equations  can  occtir  in  various  forms,  such  as 

P  2 
3x    +4x+5=6or    x-3=x    -4.    In  solving  a  quadratic 

equation    a  useful  first  step  is  to  cransform  it  to  the  standard 

p 

form,    ax    +  bx  +  c  =  0.    All  later  instructions  up^i  this  as  a 
point  of  departure. 

Sviggestions  for  Section  4->9 

1.    Problems  1-9  are  suited  for  oral  discussion.      The  remaining 
problems  are  suitable  for  written  work. 
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2.    Some  of  these  problems  are  tricky.    The  equations  in  Problem 
18  look  alike  to  the  eye,  but  are  not  equivalent.  The 
equations  in  Problem  21  look  quite  different,  but  are  equi- 
valent.   The  moral  is  to  use  the  formal  test  for  equivalence 
rather  than  a  visual  one. 

Solutions  to  Exercises  ^-9 

1.  Multiply  by  ^. 

2.  Add  -6    and  multiply  by    ^  . 

3.  Multiply  by    |  . 

4.  Add  -3. 

5.  Multiply  by    2    and  add  I6. 

6.  Add  -11. 

7.  Add  -20. 

8.  Add    -X  -  6. 

9.  Multiply  by 


1 

5 


10.  Add    -bx  -  c. 

11.  x^  -  8x  +  15  =  0. 

12.  x^  +  X  -  6  =  0. 

13.  y?  -  I4x  +  49  =  0. 

14.  x^'  +  1  =  0. 

15.  4x^  +  8x  -  5  =  0. 

16.  Yes. 

17.  No. 

18.  No. 

19.  No. 

20.  Yes. 

21.  Yes,  becs,use  the  solution  set  of  each  is  (50}.    The  multiplicity 
of  the  root  50    is    125    for  the  first  equation  and    13  for 
the  second.    This  is  discussed  at  length  in  Chapter  5,  Section 

5-9-  231 
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4-10.    Solution  of    ax    +  bx  +  c  =  0    by  Completing  the  Square. 

Theorems  i^-lOa  and  4 -10b  set  forth  a  procedure  for  solving 
quadratic  equations  and  also  furnish  a  fariniula  for  their  roots. 
The  si;udent  should  :  aster  the  pmcedure  as  v/ell  as  the  f  orumla 
because  he  vriLll  nee:,  to  complete;  the  squanr^  over  and  over  again  in  a 
mathematlc  career.     He  should  db  able  tc  Kzart  with  a  quadratic 
.equation  such  as    2x    -  6x  +  3  ^  0    and  (a)    complete  the  square 
without  referring,  to  a  formula^     (r.)    decide  from  his  own  calcu- 
atlons  without  referring  to  formulae  whether  the  equation  has  a 
solution  or  not,     (c)    be  able  to  filind  l:ts  solutions,  if  they 
exist,  without  referring  to  f  orrnu? .    He  should  also  know  the 
quadratic  formula  and  be  able  to  iDi:::e  it.    He  should  know  the  dis- 
criminant test  for  the  existence  zs.  real  solutions  and  be  able  to 

use  itr    Some  drill  on  identifying-    a,    b    and    c    is  indicated, 

2 

especially  on  such  equations  as:    3x 4  =  2x    -  5. 

The  requirement  of  being  hSiIDs:  to  work  without  the  f orumlas 
and  yet  to  know  them  and  be  aiils       ^ise  them  might  require  some 
justification.    If  the  student  3iE  ejected  to  be  able  to  derive  the 
formulas  himself  he  can  see  whsr       ^  valuable  to  know  both  the 
procedure  and  the  result. 

We  comment  briefly  on  equstd.ons  with  exactly  one  root,  such 
as    x^  -  2x  4-  1  =  0.    There  is  a  tradition  which  calls  such  a  root 
a  "double  root,"  but  this  langui^s  shoixld  be  avoided  here-.  In 
Chapter  5  the  notion  of  "multiplicity"  of  a  root  is  discussed  care- 
fully.   This  J.S  a  ref  inement  T^ttiicda  goes  beyond  solution  sets,  and 
here  we  are  cmly  concexTLed  with  s^olution:  sets.    Chapter  5  also 
shows  that  IT  complex  numbers  are  allowed  as  solutions,  every  quad- 
ratic equation  has  a  root.    The  li^icher  should  explain  that  the 
discussion  of  this  chapter  appuLles  only  to  quadratic  equations 
...with  real  coefficients  and  is  jsancemed  only  with  their  real  roots. 

Sxiggestions  for  Section  4-10 

1.  Unless  you  have  an  exceptiirrraTly  slow  class  you  will  not  need 
to  cover  all  1fcne  problems  or  this  section. 

2.  It  is  recommEnaed  that  the  teacher  stress  the  theory  of 
quadratic  equ^ltions  as  well  ^  the  technique  of  solving  them. 
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This  means  that  the  discriminant  test  should  be  given  at  least 
as  much  Importance  as  the  use  of  the  quadratic  formi^la. 

Answers  to  Exercises  4-10 


1. 

2  roots. 

11. 

No  roots . 

2. 

2  roots • 

12. 

2  roots. 

3. 

No  roots. 

13. 

1  root. 

4. 

2  roots. 

14. 

2  roots. 

J  • 

15 

6. 

1  root* 

16. 

2  roots. 

7. 

No  roots. 

17. 

No  roots. 

8. 

1  root. 

18. 

2  roots. 

9. 

No  root. 

19. 

(7,  -1) 

10  • 

2  roots • 

llo,  -lOJ 

21. 

(9,  -5) 

f  1           -11  1 
l-LO^     —J. J.  J 

23. 

(9,  5) 

24. 

I-  f  +  -5-, 

25. 

(-5,  2) 

25. 

f     1       n  1 

27. 

28. 

29. 

30. 

[-1,  -  \\ 

31. 

f-J      -IT  ' 

32. 

3 

233 
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33. 

f    7  ,  y53          7  Ml 

34. 

1     '5       1  ,  K5i 
"  "2  '  "2  ^ 

35. 

r    3     y497         3  YWf^ 
I-  -g  +    l4  '        2    ■"    14  ^ 

36. 

37. 

r    11  .  /ihd           11  /T^Ti 

38. 

^-b  4- Kb    -  4ac      -b  -Xb^  - 

4ac 

I           2c            '  2c 

39. 

r-a  +/a^  -  4bc      -a  -/a^  - 

4bc 

I         2b  '2b 

40. 

r-c  +X;^  -  4ab      -c  -  /c^  - 

4ab 

"•2b               '  yb 

Ul 

fo  .^1 

42. 

(|,  -1} 

43. 

(•^  +                 -  ^) 

{-4  +  3/"^,     -4  -  3XT] 

• 

45. 

fl        >^         1  4.  i^l 
tlU  "  To  '  To^ 

46. 

l-q-  +  -ii-  *    If  — ipJ 

47. 

(-|,  1) 

48. 

49. 

fl  ^  Ho  1 

111  +  -IT  '    IT  ■  ~T"^ 

50. 

p5  4-^/109  ,  -5  -^>^  ,234 
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4-11.    Solutions  of  Quadratic  Equations  by  Factoring. 

In  traditional  algebra  courses  a  great  deal  of  time  Is  spent 
on  factoring  and  on  solving  quadratic  equations  by  factoring.  We 
do  not  linger  over  this  topic  here.    Factoring  an  algebraic  ex- 
pression rarely  accomplishes  anything  of  value,  and  the  quadratic 
equation  which  can  be  solved  by  factoring  is  rarely  met  outside  the 
classroom  In  \7hlch  drill  problems  on  the  subject  are  provided.  The 
connection  between  factors  and  roots  Is  discussed  in  Chapter  5, 
especially  In  Theorem  5-8.    The  mathematically  valuable  aspect  of 
the  subject  considered  there  and  here  Is  more  the  Information  that 
roots  give  about  factors  than  v/lth  the  Information  that  factors 
give  about  roots. 

Suggestions  for  Section  4-11 

Factoring  is  primarily  a  mental  process.    Many  of  the  problems 
of  this  section  can  be  handled  In  oral  discussion. 


Solutions  to  Exercises  4-11 


10. 


7. 


2. 


1. 


9. 


8. 


6. 


3. 
4. 


5. 


{4,  -4) 
C9,  -6) 

C|,  1} 
C-f,  1) 

CO,  i) 
C-13,  5) 


[2,  3) 
(4) 


19. 


18. 


17. 


16. 


12. 


14. 


11. 


15. 


13. 
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20. 

C-  f  1) 

26. 

(6a,  -4a) 

21. 
22. 

r    7  3, 
[-  3,  7} 

[7,  -  -jJ 

27. 

28. 
29. 

(-b,  4b) 
(a,  b) 
(-a,  b) 

23. 
24. 

CO,  -  |) 

rl  1, 

30. 

25. 

• 

4-12.     Some  Properties  of  the  Roots  of  a  Quadratic  Equation, 

This  section  reverses  the  emphasis  of  the  previous  sections. 
Instead  of  starting  V7lth  an  equation  and  seeking  Its  solution  v/e 
start  with  a  set  and  seek  em  equation  of  which  It  Is  the  solution 
set.  ■ 

Several  points  should  be  emphasized;     (a)    If    r    SJid    s  are 

any  real  numbers,  there  is  one  and  only  one  quadratic  equation 

X    -f  px  -f  q  =  0    whose  solution  set  is     (r,  s),     (b)     the  numbers 

p    and    q    can  be  expressed  simply  in  terms  of    r    ajid    s,  (c) 

there  are  infinitely  many  quadratic  equations  vihose  solution  set 

is     (r,  s),     (d)  a,  b,  c    are  not  determined  by    r    sjnd    s  but 
b  G 

the  quotients    —  and    ^    are  so  determined, 
a  a 

Sxiggestions  for  Section  4-12 

All  the  problems  in  this  section  are  suitable  for  a  v/rltten 
assignment. 

Answers  to  Exercises  4-12 

1 .  x^  -  llx  +  30  =  0 . 

2.  x^  +  4x  -  21  =  0. 

3.  x^  -  8x  -f  16  =  0. 

4.  -  36  =  0. 

5.  x^  =  0. 
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6. 

3x2 

-  llx  -  4 

=  0. 

7. 

5x2 

-  2x  =  0. 

8. 

'  +  X  -  6  = 

0. 

9. 

2 

X 

.  8x  +  11  = 

0. 

10. 

rx2 

-  (r^  +  l) 

X  +  r  =  0 . 

Sum 

Product 

11. 

13 

40 

12. 

-5 

-50 

13. 

3 

5 
? 

14. 

3 

0 

15. 

-.11 

8 

T 

'  7 

16. 

p  +  q 

pq 

17. 

Sum: 

4,    Product:  1 

18. 

9x2 

+  24x  +  11 

=  0. 

x2  -  4x  +  1  =  0. 


19.    (a)    (^)         (b)     (2/T3,    -2/T3)         (c)  (§) 


20. 


-b  -/b'"^  -  4ac 
^  "   5a  

^  _  -b  +yb''^  -  4ac 
^2  ~  51 


If  x^  =  2X2 
then 


-b  -  /b^  -  4ac  _  or    b    J.  yb2  -  4aci  . 
 5a  2[-  ^  +  ] 

b    _^  2b  _  2yb'^  -  4ac  ^  Vb^  -  4ac 
"5a      ^  55  5i  ^ 


b    _  3Vb2  -  4ac 
5a 

b  =  3"/b^  -  4ac 

237 
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=  9b^  -  36ac 
-8b^  =  -36ac 
2b^  =  9ac 

4-13.    Equations  Transl^ormable  to  Quadratic  Equations , 

This  section  could  have  been  entitled  "Solution  of  Equations 
by  Ingenious  Devices."    There  are  in  fact  three  specific  types  of 
equations  which  are  discussed  here,  but  the  Interest  of  the  section 
goes  beyond  showing  the  student  how  to  handle  these  three  types. 
He  should  learn  th^it  a  little  bit  of  algebraic  "get  up  and  go"  can 
occasionally  make  a  new  problem  solvable. 

The  central  topic  Is  the  transformation  of  given  equations  to 
quadratic  equations.    The  actual  transformations  Include  multiply- 
ing both  members  of  an  equation  by  an  expression  containing  the 
unknown,  and  squaring  both  members  of  an  equation.    These  pro- 
cedures can:     (a)    Introduce  new  roots,     (b)    lose  roots,  (c) 
yield  an  equivalent  equation^  and  there  Is  no  simple  vmy  of 
telling  from  the  procedure  iust  which  of  these  outcomes  has 
actually  been  attained.    The  student  should  therefore  be  urged  to 
check  his  answers  In  the  original  equation  and  to  seek  some  kind 
of  assurance  that  he  has  all  the  roots.    The  student  should  see 
some  simple  examples  of  gaining  roots  and  of  losing  roots. 

Example  on  losing  roots 
2 

To  solve    X    =  2x    divide  both  members  by    x.    This  trans- 
formation yields  the  equation    x  =  2    and  the  root    0    has  been 
lost. 

Example  on  gaining  a  solution 

To  solve    y2x  -  5  =  x  -  4,     square  both  sides.    This  trans- 
formation yields  the  equation      .  .  .  , 

2x  -  5  =  x^      8x  +  l6 
[page  233] 
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or 

-  10  X  +  21  =  0. 

This  last  equation  has  solution  set    (3,  7).    The  number    7    is  a 
solution  of  the  original  equation  but  the  number    3    does  not 
satisfy  the  original  equation  because 

y  2  •  3  -  5  =  1    and    3  -  4  =  -1. 

This  is  a  good  place  to  compare  general  procedures  and 
ingeneous  devices.    Linear  and  quadratic  equations  can  be  solved 
by  straightforward  means  which  do  not  require  inspiration  or 
luck.    The  problems  of  this  section  cannot  be  handled  by  a  uniform 
method.    Some  temperaments  prefer  ttei  first  kinc  and  some  pi»efer 
the  second.    Mainhemaii;ics  includes  baidi  kinds  of  problems. 

Some  studesEiis  will  be  curious  a^ut  equations  of  higher  degree, 
than  two.    The  eouation  of  third  degrj5:e 

+  bx^  +  cx  +  d  =  0,  a/0 
and  the  equation  of  fourth  degree 

ax^  +  bx^  +  cx^  +dx+e=0,  a/0 

are  solvable  by  formixlas  involving  extraction  of  roots  somewhat 
like  the  quadratic  formula.    It  has  been  proved  that  there  are  no 
such  formulas  for  equations  of  higher  degree.    All  that  is  avail-- 
able  of  a  general  nature  for  these  cases  are  methods  for  solving 
them  approximately.    Some  individual  cases  yield  to  ingenious 
devices,  but  no  uniform  methods  are  known  or  can  be  discovered. 

Suggestions  for  Section  4-13 

The  teacher  with  a  slow  class  nray  want  to  spend  three  days  on 
this  section,  devoting  one  day  to  each  type.    With  a  better  class 
it  is ^preferable  to  deal  with  all  the  types  in  the  same  lesson. 
The  student  should  get  the  feeling  that    he  needs  a  little 
initiative  in  tackling  these  problems. 

■  239 
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Answers  to  Exercises  4>l3a 

1.  {-4,  1) 

2.  (3,  -3) 

3.  (-1) 

^.     {1}  « 

5.  {0,  2) 

6.  (-2,  1) 

7.  {-7,  5) 

8.  {0,  17) 

9.  {2}      5  is  a  root  of  the  auxiliary  quadratic  but  doesn't 
satisfy  the  original  equation. 

10.    Empty  set. 

-Answers  to  Exercises  4^-13b 


In  some  of  the  problems  in  this  section  the  auxiliary 

quadratic  equation  has  roots  which  do  not  satisfy  the  original 
equation.    These  extraneous  roots  are  not  listed  \i±th  the 
answers . 

1.  {0,  10)  6.     {|,  ^] 

2.  {3,  -1)  7.  {2} 

3-     f'^^  8.     a,  -1) 

^-     ^-^^  10.    Empty  set. 


Answers  to  Exercises  4-13c 

1.  {1,  -1,  /I,  -/T) 

2.  [2,  -2,  -/T)  ' 

3.  [2,  -2,  3,  -3) 
.4.  {2,  -2,  5,  -5) 

5.  {1,  -1,  2,  4) 

6.  (-1,  -2,  -1+4,  -  I  -  4) 

7.  {i^,  |) 

8.  {2}  .   ,r;  '24() 
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Answers  to  Exercises  4 -13d 

1.  (1) 

2.  [1,  7} 

3.  (f,  -1} 

4.  e-3,  3} 

5.  [+5,  -5,  -1,  1} 

6.  [-1,  2,  -3,  4} 

7.  No  solution. 

9.  [2} 

10.  (27} 

r  -3  ^/T     -3  -  rS      -9  +  zS-lM.] 

11.  l   — ,  2       '  b  '  5  ■' 

12.  (-  |,   -  |3 

13.  [-1} 
(|} 

15.  [0,  +4,  -4} 

16.  (1,  -6,-1-^,  -i-^^l 

18.  [-3  -3  -/2~} 

19.  (2,  -  % 

20.  [-  |,  -b) 


241 
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4-1^.    Quadratic  Inequalities. 

Plotting  the  solution  set  of  a  quadratic  Inequality  on  the 
number  line  can  yield  one  of  four  possible  figures: 

(a)  the  \>rhole  line  — 

(b)  the  empty  set 

(c)  all  the  points  of  

a  segment  except 

Its  end  points 

(d)  all  the  points  not   ommm^ 

on  a  segment. 

Figure  U-lUa 

These  facts  become  a  little  less  mysterious  If  the  graph  of  the 

associated  quadratic  function  Is  drawn.    Cases  (a)  and  (b)  are 

illustrated  In  Figure  4-l4b.    The  whole  line  is  the  solvation  set 

2  2 
of.   ax    +  bx     c  >  0    and  of    a»x    +  b«x  +  c*  <  0.    The  aruDity  set 

2  P 
is  the  solution  of    ax    +  bx  +  c  <  0    and  of    a*x    +  b'x  +  c»  >  0. 


Figure  ,4-.l4b 

242 
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^^^^^ 


Figure  4-1 4c 


Cases  (c)  and  (d)  are  illustrated  in  Figure  4-140.     All  the  points 

of  IS    except    A    and    B    constitute  che  solution  set  of 

ax^  +  bx  +  c  <  0    SEK^  of    a»x^  +  b'x  +  c»  >  0.     All  the  points  of 

2 

the  line  not  on    IS    constitute  the  solution  set  of    ax    +  bx  + 

2 

c  >  0.  and  of    ajx    +  b»x-fc'<0. 

The  solution  set  of  quadratic  inequalities  can  also  be  found 
by  factoring  but  the  method  is  tricky  and  not  generally  applica- 
ble.   For  instance,  to  solve 


The  inequality  is  equivalent  to 

-  (3x  -  2)(x  -f  1)  >  0. 
For  this  to  hold  either 

3x  -  2  >  0^  and    x  +  1  >  0  or 
3x  -  2  <  0    and    x  -f  1  <  0. 

The  first  pair  are  satisfied  if    x  >  |    and  the  second  pair  are 
satisfied  if    x  <  -1.     Therefore,  the  solution  set  is  the  set 
shovm  in  the  Figure  4-1 4d. 


2 

3x    +  X 


-  2  >  0 


notice  that 


3x^  +  X  -  2  -  (3x  -  2)(x  +  1). 


BV>  ..    '  '  CM 

.,    ■  f 


Figure  " -l4d 
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This  method  Is  not  recommended  for  general  consumption, 

S\:iggestlons  for  Section  4->l4 

Notice  that  Problem  9  and  those  that  follow  are  not  In 
standard  form.    The  student  should  put  them  Into  standard  form. 


Ansv;ers  to  Exercises  4-14 
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3.  x+x-6>0 

(x:  X  <  -3    or    x  >  2) 


4.    2x^  +  4x  +  5  <  0 
Entity  Set 


5.    x^  -  l6  <  0 

Cx:  -4  <  X  <  4} 
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-  6x  +  9  <  0 
Empty  Set. 


X 


(10) 


x'^  -  6x  +  8  <  0 
(x:  2  <  X  <  4} 


X 

(3rO 
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9.    5x  <  2  -  Sx*" 

3x^  +  5x  -  2  <  0 

{x:   -2  <  X  <  i) 


(■IS 


10.    3(x  +1)  <  5x 

-5x^  +  3x  +  3  <  0 


or    X  > 


3  -/69) 


Y 


-10 
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11.    6(-x^  +  1)  >  13x 
-6x^  -  13x  +  6  >  0 


12  }  / 


12.    -x"^  -  4x  -  5  <  0 

X  Is  set  of  all  real 
numbers 


Y 


\ 


13.    ifx'^  +  1  >  4x 

4x^  -  Ux  +  1  >  0 

(x:  X  <  i    or    X  >  i} 


(£0)  X 
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14.    -x^  +  X  >  0 

(x:  0  <  X  <  1) 


(i4 


15.    x^  +  X  -  1  >  0 

2  1 
X    +  X  +       -  1  • 

(x  +  1)2      5  >  0 


T  >  0 


(x:  X  <  or    X  >  =^^±^) 


( 


l6.     (a)    x2  +  hx  +  9  =  0 

a=l,  b=h,  c=9 
1)2  _         =  h2  -  36 

For  no  roots    h    -  36  <  0.    The  solution  set  is 
(h:   -6  <  h  <  6), 

For  one  root    h    -  36  =  Q.    The  solution  set  is  {-6,  6). 

o 

For  two  roots    h    -  36  >  0.    The  solution  set  is 
(h:  h  <  -6    or    h  >  6) 


.240 
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2 

(b)    X    +  hx  +  9h  =  0  ' 

a  =  1,  b  =  h,  c  =  9h 
b^  -  kac  =       -  36h 

For  no  roots  -  36h  <  0. 

(h:  0  <  h  <  36}. 
For  one  root         -  36h  =  0. 
For  two  rootn         -  36h  >  0. 
[h:  h  <  0    or    h  >  36}. 


The  solution  set  is 

The  solution  set  is  (0,  36}. 
The  solution  set  Is 


it  -1 5 .  Applications. 

Mathematics  is  often  thought  of  as  a  means  to  an  end  —  the 
end  being  to  solve  problems  which  arise  in  other  areas  of  Inquiry. 
This  Is  an  undesirable  point  of  view.    While  it  Is  true  that 
mathematics  can  be  so  applied,  it  is  a  valuable  body  of  knov/ledge 
In  its  own  right.    Moreover,  the  people  who  are  most  successful 
In  applying  mathematics  to  these  external  problems  are  those  who  ' 
have  the  best  grasp  of  pure  mathematics. 

At  the  eleventh  grade  the  applications  of  mathematics  appear 
In  "word  problems."    Solving  word  problems  can  be  a  rewarding 
experience  if 

(a)  the  problem  is  realigtic  and  its  solution  is  of  some 
interest  to  someone, 

(b)  its  algebraic  formulation  is  reasonably  obvious, 

(c)  the  algebraic  techniques  that  the  student  recently 
learned  contribute  significantly  to  solving  the  problem. 

Unfortunately  most  interesting  problems  require  for  their 
solution  some  technical  scientific  information  as  well  as 
algebraic  skill.    It  is  unfair  to  expect  a  student  to  tackle  such 
a  problem. 

Some  teachers  keep  a  record  of  interesting  problems  that  they 
run  across  in  textbooks,  magazines  and  in  discussion'  with  other 
teachers.    Our  Example  4-15  (^)  example  of  a  reasonably 

Interesting  problem.    Our  Example  i^-15  (a)  is  not. 
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Suggestions  for  Section  ^-IS 

Some  students  In  your  class  may  know  of  v/ord  problems  of 
general  Interest^  or  may  even  have  themselves  met  situations  In 
which  rrathematlcs  could  be  usefully  applied.    Problems  which  come 
from  living  stiidents  are  more  Interesting  than  those  which  come 
from  dead  physicists ♦ 

Answers  to  Exercises  4-15 

1.  Width  Is  3  feet. 
Length  Is    7  feet. 

2.  3    lnc?ies  is  width  of  frame. 

3.  20,  21. 

h.     (a)     2  seconds. 

(b)  10  seconds. 

(c)  During  8th  second:     320  ft. 
During  10th  second:     384  ft.  . 

5.  12,  10. 

6.  Let    X    =  number  of  oranges  in  bag 

~^    =  price  of  each  orange 

+  ^  -  new  price  of  each  orange 
X  -  4  =  new  number  of  oranges  In  bag 
(600  +  5x)(x  -  h)    ^  3L00 

DX 

from  which 

(a)  24  oranges  per  bag 

(b)  I  .50  per  dozen 

7.  Let    X    =  speed  of  1st  train 
X  +  5    =  speed  of , 2nd  train 

iiO  ^  200      ^  a 
X    ^  X  +  5 

from  which 

X      35  ,         X  =  -  — •    (not  acceptable). 
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8. 

9. 
10. 

11. 

12. 
13. 

14. 
15. 

1. 


Solve  equation 

y2x  -  3  =  1  +  /2  •!•  X 

for  X 

X  =  14. 
width  is    6  inches. 
Length  is    8  inches. 

x  +  i  =  l  . 

x^  -  X  +  1  =  0 

discriminant  is  -3 
hence  no  real  solution. 
Yes       13  width 

20  length. 
7,    8    and    -8,  -7. 

(100  +  x)^  +  x^  =  (500)^ 
X  =  300 
X  +  100  =  400 

7,  28. 

Width  25  yd. 
Length  25  yd. 


Answers  to  Exercises  4-l6 
2. 
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7.    y  = 

y  = 
y  = 

-  4x  +  3 
x^-4x  +  4-  4  +  3 
(x  -  2)2  -  1 

y 

245 

II  II 

•           )l  mm         ill                      II           ■  O 

X    +4X4-4-4  +  3 
(x  +  2)2  -  1 

! 

1 
1 

8.     y  = 

y  = 

-2(x2  +  2x  +  l) 
-2(x  +1)2 

i . 

Y 

y  = 

2(x2  -  2x  +  1) 

MO) 

Vl/  X 

y  = 

2(x  -  1)2 

1 
1 
1 
1 
1 

9.    y  =  x2  +  3x  +  "I  -  I 
y  =  (X  +  |)2  -  I 
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10.  y 

y 


2(x2-|x.^)^.§.l 
2(x  -  |)'  -  ^  . 


11 


Ntunber  of  real  roots 
0 


23.  (- 


2^, 
25. 

26. 


|,  -3] 


Sum       Product  Discriminant 


12. 

1 

-3 

9 

0  Note;    We  are 

13. 

2 

-2 

-2 

12  presently  conf i^^d 

14. 

0 

-31  to  real  roots.  Xf 

15. 

2 

3 

3 

there  are  no  x^e^l 
roots,  It  make^  no 

16. 

2 

7 

-18 

sense  to  talk  ^^ou^ 

17. 

2 

13 
To 

3 

"  10 

289  their  sxim  or 

-j_5  product . 

18. 

0 

19. 

2 

-8 

6 

20. 

2 

-7 

0 

(-2, 

+  |] 

27.  C- 

5  ^  721         5  fei 

21. 

22. 

C-3, 

28.  (| 

 Sr^    H  ^  TT^ 

(-3  +  /3,  -3  -  r?} 

Empty  set. 


k  -1) 


29. 

30. 
31. 


f    11  + 


l45 
T 


11 
-31 


(-2} 

(-1  +  /To,  -1  -  /To) 
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J*;.     ^2        2'     2        2  ^ 

33.  Empty  set.     Discriminant  =  -3( 

34.  (-1  +  I  /-T",    -1  - 

r  1    ,  1  /73, 

J5.  +  -12'     12  "  12^ 

36.  (0,  6) 

37.  {i^,  -§} 

38.  {2  +  I  2  -  I  /T) 

39.  Empty  set.    Discriminant  =  -60 

40.  (1  +  /T,    1  -  /T} 

41.  -  4ac  =  0 

900  -  36k  =  0 

36k  =  900 
k  =  25 

42.  36  +  l6k  =  0 

l6k  =  -36 
k  =  - 

43.  64  -  8k  =  0 

-8k  =  -64 
k  =  8 

44.  9x^  -  8kx  +4=0 


64k^  -  144  =  0 


k     -  3 


45.  k^  -  4k  =  0 

k(k  -  4)  =  0 

k  =  0    (not  acceptable) 
k  =  4 

46.  (x  -  3)(x  +  2)  =0 

-  X  -  6  =0 

/;  256 
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47.  (x  +  5)(x  -  5)  =0 

y?  -  25  =  0 

48.  [X  -  (2  +  /T)][x  -  (2  -  /T)]  =  0 

-  (2  -  /T)x  -  (2  +  /^)x  +2  =  0 


x""  -  4x  +  2  =  0 


49.  (x  -  ^)(x  -  |)  =  0 
x^  -  ^x  +  I  =  0 
8x^  -  I4x  +  3  =  0 

50.  (x  -  ^)(x  -  3)  =  0 
x2  -  igx  +  1  =  0 
3x^  -  lOx  +3=0 


51.    X  -  /  5x  +  9  -1=0 

X  -  1  =  y  5x  +  9 

x^  -  2x  +  1  =  5x  +  9 

-  7x  -  8  =  0 
(x  +  l)(x  -  8)  =0 


X  =  8  (checks) 


Check 

-1  -  /  5(.  '1J  +  9  -  1  0 
8  -        ■.  8  +  9  -1  =  0 


52. 


yx^  +  3  + 


=  4 


x^  +  3  +  4  =  4)k^  +  3 

x^  +  7  =  4/x2  +  3 

x^  +  I4x^  +  49  =  l6(x^  +  3) 

x^  -  2x^  +  1  =  0 

(x^  -  l)(x2  -  1)  =  0 
x^  =  1 
X  =  +1 

X  =  -1 
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53.  V3x  -  5    +  V2x~r3    +1  =  0 

249 


Vax  - 

5  =  -1  -  VSx  + 

3 

3x  - 

5=1  +  2  V2x  + 

3  +  2x 

X  - 

9  =  2V2X  +  3 

x2  - 

l8x  +81  =  4(2x 

+  3) 

x2  - 

'^6x  +  69  =  0 

(x  - 

3)(x  -  23)  =  0 

Empty,.,  set. 

Note:     It  was  evident  from  the  beginning  that  the  sum  of 
one  and  two  non  negative  numbers  could  not  be  zero, 

5'^.      2x'^  -  17x2  -9  =  0 

(2x2  +  i)(x2  _  9)  =  0 
(3,  -3) 


56. 


X  + 

i 

X  +  1 

2x2 

+  X 

+  1 

=  2 

2x2 

+  X 

-  1 

=  0 

(2x 

-1)( 

X  .+ 

1)   =  0 

(|) 

Let 

t  = 

2 

:  X 

-  3x  +  1 

t^  . 

-  4t 

-  5 

=  0 

(t  ■ 

-  5)(t  + 

1)  =  0 

t  =  5 

t  =  -1 

t  = 

x2  - 

3x 

+  1  =  5 

x2  - 

3x 

-4  =  0 

t  = 

x2  - 

3x 

+  1  =  -1 

x2  - 

3x 

+  2  =  0 

{-1,  1,  2,  4) 


:  -    2  58 
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(x  +  7)(x  -  7)  -  2(x  -  1)  =  12x 
x^  -  49  -  2x  +  2  =  12x 
x^  -  l4x  -  47  =  0 

(7  _  }^^fe,  7  +  4V6) 


(a  +  b)^x^  -  (a  +  b)  X  -  ab  =  0  

(a  +  b)^  +  V(a  +  b)^  -  4(a  +  b)^ab 
2(a  +  b)''^ 

^  =  a^       °^       ^  =  FTT'  • 

Vx  +  4"+  Vx-l='\/x-4 

X  +  4  +  2V(x  +  4)(x  -  1)  +  X  -  1  +  X  -  4 

X  +  7  =  -2  VCx  +  4)(x  -  1) 

x^  +  I4x  +  49  =  4(x  +  4)(x  -  1) 

x^  +  l4x  +  49  =  4x^  +  12x  -  16 

-3x^  +  2x  +  65  =  0 

3x^  -  2x  -  65  =  0 
(3x  +  13)(x  -  5)  =  0 
13 

X  =  - 
X  =  5 

Empty  set.    Why  should  this  result  have  been  anticipated? 

3x^  -  4x2  -  7  =  0 
(3x2  _  ^j(^2  +  1)  ^  0 
.V21  V21, 
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01.    y  — 

x^  -  4 

2 

X  - 

-  4  <  0 

(x: 

-2  <  X  <  2) 

62.    y  = 

y  = 

y  = 

x^  -  X  -  2 

(x'  -  X  +  ^)  -  2  - 

(X  -  |)^  -  1 

Y 

2 

X 

-  X  -  2  <  0 

Jt 

(x: 

-1  <  X  <  2) 

63.     2x^  +  5x  -  12  >  0 
.2 


y  =  2x    +  5x  -  12 

y  =  2(x2  +  |x  +  ||)  -  12 
y  =  2(x  .  5)2  .  121 


-  -5 


(x:  X  <         or    X  >  ^) 


'do) 


\  4i  a  J 
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64.    3x^  +  l4x  -  5  <  0 
y  =  3x^  +  Ihx  -  5 

y  =  3(x2     i^x  i^) 

y  -  3(x  H.  If  -  f 

(x:  -5  <  X  <  i) 


-  5  - 


12 

3 


X 


65.    ax'^  -  3x  -  8  >  0 


y  =  2(x2  _  |x  +  j|)  -  8  - 
,     o/v     3^2  73 


(x:  X  < 


3-m    ^ > 3+m) 


ERIC 


66.    Let    X    =    the  number 
3x^  -  9x  =»  120 
x^  -  3x  -  4o  =  0 
(8,  -5) 
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67.  Let    X   =  vd-dth 
2x  +  6  =  length 

+  (2x  +  6)2  =  39^ 

x^  +  4x2  +  24x  +  36  =  1521 

  5x2  +        -  1485  =  0 

Width:  15 
Length:  36 

68.  yFTT^  =  /IE  +  4 

X  +  72  =  X  +  8  /~5c  +  l6 
8  fH  =  56 

/~x  =  7 

X  =  49 

69.  y  =  x(50  -  x) 
y  =  -x2  +  50x 

y  =  _(x2  -  50x  +  625)  +  625 
y  =  -(x  -  25)2  +  625 
Maximum  at    x  =  25 
25 

70.  b2  -  4ac  <  0 
4k2  -  36  <  0 


k2  -  9  <  0  ~Roj 
Plot  y  =  k2  -  9 

(k:  -3  <  k  <  3)  {O.-^) 


71.    y  «  3x   -  6x  +  5 

y  =  3(x2  -  2x  +  1)  +  5  -  3 
y  =  3(x  -  1)2  +  2 

{y:  y  ^  2) 
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72.    kx''^  ~  8x  +  3  =  0 


75. 


(a)    64  -  12k  =  0         (b)    3  +  x^^  =  | 


OR 


12k  =  64  2  9k  -  24  +  3  =  0 


3k  =  16  =  1?  .    V  7 

3k  +  1  =8 
3k  =  7 

p  k  =  i 

73.  kx'^  -  2x  +  3  =  0  ^ 

4  -  12k  >  0 
1  -  3k  >  0 
3k  <  1 

k  <  ^  anc"    k  /  0 

74.  Use  the  formula  for  the  sum  and  the  product  of  the  roots  of 
a  quadratic  equation. 

r  +  s  =  -(r  -  l) 
rs  =  2s 

Prom  the  last  equation  either    s=0    or    r=2.    If  s=0 
then,  from  the  first  equation    r  =  -(r  -  l),  so    r  =  ^. 
If    r  =  2    then    2  +  s  =  -(2  -  l),  so    s  =  -3. 

r  =  ^,    s  =  0 


answers 
r  =  2,  s  =  -3 

CB  ^  AC 
AC  AB 

20  "  X  X 
X      ~  "50 

x^  =  20(20  -  x) 

=  400  -  20x 

x^  +  20x  -  400  =  0 

-20  +  /2000 
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X  =  -10  +  ioy~5 

X  =  12.36 

20  -  X  =  7.6i| 

Illustrative  Teat  Questions.. 
Sketch  the  graphs  of  each  of  the  following  using  a  single  set 
of  eixes. 


Find  any  maximum  or  minimum  values  of  the  funatlons  whose 
values  are  given  by 

(a)  f(x)  =  x^  +  3 

(b)  f(x)  =5-2x2 

(c)  f(x)  =  2(3x2  ,  4) 

Find  the  minimum  value  of  the  function  whose  values  are  given 
by    y  =  2x2  _  +  li^. 

Sketch  the  graphs  of  the  following  equations,  using  a  single 
set  of  axes.    Specify  the  coordinates  of  the  vertex  and  the 
equation  of  the  axis  of  each. 

(a)  y  =  -2(x  -  6)2 

(b)  y  =  8  -  2(x  -  6)2 

A  ball  IS  thrown  upward  from  a  vertical  cliff.    Its  distance 
3    in  feet  above  gromd  is  given  by    s  =  200  +  lOOt  -  l6t  , 
where    t    denotes  time  (in  seconds).  Find 

(a)  the  time  at  which  the  ball  is  336  above  the  ground. 

(b)  the  time  at  which  the  ball  reaches  a  maximum  height. 

(c)  the  maxlmiAm  height. 

What  is  the  solution  set  of    (x  -  l)(x  +  2)  =  ^7 


(a) 
(b) 

(c) 

(d) 
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7.  Which  of  the  following  equations  are  equivalent  to  the  equation 
2x  -  1  =  0? 

(a)  X  =  I 

(b)  4x^  -  1  =  0   ^ 

(c)  4x^  -  4x  +  1  =  0 

(d)  12x^  -  4x  -  1  =  0 

8.  Find  the  value  of    k    for  which  the  equation    x    -  3kx  +  k  =  2 
has    4    as  a  root. 

9.  Show  that  the  expression 


.  ^  )    +  b(  )  +  c 


 5a  ^   ?er 

equals  zero    (a)  by  calculation    (b)    by  an  argument  using 
no  calculation. 

2 

10.  Sketch  the  graph  of    y      3  +  x  -  2x  .    Specify  the  coordinates 
of  the  vertex  and  the  equation  of  its  axis. 

11.  Find  a  quadratic  equation  with  integral  coefficients  whose 

2 

roots  are    3    and  - 

12.  Find  a  quadratic  equation  whose  roots  are  the  negative 

o 

reciprocals  of  the  roots  of    6x    +  llx  -  10  =  0. 

13.  Find  the  sum  and  product  of  the  roots  of  the  equation 

3x^  -f  5x  -  7  =  0.  o 

2x  2 

14.  Find  the  solution  set  of  the  equation    ^         +  1    =    ^  ^  . 

15.  Solve  the  inequality 

2x^  <  X  -f  15. 

16.  Find  the  solution  set  of  the  equation 

|x  -f  1|^  +  |x  -f  1|  =6. 

17.  Solve  the  equation    /x  +  5  +  /x  -  4  =9. 

18.  Solve  the  equation    (x^  -  5x)^  +  2(x^  -  5x)  -  24  =  0.. 

4  2 

19.  Solve  the  equation    x    -  lOx  +9=0. 

o 

20.  Determine    k    00  that  the  equation    9x    -  8kx  =  -4    has  only 
one  root. 


265 


ERIC 


257 

21.  Which  of  the  following  quadratic  equations  has  the  roots  r 
and  s? 

2  p 

(a)  X    =  rs  (d)    x    -  (r  +  s)x  +  rs  =  0 

(b)  -  r^s^  =  0  (e)    x^  -  rsx  +  rs  =  0  

/  V      2  ,22^ 

(c)  X    -  rsx  +  r  s  =0 

22.  Vrnlch  of  the  following  Is  the  axis  of  the  graph  of  the 
equation    y  =  2x    +  8x  -  3? 

(a)  X  =  (d)    X  =  2 

(b)  X  =  -3  (e)    X  =  4 

(c)  X  -  -2 

'23.    Which  of  the  following  equations  has  a  graph  v;hlch  lies 
entirely  below  the  x-axis? 

(a)  y  =  2x^  -  4x  -  5  (d)     y  -  -x^  +  5 

(b)  y  =  -x^  -H  4x  (e)    y  -  -2x^  +  4x  -  4 

(c)  y  =       -  10 

24.  For  each  of  the  following  quadratic  equations  find  the  set  of 
all  values  of    k    for  which  the  equation  has  two  roots. 

(a)  3x^  -f  kx  -f  3  =  0 

(b)  x^  -f  6x  -  k  =  0 

(c)  kx^  -  4x  -f  2  =  0 

(d)  3x^  -f  6x  -f  k  =  0 

25.  If  (x^,  y^),     (x^,  yg)  (xg,  yg)    are  the  coordinates  of 

3  non-colllnear  points,  how  many  quadratic  functions  can  be 
found  whose  graphs  pass  through  these  three  points? 

(a)  0  (d)    Infinitely  many 

(b)  1  (e)    It  cannot  be  determined 

(c)  2  from  the  Information  given. 

26.  Let  x^,  x^,  Xg    be  distinct  real  numbers  and    y^,  y^, 

be  any  real  numbers.  Prove  that  there  Is  a  quadratic  function 
which  pairs    y^    to    x^,  ^2  ^^^3  "^3 

only  If    (y^  -       ^^2  "  ^3^  "  ^^1  ^  ^2^^^2     ^3^  ^  °' 
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Answers  to  Illustrative  Test  Questions 


ERIC 


1. 


2. 


3. 


4. 


(a) 
(b) 
(c) 


f(x)  =  X 

f(x)  =  -2x 

f(x)  =  6x^ 
2 


+  3j    minimum,  3 
2 

+  5;    maximum,  5 
-  8;    minimum,  -8 


l^^ 
9) 


y  =  2x''  -  12x  + 

y  =  2(x    -  6x  + 

y  =  2(x  -  - 
minimum,  -4 

y  =  -2(x  -  6)^ 
Vertex  is    (6,  o) . 
Equation  of  axis  is 

y  =  -2(x  -6)2+8 
Vertex  is  (6,  8). 
Equation  of  axis  is 


+  li|  -  18 


=  6. 


=  6. 


I  4 
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>. 

J. 

3. 


(a) 


(b) 


336  =  200  +  loot  -  l6t^ 
l6t^  -  loot  +  136  =  0 
Ht^  -  25t  +  3H  =  0 
(4t  -  17)(t  -  2)  =  0 

2  seconds,  seconds  (answer). 

S  =  -l6t^  +  loot  +  200 


=  -l6(t    -  ir-t  +  -CTf)  -I-  -TP  + 


1425 


200 


S  =  -l6(fc  .^f-.-^ 

^  seconds  (answer), 
(c)     the  maximiam  height  Is  35o7j:  rt. 
(-3,  2} 
(a),  (c) 

14 
TI 

(a)  The  given  expression  equals 

■~2(b2  -  2b  /b^  -  4ac  +        -  4ac)  -.  2ab2  + 

which  reduces  to  zero. 

(b)  Follows  from  quadratic  formula. 

y  =  -2x^  +  X  +  3 
y  =  -2(x2  ,  |x  +  3:^)  4  3  +  ^ 
y  =  _2(x  -^f  +^ 
1  25\ 

Vertex  is     (+  Tf^        •  ^ 
Equation  of  axis  is    x  =  +  7^. 


4a' 


4ac  ,  4a^c 
  +  — 13— 

4a'^ 


11.     (x  -  3)(x  +  |)  =  0 
5x2  _  i3x  -  6  =  0 
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12.     6x    +  llx  -  10=  0 

(3x  -  2)(2x  +  5)  =  0 


^  -  2 
-  ^ 


X  =  -  ^ 


7 


(x  +  |)(x  -  |)  =  0 

(2x  +  3)(5x  -  2)  =0 
lOx^  +  llx  -6=0 
13.    Sum  of  roots    =    -  -j 
Products  of  roots  = 

l^^.  {|} 

15.  2x^  -  X  -  15  <  0 
y  =  2x2  -  X  -  15 
y  =  2(x2  _  |x  +  ^)  -  15  -  ^ 

y  =  2(x  -         -  i|i 
(x:   -  I  <  X  <  3) 


16.    Let     |x  +  l|  =  z 
+  z  -  6  =  0 

(z  +  3)(z  -  2)  =  0 
z  =  -3,     z  =  2 

|x  +  l|  =  -3  Impossible 
|x  +  1|  =2 
or    C-3,  1) 
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17.  /X  +  5  =  9  -  /X  -  4 

X  +  5  =  81  -  18  )/x  -  4  +  X  -  4 
-72  =  -18  yx  -  4 

4  =       -  4 

16  =  X  -  4 
X  =  20 

18.  (x^  -  5x)^  +  2(x^  -  5x)  -  24  =  0 

2 

Let    z  =  X    -  5x 

+  2z  -  24  =  0 
(z  +  6)(z  -  4)  =  0 
2  =  -6,    z  =  4 

-  5x  =  -6,  -  5x  =  4 

fP  T  5  +_/4i  5-/4^i 
i'^f   ^ — f   ^  i 

4  2 

19.  X    -  lOx  +9=0 

(x2  -  9)(x2  -  1)  =  0 
C3,  -3,  1,  -1} 

20.  9x^  -  8k:x  +4  =  0 

64k:^  -  144  =  0 

2  _  144  _  9 
^    -  ^  -  J 

^  3 

^    or    -        (answer) . 

21.  (d) 

22.  (c) 

23.  (e) 

24.  -  4a  2  0 

(a)    3x^  +  kx  +  3  =  0 
-  36  >  0 

(k:  k  <  -6    or    k  >  6) 
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(b) 


(c) 


(d) 


+  6x  -  k  =  0 
36  +  4k  >  0 
4k  >  36 
k  >  -9 

kx^  -  4x  H-  2  =  0 
l6  -  8k  >  0 
k  <  2 

3x^  +  6x  +  k  =  0 


25. 
26. 


36    -  12k  >  0 
-     k  <  3 

(b) 

Proof: 

V/e  see  from  the  slope  formula  that  the  given  points  are 
not  collinear  if  and  only  if 


Therefore  the  points  are  not  collinear  if  and  only  if 
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Chapter  5 
COMMENTARY  FOR  TEACHERS 
THE  COMPLEX  NUMBER  SYSTEM 

5-0.  Introduction* 

The  complex  number  system  Is  one  of  the  supreme  achieve- 
ments of  the  human  Intellect.    Compislllng  reasons  for  extending 
the  real  number  system  are  easy  to  find.    In  the  context  of  the 
real  nvimber  system  the  theory  of  quadratic  equations  Is  most 
unsatisfactory,  for  some  quadratic  equations  with  real"  coeffi- 
cients have  real  solutions,  while  others  have  no  real  solutions. 
The  desire  to  remedy  this  situation  Is  surely  reasonable  and 
modest.    What  Is  remarkable  Is  the  fact  that  this  modest  aim, 
once  attained,  yields  a  system  so  rich  that  no  further  exten- 
sions are  necessary  to  capture  the  roots  of  any  algebraic  equa- 
tion of  whatever  degree.    However,  the  solution  of  algebraic 
equations  Is  only  one  of  the  achievements  of  the  complex  number 
system.  It  Is  surely  lamentable  that  we  are  unable,  at  this  level 
of  the  student-s*  development,  to  Indicate  the  profusion  of  Im- 
portant and  beautiful  results  to  be  found  In  the  theory  of 
fuiictlons  of  a  complex  variable.    We  can  only  state       with  all 
the  enthusiasm  we  can  muster       that  this  field  of  mathematics 
(and  others  closely  related  to  It)  Is  probably  the  most  In- 
tensively cultivated  at  the  present  time,  and  that  Its  applica- 
tions In  the  sciences  and  engineering  seem  to  grow  dally. 

The  extension  of  the  real  number  system  to  the  complex 
number  system  can  be  regarded  as  the  solution  of  a  problem  — 
the  problem  of  constructing  a  number  system  with  certain 
properties.    The  solution  of  any  problem  generally  proceeds  In 
three  stages  (the  solution  of  an  equation  Is  typical):     1.  statement 
of  the  problem;  2.  Identification  of  a  possible  solution,  assuming 
that  a  solution  exists;  3.  verification  that  the  possible  solution 
actually  Is  a  solution.    Accordingly  In  Section  5-1  we  state 
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the  properties  that  the  system  is  required  to  have;  in  Sections 
5-2^  5-3,  5-4  we  identify  the  system  by  finding  its  elements  and 
the  rules  for  operating  with  them,  assioming  that  such  a  system 
exists;  and  in  Section  ^^-11  we  verify  that  the  system  construct- 
ed with  these  elements  and  rules  of  operation  has  the  required 
properties. 

In  the  complex  niomber  system,  classical  algebra  —  the 
theory  of  equations  —  finds  its  proper  setting.    The  role  of 
the  complex  niomber  system  in  the  theory  of  equations  is  discussed 
in  Sections  5-5  and  5-8. 

The  connection  between  the  complex  niomber  system  and 
geometry  is  of  great  importance  for  geometry  and  analysis  as 
well  as  for  algebra.    This  connection  is  introduced  in  Sections 
5-6  and  5-7  and  further  explored  in  Chapter  12. 

5-1.     Comments  on  the  Introduction    to  Complex  Numbers. 

In  Section  5-1  we  review  the  inadequacy  of  the  real  number 
system  with  respect  to  the  solution  of  quadratic  equations  and 
announce  our  intention  to  attempt  a  remedy  by  extending  the  real 
number  system.    We  state  that  we  will  find  a  system  in  which 
every  quadratic  equation  with  real  coefficients  has  a  solution 
if  we  seek  one  in  which  the  equation    x^  +  1  =  0    has  a  solution. 
This  is  so,  of  course,  because  every  quadratic  equation 

ax^  +  bx  -f  c  0 

with  negative  discriminant  can  be  transformed  into  the  equivalent 
equation  /  v. 

/  •  ^  ^ 

\      /  Hac  - 

This  is  not  discussed  in  the  text  until  Section  5-6,  but  a  brief 
informal  class  discussion  might  be  appropriate  at  this  time. 

The  Properties  C-1,  C-2,  and  C-3  which  we  require  our  new 
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number  system  to  possess  are  Just  explicit  statements  of  the 

simple  and  natural  requirements  that  the  system  have  all  the 

algebraic  properties  of  the  real  number  system,  include  the  real 

number  system,  and  contain  a  solution  of  the  equation  x  +1=0, 

In  Section  5-2  we  shall  impose  a  fourth  requirement  —  also 

simple,  but  not  so  natural  (see  5-2). 

It  should  .be  observed  that  in  past  extensions  of  the  number 

system  the  extended  system  was  required  to  have  many  of  the 

order  properties  of  the  original  system,  but  this  is  not  done 

here.     It  is  not  done  because  it  cannot  be  done.    If  the  complex 

number  system  had  the  order  properties  of  the  real  number  system 

the  theorem  that  the  square  of  every  number  is  non-negative  would 

2 

have  to  hold,  but  this  contradicts  i    =  -1. 

Problems    1    and    4    of  Exercises  5-2  can  be  assigne,d  after 
Section  5-1^  if  desired:  Problem  1  reviews  the  reasons  for  pre- 
vious extensions  of  th^^^  number  system;  Problem  4  is  intended  to 
stimulate  discussion  of  the  fact,  mentioned  above,  that  the  order 
properties  of  a  number  system  may  not  be  preserved  when  the 
system  is  extended. 

5-2.     Complex  Numbers. 

In  the  preceding  section  we  stated  a  problem  which  we 
tacitly  assumed  had  a  unique  solution.    It  does  not        as  we 
will  see  later.    An  additional  condition  is  needed  to  make  the 
problem  definite,  that  is,  to  insure  that  it  has  a  unique  solu- 
tlon.  274 
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To  expose  this  difficulty  let  us  consider  it  in  a  more 
rlliar  setting.    Suppose  that  our  nwber  system  is  the  system 
of  rational  numbers  and  that  we  wish  to  extend  it  to  a  system  in 
which  the  equation  x^  =  2  has  a  solution.    Explicitly,  we  seek  a 
system  which  has  Properties  C-1;  Properties  C-2  with  the  word 
"real"  replaced  by'  "rational"  wherever  it  occurs;  and  which  has 
the  third  property  —  corresponding  to  C-3  —  that  it  contains  a 
number    /T,  such  that  (  /2')^  =  2.     Let  us  call  these  Properties 
S-1,  S-2  and  S-3,  respectively. 

We  know  that  the  system  of  real  numbers  has  these  properties, 
but  looking  ahead,  so  does  the  system  of  complex  numbers.  Our 
problem  does  not  have  a  unique  solution;  it  has  at  least  two 
solutions,  and  possibly  more. 

It  would  seem  foolish  to  extend  the  system  of  rational 
numbers  to  the  system  of  complex  numbers  Just  to  achieve 
Properties  S-1,  S-2  and  S-3;  the  system  of  complex  numbers  is 
too  large  ~  It  contains  a  number  system  (the  real  numbers) 
which  already  has  all  the  properties  we  require.     Pursuing  this 
objection,  the  system  of  real  numbers  might    be  larger^than  we 
require.    It  seems  natural  to  add  to  our  conditions  the  require- 
ment S-4  that  the  system  be  as  small  as  possible.    With  this  con- 
dition added  our  problem  has  a  unique  solution  S:  The  elements 
of    S    are  those  real  numbers  which  can  be  written  in  the  form 
a  -f  b  >f2,    where    a    and    b,  are  rational  numbers;  and  the 
operations  in    S    are  addition  and  multiplication  of  real 
numbers. 
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It  is  obvious  that    S    has  Properties  S-2  and  That  it 

has  all  the  Properties  S-1  except  (l),   (iv)  and  (vll)  follows 
Immediately  from  the  fact  that  the  system  of  real  numbers  has 
these  properties^  and  from  S~2.    It  can  be  verified  by  calcula- 
tion that  the  sum,  product,  opposite  and  reciprocal  of  real 
numbers  which  ;.ian  be  expressed  in  the  form  a  +  b  f2,     a    and  b 
rational,  can  alrjo  be  expressed  in  this  form,  so  that    S  has 
properties  S-l(i),   (iv)  and  (vii).    Thus,     S    is  a  solution  of 
our  problem.    Notice  that  in  this  argument  the  only  statements 
whose  proofs  were  not  immediate  are  those  asserting  that  the 
sum,  product, additive  inverse  and  multiplicative  inverse  of  num- 
bers in    S    are  in  S, 

It  is  easy  to  see  that    S    is  the  smallest  system  which 
solves  our  problem.    Consider  any  other  set  of  real  numbers  which, 
with  addition  and  multiplication  of  real  numbers  as  operations, 
forms  a  system       which  is  a  solution  of  the  problem.    Then  S' 
contains  all  rational  numbers  and    /2^  and  is  closed  with  respect 
to  addition  and  multiplication.    Hence  it  must  contain  al^  real 
numbers  which  can  be  expressed  in  the  form  a  +  b  a    and  b 

rational        that  is,  it  must  contain  S. 

We  summarize  the  salient  features  of  this  discussion:  The 
properties  we  have  required  do  not  determine  a  unique  number 
system;  The  natural  additional  condition  to  impose  to  determine 
a  unique  system  is  that  the  system  be  the  smallest  possible  one 
having  the  given  properties;  This  additional  condition  is  logic- 
ally equivalent  to  the  condition  that  every  number  in  the  system 
be  expressible  in  a  certain  form;  The  essential  part  of  the 
proof  of  the  equivalence  of  the  two  conditions  is  the  proof 
that  the  sum,  product,  additive  and  multiplicative  inverses  of 
numbers  which  can  be  expressed  in  the  stated  form  can  also  be 
^expressed  in  that  form. 

The  problem  of  extending  the  system  of  r«  ..1  numbers  to  the 
system  of  complex  numbers  is  entirely  analogous  to  the  problem 
we  have  Just  discussed.-   Each  of  the  summary  statements  we  have 
just  made  holds  also  for  the  extension  from  the  real  numbers  to 
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the  complex  numbers. 

We  could  have  presented  a  discussion  analogous  to  that  given 
here  in  the  text.    Such  a  discussion,  however,  would  have  been 
an  extensive  and  sophisticated  preliminary  to  a  program  whose 
first  objective  is  the  introduction  of  complex  numbers  and  the 
males  for  calculating  with  them.    Instead  we  have  adopted  a 
middle  course. 

In  Section  5-2  we  add  Property  C-^  to  our  requirements  in- 
stead of  the  more  natural  condition  that  the  system  be  the  small- 
est possible  system  having  Properties  C-1,  C-2,  and  C-3.  The 
connection  between  these  two  conditions  is  suggested  through 
brief  discussion.    However,  in  the  discussion  of  addition,  multi- 
plication, additive  inverse  and  multiplicative  inverse  in 
sections  5-3,  5-4  and  5-5  v/e  make  no  essential  use  of  Property 
C-4;  we  use  it  only  as  a  guide.    Thus,  at  the  end  of  Section  5-5 
one  can  look  back  and  see  that  Property         is  not  necessary, 
but  that  to  find  a  system  having  Properties  C-1,  C-2  and  C-3  it 
is  sufficient  to  consider  the  system  with  Property  C-4.  Better 
students  should  be  encouraged  to  do  this,  and  all  students 
should  be  aware  of  the  need  to  check  at  each  stage  the  compati- 
bility of  Property  C-4  with  the  other  properties  of  the  system. 

We  have  still  to  present  an  example  of  a  system  larger  than 
the  system  of  complex  members  which  has  properties  C-1,  C-2,  and 
C-3.    The  simplest  example  is  the  following.    Let    H  contain 
the  complex  numbers,  an  element    J    which  is  not  a  complex 
number,  and  all  expressions  of  the  form 

+  b,r-l  +  ...  +  b^_,J  + 

where    n    and    m    are  non-negative  integers,  a^,  ^2.9***^^1 
bQ,b-j^,  •  •  •,bj^  are  any  complex  numbers,  and  a^      0,       ;^  0.  Thus 
H    is  the  set  of  all  quotients  of  polynomials  in    J    with  com- 
plex coefficients.    Addition  and  multiplication  are  defined 
according  to  the  usual  rules  for  operating  with  polynomials. 
Then    H    has  all  the  desired  properties. 
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Problem  2  of  Exercises  5-2  is  intended  to  point  out  that  in 
previous  extensions  of  the  number  system  the  system  sought  was 
the  smallest  one  having  the  desired  properties.     Problem  pro- 
vides an  opportunity  for  the  student  to  carry  through  for  himself 
the  discussion  presented  above. 

Exercises  5-^*  Answers, 

1,  (a)  The  system  of  integers  has  an  additive  Identity  element, 
and  each  Integer  has  an  additive  inverse, 

(b)  In  the  rational  number  system  each  element  except  zero 
has  a  multiplicative  inverse, 

(c)  In  the  real  number  system  every  non-negative  nmber  has 
two  real  even  roots,  and  every  negative  number  has  one  real 
odd  root, 

(d)  The  complex  number  system  contains  an  element    i  which 

2 

has  the  property  i    -  -1, 

2,  (a)  System  of  integers. 

(b)  Rational  niomber  system, 

(c)  Rational  niomber  system, 

3,  (a)  1  -f  Oi  (e)  3  +  Oi 

(b)  0  -f  Oi  (f)  0  -f  2i 

(c)  -1  -f  Oi  (g)  -1  +  Oi 

(d)  0  -f  (l)i 

4,  (a)  The  natural  niomber  system  has  the  Well  Order  property. 

Every  subset  has  a  least  element, 
(b)  The  real  number  system  has  an  order /relation.    No  order 
relation  has  been  defined  for  the  complex  number  system, 

5,  (a)  If    Vs"  were  in    S    we  could  write 

/T=  a  -f  b  ^2" 

where  a  and  b  are  rational.  If  we  square  both  sides  of 
this  equation  we  get 

3  =  a^  4-  2ab  /T  -f  2b^ 


or  2  2 
3  -  a"^  -  2b^ 
 TTB  
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Since    a    and    b    are  rational,  the  left  side  of  the  last 
equation  is  rational,  i?.nd  the  equations  says  that  /i2  is 
rational.    Since  we  know  this  is  false,  the  assumption 

that    /s" belongs  to    S    must  be  false. 

(b)  (a  +  b  /2)  +  (c  +  d  /2)  =  (a  +  c)  +  (b  +  d)  /2, 
and  if  a,  b,  c,  d  are  rational  so  are  a  +  c  and  b  +  d, 
since  the  rational  niombers  are  closed  with  xe^pect  to 
addition. 

(a  -f  b  /2)  (c  +  d  /2)  =  (ac  +  2bd)  +  (be  -h  ad) 
and  if  a,  b,  c,  d  are  rational  so  are  ac  +  2b  d  and 
be  -f  ad,  since  the  rational  numbers  are  closed  with 
respect  to  addition  and  multiplication. 

(c)  The  additive  inverse  of  a  +  b  /T'in  the  real  number 
system  is  -(a  +  b  /2 ) .  But 

-(a  +  b  /2)  =  (-a)  +  (-b)  f2 

and  If    a    and    b    are  rational  so  are  -a    and  -b. 

The  additive  identity  in    S    is  0      0  +  0  If 

a  +  b  fTls  not  isero  it  has  a  multiplicative  inverse 

 i         in  the  real  niomber  system.  But 

a  +  b  /2 

1 


a  +  b  /2" 

and  if    a    and  •  b    are  rational  so  are 

A  — ry  ,  since  the  rational  number  system  is  closed 
a^  -  2b 

with  respect  to  addition,  multiplication,  subtraction 
and  division. 

(d)    Property  (i)  of  C-1  was  established  in  part  (b)  of 
this  problem. 

Property  (ii)  is  established  by  observing  that 
addition  in    S    is  addition  of  real  members  and  addition 
of  real  numbers  is  associative  and  commutative.    To  be 
more  explicit,  addition  is  cormnutative  since 
x+y=y+xif    x    and    y    are  any  real  numbers,  and 
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hence,  in  particular  if  x  =  a  +  b  {2,  y  =  c  +  d  f2.  Properties 
(v)  and  (viii)  are  established  in  the  same  way. 

Property  (ili)  is  established  by  observing  that  0-0+0 
is  in    S,  and  x  +  0  =  x  for  any  real  number.    Thus,  in  particular, 
if  X  =  a  +  b         X  +  0  =  X,  and  0  is  an  additive  identity  in  S. 
0  is  the  only  additive  identity  in    S    since  any  other  additive 
identity   c     in   S   would  be  a  real  number  which  satisfied  x  +  c  = 
for  all    X    in    S.    But,  taking  x  =  0,  this  becomes  0  +  c  =  0  or 
c  =  0.     Property  (vii)  is  established  in  a  similar  way. 

Since    0    is  the  additive  identity  in    S,  an  additive  in- 
verse of  a  number  a  +  b        in    S    is  a  solution    x    in    S  of 
the  equation  x  +  (a  +  b  /2)  =  0.     There  is  one  and  only  one  real 
number  -(a  +  b  f2)  which  satisfies  this  equation.    We  showed  in 
part  (c)  that  -(a  +  b  i2)  is  in    S,  and  since  this  is  the  only 
real  number  which  satisfies  the  equation,  it  is  the  only  number 
in    S    which  satisfies  the  equation.     This  establishes  property 
(iv).     Property  (vii)  is  established  in  a  similar  way. 

(e)    S    has  the  stated  properties.     Let    S'    be  another  part 
of  the  real  number  system  with  the  stated  properties,  and  let  a 
and    b    be  any  rational  numbers.     Then    a,  b  and  V?"  are  in  S'. 
Since    S'  is  closed  with  respect  to  multiplication  it  contains 
b  Y?"  and  since  it  is  closed  with  respect  to  addition  it  contains 
a  +  b  yr.     Thus  every  number  in    S    is  in    S',  and    S'  contains 
the  system  S.   

5-3.    Addition,  Multiplication  and  Subtraction. 

In  this  section  we  begin  the  discussion  of  operations  with 
complex  numbers .     rt  should  be  emphasized  that  our  objective  is 
to  perform  operations  with  complex  numberr  in  terms  of  operations 
with  real  numbers .  The  discussion  of  addition  and  multiplication 
is  straightforward,  but  that  of  subtraction  deserves  some  comment. 

Subtraction  is,  as  usual,  defined  as  the  inverse  of 
addition ♦    We  show  that  the  equation 

has  at  least  one  solution  z  =  Zg  +  (-z-j_).     Notice,  however,  that 
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in  order  to  define        -  the  solution  of  this  equation,  and 

to  assert 

it  is  essential  to  show  that  the  equation  has  at^  most  one  solution 

a  unique  solution.    The  teacher  may  find  it  desirable  to 
present  the  proof  of  uniqueness  to  the  class. 

The  additive  inverse    -z    of    z    is  defined  by  the  equation. 

z  +  (-z)  =  0. 

According  to  Property  C-4,-(a  +  bi)  =  x  +  yi    where    x  and  y 

are  real.     Substituting  in  the  equation  defining    -(a  +  bi)  we 

obtain  two  real  equations  in    x    and    y    which  have  the  solution 
X  =  -a    and    y  =  -b.    We  therefore  conclude  that 

-(a  +  bi)  =  -a  +  (-b)i. 

Notice  however  that  here  we  have  been  using  Property  C~4  only  as  a 

guide.    To  prove  the  last  equation  it  is  only  necessary  to  verify 

that  '^^ 
.[a  +  bi]  +  [(-a)  +  (-b)i]  =  0, 

and  this  is  done  without  using  C-4. 

Exercises  5-3  provide  practice  in  addition,  multiplication 
and  subtraction  of  complex  numbers . 

Exercises  5-3 .     Answers . 

-1  +  7i 
8  +  (1)1 
0  +  7i 
15  +  (l)i 

(3  +    /2)  +  (9  +  r3)i. 


1. 

(a) 

h  +  91 

(f) 

(b) 

4  +  Oi 

(s) 

(c) 

3  +  7i 

(h) 

(d) 

+  v)  +  vl 

(1) 

(e) 

{  {2  +  1)  +  3± 

(j) 

2. 

(a) 

5i 

Ye  s ,  any 

(b) 

yi 

added  to 

(c) 

yr  1 

(d) 

5i 

3. 

(a) 

-13  +  26i 

281 

(b) 

24  +  (-lO)i 
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(c) 

5  +  51 

(d) 

-5  +  31 

?   4-   2  Z?"  1 

if) 

(8  -  /6)  + 

[8        +  /2)l 

-7  +  24i 

(h) 

2  +  Oi 

(  1^ 

\  0  / 

-l8  +  Oi 

Note*   Part:  f  1  ^  was 

14  +  (-84)1 

omitted  In  text 
so  Is  omitted 

(1) 

70  +  401 

here  • 

(m) 

-106  -  831 

92  -  l8i 

(o) 

(cx  -  dy)  + 

( cy  +  dx) 1,  if  c, d 

,x,y  are  real  numbers 

\y  / 

fx      -    XV  \  4- 

(xy  -  y^)i,  If  X, 

y  are  real  numbers. 

(a) 

-3  +  01 

0  +  ^  -J- J 1 

1  4-  (  ^\^ 
-1  +  ^--i-M 

-2  +  t-3jl 

(e) 

H-    +  Ol 

-a  +  Di,  11 

a,b  are  real  niombera 

-X  +  ^-yji. 

If  x,y  are  real  niombers .  r 

(a) 

5  +  8i 

(c) 

0  +  101 

(d) 

-1  +  01 

(e) 

(  /3  -  2)  + 

(1  - 

1+1 

(g) 

TT  +  (-Tr)l 

(h) 
(i) 

0  +  6i 

1  +  (-3)1 

(a) 

l3  =  = 

(-1)1  =  0 

+  (-1)1 

(b) 

1^  =  i2.i2 

=  (-1)(-1)  =  1 

+  01 

(c) 

l9  =  (1^)'. 

1  =  (-1)^  .=  0 

+  (1)1 

[page  259] 


282 


(d)  ^  (i2)7^  ^  (_-L)7i  =        0  +  (-i)i 

(e)  =  =  [(-D^j'^i  =  0  +  (1)1 

(f)  1^9  =  (i2)39.i  ^  (_i)39i  ^    0  ^ 

General  rule:     the  values  of  the  powers  of    i    recur  in 
cycles  of  4. 

To  explain  the  general  rule  first  note  that 

1^  =  i, 

1^ = i^.i  =.(-1)1  =  -1, 
i'^ = (1^)^ = {-if = 1. 

Making  use  of  the  first  four  powers  we  have 

i5  =  i^.i  =  (i)i  =  i, 

i^  =  i^i^  =  (i)(-i)  =  -1, 

i7  =  i^i3  =  = 

i^  =  i^i^  =  (1)(1)  =  1. 
In  general,  if    n    and    m    are  natural  numbers  sucli  that 
n  =  4m,  we  have 

i"  =  i^™  =  (i^r  =  i"'  =  1. 

Thus,i^™+1  =  i"^™.!  =  (l)i  =  i, 
^4m+2  ^  ^4m.^2  ^  ^ 

.4m+3  ^  ^4m..3  ^  =  .i, 

'    i^m+i4  ^  ^4m.^4  ^  ^^^^^^  ^ 

These  possibilities  are  all  there  are,  for  if    n    is  a 
natural  number  and  we  divide  it  by    4,  the  only  non-negative 
remainders  less  than    4    which  we  can  get  are  0,1,2,3. 

(a)  1  +  (-l)i  (f)  11  +  201 

(b)  0  +  (-1)1  (g)  2abc  +  [-a^  -        -  c^ 

(c)  0  +  1071  -  (b  +  c)(c  +  a)(a  +  b)]i 

(d)  -7  +  841  (1^)  -1  + 

(e)  -1  +  (-1)1  (i)  + 
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2  +  6v^  1  9  +  3/f  i 
-   g  If  

2  -f  6/T  1  -  18  -  6/7  i 
=   5 

=  -2  +  2  =  0 


+  2 
+  2 


5-4.     standard  Form  of  Complex  Numbers . 

Section  5~4  is  devoted  to  proving  Theorem  5-4  and  to  defin- 
ing 3ome  important -"terms .    Theorem  5-^  asserts  that  each  complex 
number    z    may  be  written  in  the  form  a  +  bi  (a    and    b  real) 
in  only  one  way.     (C-4  asserts  that    z    may  be  written  in  this 
form  in  at  least  one  way.)     This  theorem  justifies  the  definite 
article  in  the  expression  "the  standard  form"  used  to  describe 
this  way  of  writing  complex  numbers.     (One  advantage  of 
Theorem  5-^  Is  that  it  shows  us  we  can  have  only  one  answer  for 
exercises  like  those  in  Section  5"3  where  the  student  is  asked 
to  express  certain  complex  numbers  in  what  we  now  call  "standard 
form".)    The  double-barrelled  way  In  which  Theorem  5-^  is 
stated  gives  the  teacher  an  opportunity  to  refresh  the  students' 
minds  on  the  distinction  between  "if"  and  "only  if",  a  distinc- 
tion which  cannot  be  overemphasized.    However,  the  statement  con- 
taining "only  if"  is  the  only  part  that  requires  a  proof. 

Any  tendency  to  regard  Theorem  5-^  as  obvious  can  be  over- 
come by  emphasizing  that  the  requirement  in  the  hypothesis  that 
a,b,c,d  be  real  is  essential;  without  this  requirement  the  con- 
clusion is  false.     Example  5-^a  demonstrates  this. 

It  is  worth  observing  that  the  proof  of  Theorem  5-4  can  be 
based  on  the  following  special  case  of  the  theorem:     If    a  and 
b    are  real,  then  a  -f  bi  =  0  (=  0  +  Oi)  if  and  only  if    a  =  0 
and    b  =  0.     Let  us  suppose  this  has  been  proved  and  show  how 
the  general  case  follows  from  it.    Let  a,b,c,d    be  real.  Then 

a  +  bi  =  c  +  di 

if  and  only  if 

(a  -  c)  +  (b  -  d)i  =0. 
The  equation  in  the  last  lin^  holds  if  and  only  if  a  -  c  =  0  and 
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b  -  d  =  0.    This  proves  Theorem  5-^- 

A  word  (or  two)  about  the  terms  defined  in  Section  5-^  may- 
be in  order  /'Standard  form"  should  cause  no  trouble;  though  one 
must  emphasize  that  the    a    and    b    appearing  in  the  standard 
form  are  real  numbers •  (Throughout  the  rest  of  the  chapter  we 
sometimes  say  "a  +  bi,  in  standard  form"  and  sometimes  "a  +  bi, 
where    a    and    b    are  real  numbers";  these  expressions  have 
identical  meanings.)     "Real  part"  is  straightforward  and  should 
cause  no  trouble.    Mathematicians,  have  used  the  expression 
"imaginary  part"  as  defined  in  the  text  for  many  years;  The 
imaginary  part  of  a  complex  number  is  a  real  number.  This 
terminology  may  be  xmfortunate,  but  it  is  standard.    Writers  of 
many  elementary  books  have? departed  from  the  mathematicians* 
usage,  saying  that    bi    is  the  "imaginary  part"  of    a  +  bi. 
Students  reading  other  books  will  notice  that  they  are  not  all 
in  agreement.     (This  experience  is  a  valuable  part  of  anyone's 
education.)    A  student  who  goes  on  in  mathematics  has  to  learn 
sooner  or  later  that  in  advanced  work    b    is  called  the  imaginary 
part  of    a  +  bi.    Since  it  seems  a  shame  to  teach  him  something 
he  must  later  unlearn,  we  stick  to  the  mathematicians*  standard 
terminology:    The  imaginary  part  of  a  complex  number  is  a  real 
number. 

Observe  that    0    is  both  real  and  pure  imaginary,  but  that 
it  is  not  imaginary.    This  may  be  momentarily  disconcerting;  but 
it  should  be  so  only  momentarily.    One  has  only  to  remember  that 
everyday  connotations  and  relations  of  v       :  and  phrases  are 
irrelevant  to  their  technical  use:  A  teclmlcai  term  means  only 
what  its  definition  says  it  means. i 

Problems  1  -  5  of  Exercises  5-^  are  practice  problems. 
Problem  6  refers  to  the  special  case    c  =  d  ==  0  of  Theorem  5-^ 
discussed  above,  and  emphasizes  again  the  necessity  of  the  con- 
dition that    a    and    b    be  real.    Problem  7  generalizes 
Theorem  5-4:  Theorem  5-k  is  the  special  case  obtained  by  setting 

-  1.  ^2  =  ^-  285 
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Exercises  5-4.  Answers. 


1. 


Real  part! 

Imaginary 

(a) 

0 

2 

(b) 

0 

0 

(c) 

0 

1 

(d) 

5 

-1 

(e) 

2x 

3 

if) 

a 

-2 

(g) 

1 

-2  /2 

(h) 

-2 

-2  /3 

(1) 

-3 

1 

(J) 

2 

0 

(k) 

0 

3 

(1) 

1 

2 

(a) 

-3 

(b) 

0 

(c) 

-5 

(d) 

-5. 

There  is 

only  one  way 

in  each  case • 

(a)    X  = 

3,  y  =  -6 

if) 

X  = 

4,  y  =  2 

(b)    X  = 

3,  y  =  0 

(g) 

X  = 

2,  y  =  6 

(c)    X  = 

0,  y  =  -4 

(h) 

X  = 

0,  y  =  0 

(d)    X  = 

1  ,  y  =  -3 

(i) 

X  = 

+1,  y  =  0 

(e)    X  = 

-  ^  ,  y  =  2 

(J) 

X  = 

0,  y  =  -1. 

4.      (a)  8  +  3i 

(b)  -2  +  Oi 

(c)  6  +  12i 

(d)  4  +  8i 

(e)  11  +  (-l6)i 

(f)  ,10  +  (-ll)i 

(g)  18  +  l4i 

(h)  (a^  +  2ab  +       +  c^)  +  Oi 
(1)  (x^  -  3xy2)  +  (3x2y  -  y3)i... 
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5.     Let       =  (x  +  yi)^  =8+61. 

Then  (x^  -  y^)  +  2xyi  =  8  +  6i. 
Since    x    and    y    are  real  we  must  have 

(1)  x^  -  y^  =  8, 
(li)        2xy  =  6. 
Squaring  both  members  of  the  last  two  equations,  we  obtain 

(iii)  -  2xV  +  y^  =  64, 

(iv)  4xV    =  36. 
Adding  the  last  two  equations,  we  get 

(v)  (x^  +  v^f  =  100. 
Since  x^  +  y^  must  be  positive,  it  follows  that 

(vi)  x^  +       =  +10. 
Adding  (i)  and  (vi),  we  get 

2x^  =  18,  2y^  =  2. 

Hence 

X  =  +3,  y  =  ±1- 

Ix  =  -3 


From  (ii)  X    and    y    have  the  same  sign  so   -^y  =  i  ^^'^ 
Note.  In  a  sense  the  problem  appears  to  be  that  of  finding 
the  square,  ix-ot  of  the  complex  niimber    8  +  6i;  however,  we 
have  not  defined  the  symbol  V~  for  complex  numbers . 
6.      Let    a  =  X  +  yi    and    b      u  +  vi  ..where  x,y,u,  and  v  are 
all  real. 

(a)  If    a  =  0    and    b  =  0    ,  then    a  +  bi    and    a  -  bi 
are  both  zero. 

(b)  Suppose    a  +  bi  =  0,  then 

X  +  yi  +  (u  +  vi)i  =  0 

or 

(x  -  v)  +  (y  +  u)i  =  0. 
By  Theorem  5-^>  have 

X  -  V  =  0    and    y  +  u  =  0 

or, 

(1)       X  =  V  and  y  =  -u 
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i.e.  if  a  =  V  -  ui  and  b  =  u  +  vi,  a  +  bi  =  0  with  neither 
a    or    b  zero. 

Since  a  —  bi  =  0  also,  we  have      x  +  v  +  (y  -  u)i  =  0,  or 

(2)  X  =  -V  and  y  =.  u. 
Both  (l)  and  (2)  can  be  satisfied  only  if      x  =  u  =  0  and 
y  =  V  =  0.    In  this  case  a  =  0  and  b  =  0. 
7.      Let  z  =  X  +  yi    and         =       +  ly  q. 
Then 

.z  =  a  +  bzj^ 

if  and  only  if 

X  =  a  +  bx^,        y  =  by^ 
that  is.  If  and  only  if 

^1   ^ 

5-5.  Division. 

The  discussion  of  division  In  this  section  parallels  that 
of  subtraction  In  Section  5-3.    The  comments  made  about  subtrac- 
tion hold  also,  with  obvious  modifications,  for  division.-  Once 
again  It  should  be  emphasized  that  our  objective  is  to  express 
calculations  with  complex  numbers  In  terms  of  calculations  with 
real  numbers . 

The  central  problem  of  this  section  Is  to  express  the  mul- 
tiplicative inverse  i    of    z  =  a  +  bl  m  terras  of    a    and  b. 
Since  -  is  defined  by  the  equation 

^  -  1. 

and  since,  by  the  Property  C-H,  i  =  x  +  yi,    x    and    y  real, 
the  problem  reduces  to  solving  the  equation 

(x  +  yi)(a  +  bi)  =  1 

for  real  values  of  x  and  y.  This  equation  can  be  transformed 
Into  the  equation 

(ax  -  by)  +  (bx  +  ay)l  =  i. 
Now,  If    X    and    y    are  real  then  the  expressions  in  parentheses 
are  real;  here  we  are  using  Property  C-2.    Hence,  by  the  theorem 
on  standard  form,  the  equation  above  Is  satisfied  If  and  only 
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ax  -  by  =  1, 
and  bx  +  ay  =  0, 

The  problem  has  thus  been  reduced  to  that  of  solving  a  pair  of 
linear  equations  with  real  coefficients  for  the  real  unknowns 
X    and    y.    The  solution  of  this  system  proceeds  in  the  familiar 
way,  and  we  conclude 

1  a        ,       -b  . 

■  — ^-  =       ;^T^   ... .. 

To  find  this  result  we  used  Property  C-4.    However,  to 
establish  the  result  we  have  only  to  verify  that 

/      a        .  -b 


^  +    g"^    g  1     (a  +  bl)  =  1, 


\a?-  +  b"^      a*^  +  b 
and  this  verification  makes  no  use  of  Property  C-4. 

Now  looking  back  over  the  discussion  In  Sections  5-3,  5-4  * 
and  5-5  we  see  that,  as  promised  In  Section  5-2,  we  have  proved 
that  the  s\im,  product,  and  additive  and  multiplicative  Inverses 
of  nvimbers  given  In  the  form  a  +  bl  can  again  be  expressed  In 
this  form.  Thus,  If  we  had  required  that  the  system  we  sought 
be  the  smallest  possible  system  having  Properties  C-1,  0-2,  and 
C-3,  we  could  have  established  Property  C-4  as  a  theorem. 

Of  equal  Importance  Is  the  fact  that  we  have  achieved  our 
ob.jectlve  of  expressing  all  operations  with  complex  numbers  In 
terms  of  operations  with  real  mmbers . 

Exercises  5-5  either  provide  practice  In  operations  with 
complex  fractions,  or  require  the  proof  of  statements  made  in 
the  text  without  proof. 
Exercises  5-5.  Answers. 
1.      (a)    1  +  01  ■ 

(b)  i  +.  01  . 

(c)  0  +  (-1)1 
(d,     0  +  (1)1 

(e)    ^    +  t  -  ^Jl 
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(f) 

(g)  None 

(h)  ^  + 

Zero  does  not  have  a  multiplicative  inverse. 
1,-1 

(a)  I  +  (-  ^)i 

(b)  0  +  (-  |)i 

(c)  -       +  (-  ^)i 

(d)  I  +  (- 

(e)  ^  +  fi 

(f)  §  +  (- 

(g)  -  -25  +  ^  1 

/.V       21   ,   12  . 

(h)  ^  +  i 

(1)  -11+ 

1 4-  2  i 

12    H-  yS"  ,   ■  /3  -  2 


(J)  -1-^ 
(k) 

(1) 


(m) 
(n) 
(o) 


3 

+  3~ 

—  1 

a2  -  b2 

2ab 

i 

a'^  +  b"^ 

a''^  +  b2 

2  2 
2a^  -  2b'=^ 

.._|ab_ 

ha.^  +  b^ 

n,2  ^2 

m    -  n 

ifa^  + 
2mn 

b'^ 
i 

ra    +  n 

2  2 
m    +  n 

2  2 

5xy 

2  ^  ^ 
X    +  y 

-."2       2  - 
X    +  y 

Let  and  be  two  solutions  of  the  equation  z^z  =  Zg,  so 
that 

z-j^z^  =  Zg,  and  z-j^Zi^  =  Zg. 

Multiply  both  members  of  each  of  the  last  two  equations  by 

i  .  '  '  ' 

^1  * 
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Then 

Therefore  = 

Alternate  solution  for  6: 

Suppose    u    and    z    are  solutions  of  the  equation.  Then 

Z-|^U  = 
Z^Z      =  Zg 

and  z^(u  -  z)  =  0. 

By  (5-5f)  this  can  happen  only  if  one  of  the  factors  is 
zero.     z-|^  /  0,   .'.    u  -  z  =  0  or  u  =  z. 

7.  Let  z  =  a  +  bi.     (Note  that  a^  +       ;^  0.) 

rr,,  1  a  b  . 

a    +  b        a    +  b 

1  a  1 
Thus,  the  real  part  of      =  — 5  n  "  * 

2  a^  +  b"" 

and  P  p 

2a  =  a^  +  b^. 

(a)  If    b  =  0,  then    a  =  2  (since    a    and  b    cannot  both 
be  zero);  and  z=a+bi=2+0i. 

(b)  If  b  =  ^  ,  then  2a  =  a^  +  , 

4a^  -  8a  +  1  =  0; 
and  a  =  1  +         ,  or 

a  =  1 

So  there  are.  two  possible  numbers  z; 

2i  =(1  +  -^)+  |i3     22  =(1  -  "^)+ 

(c)  If  b  =  1,  then  2a  =       +  1, 

a^  -  2a  -f  1  =  0, 
a  =  1. 

Hence  z  =  1  +  i . 

8.  The  "if^'  part,  of  the  proof  follows  immediately  from  the  fact 

[page  268] 


291 


283 


that  0*z  =  0.    To  prove  the  ^*only  if"  part  of  the  statement 

suppose  that  z^z^  =  0.     If  z^  /  0,  then    C    contains  a  number 

~.     Multiplying  by         we  get  z^  =:  =  0. 

^1  ^1  ^         ^1  . 

Thus  if  z^Zg  =  0,  and  z^  /  0,  we  have  Zg  =  0,     Similarly  if 

z-j^Zg  -  0  and  z^  /  0,  then  we  have  z^  =  0.  Therefore 

^1^2  "  °  implies  that  either  z^  =  0  or  z^  =  0,  or  possibly 

both     (since  0^0  =  O) . 

z^ 

9.  Let  w^  be  the  unique  solution  of  z^w  =  z^j  then  w^  =  ~  and 
^2^0      ^1*     Similarly  let  w^  be  the  unique  solution  of 

zi^w  =  Z3;  then  w-j_  =  —  and  z^^w^  =  Z3.    Also  let  w^  be  the 

unique  solution  of  (z2Zi^)w  =  ^^z^j  then  w^  =  .  We 

must  show  that  w^w^  =  w^.     Prom  z^w^  =  z^  and  z^^w^  = 
we  get  (z^w^)  (zi^w-j_)  =  z^z^  or  (z^z^^)  (w^w^)  =  z-j_Z3.  Thus 

^0^1  satisfies  (z2Zi^)w  =  z-^z^.     But  w^  is  the  only  solution 
of  this  equation.    Hence  w^w^  =  Wg. 

Z3 

10.  Let  w    =  — -  and  w.  =  —  ,  and  let  w^  be  the  unique  solution 
of  (z2Z2^)w      z^Zij.  +  ^2'^3'  show  w^  +  w^  ^  ^3*  P^om 

^2^0  "  ^1  ^4^1      ^3  ^®  ^4(^2^0^  "  ^1^4 

29(^4^1)  "  ^2^3^  adding,  Z2Z2^(w^  +  w-j_)  =  z-j_Z2^  +  z^z^. 

Thus  w^  +  w^  satisfies  the  equation  whose  only  root  is 
w^.     Hence  w    +  w-,  =  w^, 

11.  (a)  ^  +  Oi 

-  ^  +  (- 

(c)  8  +  Oi 

(d)  -  I  +  01 

^12.    Whether  or  not    a    and    b    are  real  numbers,  provided  that 
2  2 

a    +  b    /  0^  we  can  multiply  the  factors  a  +  bi, 

and  get  (a  +  bi)V^  =  4^  +  ^^-^  i  =  1 
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12.     (for  there  is  nothing  in  the  proof  of  Theorem  5-3b  which 

a  -  bi 

requires    a    and    b    to  be  real).    Thus  ^  ^       is  an 
inverse  of  a  +  bi,  if  a^  +  b^  ;^  0.    But  we  know  already 
that  no  complex  number  can  have  more  than  one  inverse,  for 
.if  it  did  Property  C-l-lvii)   (as  stated  in  the  text)  would 

be  false.  __  

5-6.    Quadratic  Equations . 

Section  5-6  extends  the  theory  of  quadratic  equations  with 
real  coefficients  by  treating  the  case  of  a  negative  discrimin- 
ant.   Since  the  quadratic  formula  involves  the  expression 

-  4ac    and  we  are  interested  in  the  case    b    -  4ac  <  0, 
we  are  obliged  to  precede  our  discussion  of  the  formula  by  a 
definition  of  VF    for    r    real  and  negative.    Hence  we  begin  with 
the  examples        =  -1  and       =  r,  r  <  0,  and  lead  up  to  the  ex- 
tended definition  of         (Definition  5-6).    With  the  definition 
of         available,  we  summarize  our  results  on  the  special  quad- 
ratics (those  having  no  first  degree  term)  in  Theorem  5-6a,  a 
result  we  need  in  the  proof  of  Theorem  5-6b.    Theorem  5-6b  is 
proved  by  the  usual,  process  of  completing  the  square,  and  then 
using  Theorem  5-6a  to  solve 

/     ,    b  b^  -  4ac 

Since    /i?  =  2|al,  the  square  roots  of  the  right  member  are 
b^  -  4ac  -  Vb^  -  4ac 


one  of  these  is  ^^^^^  ,  the  other  is  "  ""^^ 
which  depends  on  whether  a  >  0  or  a  <  0) .    Theorem  5-6b  solves 
the  problem  of  finding  the  solutions  of  the  general  quadratic 
equation  with  real  coefficients.    We  find  that  every  quadratic 
with  real  coefficients  is  one  of  three  types:     (l)  It  has  one 
root  —  which  is  real  —  if  its  discriminant  is  zero;  (2)  It 
has  two  (different)  real  roots  if  its  discriminant  is 
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positive;   (3)  It  has  two  (different)  non-real  complex  roots  if 
its  discriminant  is  negative. 

Exercises  5-6,  Problems  1-3  provide  practice  in  calculating 
with  the  square  root  symbol.     It  should  be  emphasized  that  when 
a  variable  appears  in  the  radicand  it  is  in  general  necessary  to 
distinguish  several  cases.     One  reason  for  this  is  that  the  state- 
ment    yF  /¥  =      Vrs  which  holds  for  r  >  0,  s  >  0  is  not  true  in 
general.     Problem  5  requires  a  proof  of  the  extension  of  this 
statement  to  the  case  in  which    r    and    s    are  not  both  negative; 
Problem  ^  is  intended  to  show  why  the  statement  is  not  true  when • 
r    and    s    are  both  negative. 

Problems  6-17  provide  practice  in  the  solution  of  quad- 
ratic equations.     Problem  l6  deserves  particular  comment.  Al- 
though we  have  established  the  "quadratic  formula"  only  for  the 
case  of  real    coefficients,  it  continues  to  hold  when  the  co- 
efficients are  complex  provided  the  discriminant  is  real;  in 
this  case  the  formula  can  b3  established  exactly  as  it  was  for  ' 
the  case  of  real  coefficients.     Thus  the  quadratic  equation 

with  complex  coefficients ^  >  cc  solved  by  means  of  the 

quadratic  formula  if 

where  r  is  a  real  number.  We  can  construct  quadratic  equations 
for  which  this  is  true  by  choosing  the  complex  number^  and  the 
real  number    r    arbitrarily,  and  determining  cc  from 


The  equation  of  Problem  l6  is  determined  by  choosing  ^    =  -i, 
r  =  -9.     In  Chapter  12  we  shall  discuss  quadratic  equations  with 
complex  coefficients  without  the  restriction  that  the  discrimin- 
ant be  real. 

Problem^  I8  -  24  provide  an  opportunity  for  the  student  to 
investigate  by  himself  questions  which  will  be  discussed  in  de- 
tail in  Section    5-9  and  Chapter  12.    We  mention  in  particular 
Problems  19  and  20,  which  state  important  results  of  algebra; 
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these  will  be  stated  more  generally  in  Section.  5-9.    The  approach 
suggested  in  the  hint  for  Problem  22  could  be  used  for  the  solu- 
tion of  quadratic  equations  with  complex  coefficients  in  general, 
but  the  method  is  too  cumbersome  to  be  useful.    Some  students 
might  be  interested  in  pursuing  this  point,  however. 


Exercises 

5-6.  Answers. 

1.  (a) 

0  +  7i 

(b) 

0  +  (-13  /5)i 

(c) 

0  +  (4  /2)i 

(d) 

-2  V5"  +  01 

(e) 

0  +  (-4  /3)i 

(f) 

0  +  ^  i 

(g) 

lM+  01 

(h) 

Oi 

2.  (a) 

0  +  21 

(b) 

2  +  Oi 

(c) 

0  +  2i 

(d) 

|c|  +  Oi 

(e) 

|c|  +  Oi 

(f) 

0  +  |c|i 

(g) 

0  +  |c|i 

3.  (a) 

0  +  (a  +  b)i 

(b) 

-2a^  yb"+  Oi 

(c) 

-(a  +    Yah)  + 

(d) 

(e) 

0  +  (-a  Y2)i 

(f) 

-a^  +  Oi 

(g) 

0  +  2(a  +  b)i 

4.      Proof  that    Yab  =    Va* if    a    and    b    are  non-negative 
real  members: 

By  the  definition  of  the  square  root  of  a  non-negative 
number  we  know  that  2  95 
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(  f^f  =  a, 
(  Vb)^  =  b. 
Thus  (  /a  yb )    =  ab, 

and  we  know  that  (  /a"  "/b )  is  a  square  root  of  ab.  Since 

fa  and  fh  are  both  non-negative  by  definition,  it  follows 
that  (  /a/b)  is  non-negative.  Hence  (  /a/b)  must  be  the 
square  root  of  ab;  that  is, 

/ab  =  /a /b. 
Now  if    a    and    b    are  negative,  then 

fb  =  i  y^j 

and  (  ^  /b)  =  (i  f^)(i  f^)  =  - 
Again  (  /i.  yT)2  =  (  fb)^  =  ab 

but  as  we  have  Just  seen 

/a*  fh  -  -  /ab,  a  negative  niimber 
which  cannot  be  the  square  root  of  ab. 

5.  r  <  0  and  s  >  0,  then 

/r  /s  =  i         /¥  =  i  y-rs  ;  

also    irs  =  i  y (-r) (sj  =  1  /-rs . 

6.  0  +  i,  0  +  (-l)i 

7.  Oi,  Oi 

8.  -1  +  (l)i,  -1  +  (-l)i 

9.  1  1  ^ 

11.  -2  +  2i,     -2  +  (-2)i.. 

12.  2  +  2i,     2  +  (-2)i  - 

13.  -  If  +  -TP  ^»   -  If  +  ^  IT' 

14.  If  a  >  -  |:  (2  +  2  Vl  +  2a)  +  Oi,  (2-2  Vl  +  2a)  +  Oi 
If  a  <  -  |;  2  +  2y  -(1  +  2a)  ,i,  2  +  [-2  V-(l  +  2a)  ]i 
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16.  0+21,     0  +  (-1)1 

17.  If|>  0:     0  +  /f  1  ,  0  +  (-/f)l 


18.  -  8  =  (z  -  2)(z2  +  2z  +  4) 
z^  -  8  =  0  If  and  only  if  z  -  2  =  0  or  z^  +  2z  +  4  =  0 
The  solutions  are  2,  -1  +  /T 1,     -1  +  {-/J)±. 

19.  Using  Theorem  5-6b  we  obtain  the  following  solutions  for 
the  given  equation: 


-b  +  Yh^-  4ac 
^1  =   55  


"b  -  /  b^-4ac 
^2  =   5a  :   • 

-b  -h  /b^  -  4ac  ,  -b  -  y  b^  -  4ac  _  -b  -  b  _  b 
Zj^  +  Zg  =  55  +  '-^     -  5i[         -  a 

Ab  ■>-  /;^Ti;i7Vb  -  y  b^  -  4ac  Y  b^  -  fb^  -  4ac) 
4a  c  ^  £ 

20.  az    +  bz  +  c  =  a(z    +  a  ^ 

By  making  use  of  the  results  of  Problem  19,  the  right  side 

can  be  written  as 

a[z^  -         +  ^2^^      ^1^2-^  • 

Hence,  p  /  n/  \ 

az    +  bz  +  c  =  a(z  -  Zj^)(z  -  z^), 

or  alternately,  multiplying  out  the  right  side  of  the  last 

equation,  the  left  may  be  obtained  directly. 

21.  (a)  z^  -  2z  +  2  =  0 

(b)  z^  -  (2  +  2l)z  ^  1  +  2i  =  0 

(c)  z^  =  0 

(d)  z^  -  [(a^^  +  ag)  +         +  bg^ilz 

+  [(a^^ag  -  bj^bg)  +  (a^^bg  +  a2bi)i]  =  0 
*22.    Let  z  =  X  +  yi,  where    x    and    y    are  real. 
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Then        =        -        +  2xyi . 

2 

But  z    =  1,  so 

•    (i)     x2  ,  y2  ^  0, 

(ii)  2xy    =  1. 

Squaring  both  sides  of  (i)  and  (ii)  and  adding,  we  have 

(iii)  (x^  +  y2)2  ^  1. 

2  2 

Since  x    +  y    >  0,  taking  square  roots  of  both  members  of 
(iii)  we  have 

(iv)  +  y^.=  1. 

Adding  (i)  and  (iv)  we  obtain 

2x^  =  1. 

Prom  whence 

X  =  +  -2^  . 

Prom  (ii)  the  corresponding  values  of    y  are 

+  (Note  that  from  (ii)  x    and  y 

y  =  ^  ,     have  the  same  sign.  ) 

Therefore  z  =  --^  +         i,     -  -p"  +  (-  -^)i. 

*23.    Employing  the  method  displayed  in  the  solution  of  Problem 
*22,  we  obtain 

*24.    Extending  the  idea  of  Problem  20,  we  have 

[z  -  (1  +  2i)]   [z  -  (1  -  i)]   [z  -  (1  +  i)]  =  0, 
or,  multiplying  out  the  left  member,  we  obtain 

z^  -  (3  +  2i)z^  +  (4  +  4i)z  -  (2  +  4i)  =  0. 
There  is  no  quadratic  equation  having  all  three  solutions, 
for  the  formula  in  Problem  20  shows  that  no  quadratic  equa- 
tion may  have  more  than  two  solutions:  If  az^  +  bz  +  c  = 
a(z  -  z-|^)(z  -  Zg)  =  0,  a      0,  then  either  z  -  z^  =  0  or 
z  -  Zg      Oj  i.e..,  z  =  z^  or  z      Zg.    Moreover  no  quadratic 
expression  such  as  az^  +  bz  +  c  can  be  written  as  a  product 
of  three  first  degree  factors,  say  (2  -  z^)(z  -  Z2)(z  -  Z3), 
times  a  constant:  Por  any  such  product  produces  a    2^  term 
and  no  quadratic  can  have  such  a  term. 
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5-7«    Graphical  Representation  —  Absolute  Value . 

The  representation  of  complex  numbers  by  points  in  the  plane 
had  a  great  effect  historically  on  the  acceptance  of  the  complex 
niimber  system  by  mathematicians.    This  geometric  representation 
overcame  the  feeling  that  the  complex  number  system  was  not  con- 
crete; the  employment  of  the  complex  number  system  in  the  solution 
of  geometric  problems,  which  it  permitted,  promoted  an  apprecia- 
tion of  the  usefulness  of  the  syst,.em.    The  discussion  in  Section 
5-7, and  its  continuation  in  Section  5-8  and  Chapter  12,  may  be 
expected  to  have  a  similar  effect  upon  students. 

The  discussion  in  the  text  calls  for  little  comment.  We 
mention  only  that  the  notion  of  absolute  value  is  a  purely  alge- 
braic one,  even  though  its  definition  is  geometrically  motivated; 
all  of  the  properties  of  absolute  value  can  be  established  alge- 
braically.   In  particular,  the  relations  Iz^^g'  Uillzgl' 
'^1      ^2'  ^  1^1  '       '^2'         ^®  established  algebraically.    It  is 
remarkable  that  although  the  geometric  interpretation  of  the 
first  relation  is  obscure  and  that  of  the  second  very  clear,  the 
algebraic  proof  of  the  first  is  relatively  simple  while  that  of 
the  second  is  quite  difficult.    Because  of  this  difficulty  the  , 
algebraic  proof  is  not  presented  in  the  text.    The  interested 
teacher  can  find  such  a  proof  in  almost  any  text  on  the  theory 
of  functions  of  a  complex  variable.     (See,  for  example, 
R.V.  Churchill,  Introduction  to  Complex  Variables  and  Applications.) 

Exercises  5-7,  Problems  1-4  provide  practice  in  the  graph- 
ical representation  of  complex  numbers  and  the  graphical  inter- 
pretation of  addition  and  subtraction.    Problems  5-7  involve 
the  calculation  of  absolute  values.    Problems  8-10  require  the 
proof  of  statements  made  in  the  text  without  proof.  Problems 
11  -  12  refer  to  the  geometric  interpretation  of  operations  with 
complex  numbers  in  special  cases. 
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Exercises  5-7.  Answers. 


i 

i 

i 

, — 

Z 

B 

2. 


• 

7  ' 

El 

-9 

3.  (a) 


>  y 

-  z 

I — 

2 

•2 

2l  +  ^2 
2.1  -  ^2 


3  +  21 
-1  +  0-i 
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+ 


^3  ^6 


^-  +       +  i)  =  1  +  i. 


•1  +         -         =  -  I  +  (-l)i. 


1  ' 

 1  

I 

^+ 

5 

 ! 

(1 

'3+ 

(a)  5 

(b)  .  2 

(c)  0 

(d)  /2 


(e) 


2 


+  2 


Let  z  =  X  +  yi 


and 


z 


(a)  The  single  poinv.  !'1,0). 

(b)  Let  z  =  X  +  yi,  x.  -^nd    y  real. 

Then  x  +  yi  =    /x"  +  y^  • 

Hence  y  =  0,  and  x  =  V  x^. 
Therefore,  the  set  of  points  is  the  non-negative  x-axis< 

(c)  Since    z    cannot  be  zero,  the  given  equation  may  be 
transformed  into  the  equation  |z|      1,  and  this  is  the 
equation  of  the  unJLt:  circle. 
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8.  Let  z-j^  =  x-j^  +  y-j^i    and         =       +  Ygi* 
Then     \z^z^\  =    (x^+y-^1)  (xg+ygi)     =    (x-j^Xg-y^^yg)  +  (x^yg+Xgy-^)  i  j 


22  2222  22 


p     2        "2  2     2  2 

x£(x2  +  yg)  +  y^Cxg  +  yg) 


yx^+yl"   y^xg  +  y 


9.     Let  z,  = 


Then 


and 


=  z. 


(x^  +  y^i)(x2  -  ygi)      (^^Xg  +  y^yg)  +  (xgy^  -  x-j^yg)! 


Xg  +  yg 


"2  2" 

Xg  +  Yg 


y x^Xg  +  2x^Xgy^yg  +  y^yg  +  x|y^  -  2x-,^Xgy^yg  +  x^y 


2  2 
2 


Xg  +  yg 


/P     2         *^  '^2  2 

x£(xg  +  y|)  -  yiC^g  "  ^2^ 


Xg  + 


s/ixf  +  y2)(x2 


+  y, 


7 


^2  +  yg 


10,    Using  the  fact  that  the  ^x-m  of  the  lengths  of  two  sides  of 
a  triangle  is  greater  tlt^n       equal  to  the  length  of  tt'je 
third  side,  we  have 

-  Z2I  +  IZ2I  >  |z^|  ^^a   M     -  Z2I  +  |z^|  ^  \z^\ 

or 


Prom  this  we  conclude 
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11.     If  0,        =.  a  +  bi,  and       =  c  +  di  are  collinear,  then  the 
slope  of  the  segment  Joining    0  and 


12, 


z-j^  is  the  same  as 


the  slope  of  the  segment  Joining    0    and    Zg.  Thus, 


If  z- 


'3 

then  z^  =  (a  +  c)  +  (b  +  d)i. 
The  slope  of  the  segment  Joining 

(11)  ^ 


0  and 


Z3  IS 


a  +  c 

But  (ii)  is  equal  to  both  members  of  (i);  that  is 

a  +  c      b  +  d 


d 
c 


b 


a. 
c 


b  +  d 


d 
c 


and 


is  the 


c         a  +  c 
Hence,  the  slope  of  the  segment  Joining  0 
same  as  the  slopes  of  the  segments  Joining    0    and  the  points 
z^  and  Zg  respectively,  and  since  all  three  segments  pass 
through    0,  the  points    0,  z^,  z^  and  z.,  are  collinear. 
The  triangle  v/ith  vertices 

0.  1,  z  is  shovin  in  the  figure 
at  the  right.    The  lengths  of 
the  sides  of  the  triangle  are 

1,  |z|,    |z  -  1|. 

If  we  multiply  each  of 
these  lengths  by  |z|,  we 
obtain 

|z.|.l,    |z|.|z|,    |z||z  -  1|  = 

These  are  the  lengths  of  the 

sides  of  a  triangle  whose 

2 

vertices  are  0, z,z    as  the 
second  figure  clearly  shows • 

The  two  triangles  are 
similar  because  corresponding 
sides  are  proportional. 

To  obtain  a  geometric 

o 

construction  for  z'^,  one  must 
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choose  a  unit  of  length  on  the  x-axis,  draw  a  triangle  with 
vertices  0,  1,  z,  and  then  construct  a  second  triangle  similar 
to  the  first  one  by  making  each  side  of  the  second  triangle  |z| 
times  as  long  as  the  sides  of  the  first.     The  vertex  of  the 
second  triangle  which  corresponds  to    z    of  the  first  triangle 


578,    Complex  Conjugate , 

The  introduction  of  the  notion  of  complex  conjugate  has 
several  important  consequences.    It  makes  possible:  the  simpllfi  -  , 
cation  of  computations  involving  absolute  values  and  multiplica- 
tive Inverses;  the  algebraic  representation  of  the  geometric 
operation  of  reflection  in  a  line;  the  algebraic  formulation  and 
manipulatix)n  of  statements  involving  the  real  and  imaginary  parts 
of  complex  numbers;     and  the  algebraic  representation  of  all  • 
geometric  relations  in  terms  of  complex  numbers. 

In  connection  with  the  last  of  these  features  it  should  be 
observed  that  only  geometric  conditions  which  are  satisfied  by 
a  finite  n\;imber  01    )oints  can  be  expressed  in  terms  of  the  com- 
plex variable    z    alone,  since  an  equation  in    z    has  only  a 
finite  number  of  solutions.    The  solution  set  of  an  equation  in 
z    alone  is,  in  general,  a  finite  set  or  points;  the  solution 
set  of  an  equation  in    z    and    "z    is,  in  general,  a  curve. 

The  examples  and  exercises  of  Section  5-8  illustrate  the 
statements  made  above.    In  particular.  Problems  2,  9  and  11  are 
concerned  with  computations  Involving  absolute  value  and  mul- 
tiplicative inverse;  Problems  6  and  l4  are  concerned  with 
reflection  in  lines;  Problems  7 9  8  and  10  are  concerned  with  the 
algebraic  formulation  of  statements  about  the  real  and  imaginary 
parts    of  complex  numbers;  and  Problems  3,4,12,13,15  are  con- 
cerned with  the  complex  algebraic  formulation  of  geometric  con- 
ditions.    Problem  1  provides  practise  in  computing  conjugates, 
and  Problem  5  requires  the  proof  of  statements  made  in  the  text 
without  proof. 
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Exercises  5-8.    Answers . 


2  +  (-3)1 
-3  +  (-2)1 
1  +  (1)1 
-5  +  01 
0+21 

1  +  (1)1 

0  +  irl 

3  +  01 

-  /T  +  3i 

I- 

1  4-   3  . 

1^  +  TO  ^ 


(-  l)i 


J-  +  ^  i 

^  +  29  ^ 

-  -SB"    ^  ^ 
1+  (-  |)i 

-3  +  (-  |)1 

(i^-V^Mi^ 

(^-V^)  (- 
1 


-  -i-  +  (. 

25  ^ 


-5/2",. 
 )i 


"8" 

1 


15 


"8" 


ili)i 


;2a^  +  3b 


^)  +  ( 


Ha'^  +  9b 
Hx'^  +  y 

4+01 


-ab 
ifa"^  +  9b 
3xi^ 
^x"'  +  y 


)i 
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(a) 


(a) 


-»-x 


(b) 


(b) 


t 


r 

^  y 

^2 
1 

 >-  X 

(c)  There  is  no  complex  number  z  which  satisfies  the 
given  equation.    Hence  the  set  is  empty, 

(a)  7.^  +  zg  =  (x-,^  +  Xg)  +  (yi-+  Yg)!* 

Zj^  +  Zg  =  (x-,^  +  Xg)   -   (Y]^  +  Yg)! 

=  (X]^  -  y^^i)  +  (xg  -  ygi) 

(b)  z-j^.zg  =  (x-j^Xg  -  y^yg)  +  (x^^yg  +  '^'^■^'^ 

But  the  expression  in  the  right  member  is  equal  to  the 
following: 
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Hence 

(c)  "Fip"  =  (-X2  -  ygi;  =  -^2  +  y2^j 

-(z^)  =  -(Xg  +  72^)  =  -(^2  "  ^2^)  "  "^2 

hence     (-z,)  =  -(^). 


Since  z,  +  Zr,  =  z,  +  Zp,  we  can  now  write 


6.  The  reflection  of  any  point    w    in  the  y-axis  is  -w.  Hence 
the  reflection  of  z^  -  (3  +  2i)z^  +  5iz  -  7  is 

-[z^  -  (3  +  2i)z''^  +  5iz  -  7]  =  -[{^  -  (3  +  2i)(I^ 
+  5i(z)  -T]  =  -[(z)^  -  (3  -  2±){zf  -  5l(z)  -  7] 
=  -'z^  +  (3  -  2i)'z^  +  51^  +  7. 

7.  If  z^  =  "z^  then  0  =  z^  -  z^  =  ( z  +  7)  (zr  -  "z) ,  so  either 
z  +  z'=Oorz-"z  =  0.    Iix  the  first  case    z    is  pure 
imaginary,  in  the  second  case    z    is  real. 

310 

[pages  287-288] 


302 


8.      A  n\imber    w    is  pure  imaginary  if  and  only  if    w  =  -w.  Thus 
z^"z2  is  pure  imaginary  If  and  only  if 


^1^2  = 


^1^2  ~  "  ^1  ^2 


^1^2  ~  "  ^1^2* 


Dividing  this  last  equation  by  22^2  "®  obtain 


^1  ^1 


and 


fi  _  /  V 

^2  "1^2. 


9 


^1 

which  holds  if  and  only  if  —  is  pure  imaginary. 

2 

9.  -  Zgl     =  (zj^  -  Zg^^^l  "  ^2^  "  (^1  "  22^(^1  "  ^2^ 

—  ^1^1       ^2^2  "  ^1^2  ^1^2 

2  2  — •  w-i^ 

=  Izjl     +  IZ2I     "  ^1^2  "  ^1^2* 

|zi  +  22'         (^1      22)(Zi  +  Z2^  ^  (^1  +  22)(z-j_  +  Z2) 

=  |z^|^  +  Iz^l^  +  z]^Z2  +  z^z^. 

Thus  -  z^l^  +  |z^  +  z^l^  =  Slz^r^^  +  2|z2l^  .  - 

10.  Let  2^  =       +  y^i  and  let  z^  =       +  yg^* 

^1      ^2        ^^^-^        ^1      ^2  ^ 
z^z^  is  real  if  x^y^  +  ^2^1  ^  °' 

But  if  y-j^  +  yg  =  0,  then  either       =  y2  =  0*  or  yg      0  and 
y^  =  -y^.    In  the  first  case  z^  and  Zg  are  both  real,  and 
in  the  second  case  we  have  x^(y2)  +  ^^(-yg)  =  0*  or 
x^  =  Xg.    So  in  the  second  case  z^  ~  "^2* 
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11. 


12. 


13. 


14. 


It  Is  sufficient  to  show  that 
2 


But 


".1 


"l^l 


If  y  =  3x  +  2  then  since  x  =  ^{z  +  z),  y  =  ^(z  -  z)  we  have 


|(z-  z)  =  3'|(z  +  z)  +  2, 
or  simplifying 

(-3  +  i)z  +  (-3  -  i)z  =  4, 
which  may  also  be  written 

(-3  +  i)z  +  C-3  +  ijz  =  h. 

Let  z  ,=  X  +  yl  and  K  =  A  +  Bi  where  x,y  and  A,B  are  real. 
Substituting  in 

Kz  +  E  z  =  C 

we  get 

(A  +  Bi) (X  +  yij  +  (A  +  Bij(x  +  yl)  =  C 
(A  +  Bi)  (x  -  yl)  +  (A  -  Bi)  (x  +  yl)  =  C 

[(Ax  +  By)  +  (Bx  -  Ay)i]  +  [(Ax  +  By)  +  (-Bx  +  Ay)i]  =  C 

2(Ax  +  By)  =  C. 

If  B  /  0  then 


y  = 


C  -  2Ax 
1 


which  is  the  equation  of  a  straight  line.    If  B  =  0  then 

^  -  ■ST 

'  which  is  the  equation  of  a  straight  line  parallel  to  the 
y-axls. 

The  points  z^  =  x^  +  ly^  and  Zg  =  Xg  +  iyg  are  symmetric 
with  respect  to  the  line    y  =  x    if  and  only  if    y  =  x:  is 
the  perpendicular  bisector  of  the  segment  Joining    z-^  and 
Zg.    This  is  equivalent  to  two  conditions:  the  midpoint  of 
the  segment  Joining  z^  and  Zg  is  on  the  l.ine  y  =  xj  the 
segment  Joining  and    Zg  is  perpendicular  to  the  line 

y  =  X.    The  first  of  these  conditions  is  algebraically 
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+  +  yg 

3 


2 

the  second  condition  is 


=  -1. 


Thus  for  symmetry  with  respect  to    y  =^  x    the  following 
pair  of  equations  must  be  satisfied: 
+  y^  +  y^ 

^2      ^1  ^  ^1  "  ^2* 
Multiplying  the  second  equation  by    i    and  adding  the 
result  to  the  first  we  obtain 

x^  +      +  i(y2  -  y^)  =  y^  +  yg  +  ^(^i  -  ^2^ 

(x^  -  iy^^)  +  (xg  +  iyg)  =  (ix^  +  yi)  -  (ix^  -  y^) 

^  +     =  i"S];  -  izg 

(1  -  +  (1  +  i)z2  =  0 

which  was  to  be  proved. 

Let       =  x^  +  y^i,         =  x^  +  y^i*     (We  assume  z^  ^  0, 

Zg  0  since  otherwise  the  problem  has  no  geometric  meaning.) 
Then 

z^zj  =  (x^  +  y3Li)(x2  +  y^i)  =  (x^  +  y^±){x^  -  ygi) 

=  (x^Xg  +  y^yg)  +  (y^LXg  -  x^y2)ij 

so  that  if  z^"z^  is  real 

y^Xg  -  Xjyg  =  0. 

If  x^  =  0  then  since  0  it  'follows  from  this  equation 

that  Xg  =  0,  so  that  both    z^    and^  z^    are  on  the  y-axis 
and  the  segments  Joining  them  to  the  origin  are  parallel. 
The  same  conclusion  is  obtained  in  the  same  way  if  x^  =  0. 
In  the  general  case       j4  0  and  x^      0  so  that  we  may 
divide  our  last  equation  by  x^x^  to  obtain 
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^  -  Z2  =  0 

=  ^  . 

Thu^  the  slopes  of  the  segments  joining       and       to  the 
origin  are  equal  and  the  segments  are  parallel.    In  every 
case  therefore  if  z^z^    is  real  the  segment r.i  z^  and  Zg  to 
the  origin  are  parallel. 

5-9.    Polynomial  Equations . 

In  this  section  we  discuss  the  ultimate  significance  of  the 
system  of  complex} numbers  for  algebra.    We  state  without  proof 
the  Fundamental  Theorem  of  Algebra,  and  consider  simple  examples 
in  which  it  applies. 

Properly  speaking,  the  Fundamental  Theorem  of  Algebra  states 
that  every  poljmomial  equation  of  positive  degree  with  complex 
coefficients  has  at  least  one  complex  solution.    The  theorem  we 
have  stated  as  the  Fundamental  Theorem  is  obtained  by  combining 
the  preceding  statement  with  the  Factor  Theorem  which  asserts 
that  if    r    is  a  solution  of  the  polynomial  equation  P(z)  =  0 
then    z  -  r    is  a  factor  of    P(z).    According  to  the  Fundamental 
Theorem  if    P(z)    is  a  poljmomial  of  degree    n  >  0    then  the 
equation  P(z)  =0    has  a  complex  solution    r^.    By  the  Factor 
Theorem  then,  P(z)  =  (z  -  r^)P^(z)  where  P^{z)  is  a  polynomial 
of  degree    n-1.    If    n-l>0    then  applying  the  same  argu- 
ment to  P^(sz)    we  conclude  that    P^Cz)  =  (s  -  r2)P2(z) 
P(z)  =  (z  -  r^)(z  -  r2)P2(z)-    Continuing  in  this  way  we  obtain 
the  theorem  stated  in  the  text. 

The  teacher  may  wish  to  present  tibie  preceding  discussion  and 
a  proof  of  the  Factor  Theorem  to  the  class.  The  following  simple 
proof  of  the  Factor  Theorem  is  based  on  the  factoring  identity 

Let  „ 

P(z)  =  a  z^  -f  a.z"      +  •••  +  a^  tZ  +  a„ 
^  '        o  1  n-i  n 

be  a  polynomial  and  let    r    be  a  solution  of  P(z)  =  0,  that  is, 
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P(r)  =  0.  Then, 

P(z)  =  P(z)  -  P(r) 

=  (a^z'^+a^z'^-^+...+aj^_^z+a^)  -  (a^r"+a^r^-l+. .  .+a^_^  .+a^) 
=  a^iz""  -  r"^)  +  a^(2"-l  -  r""^)  +  ...  +  a^_^(z  -  r) 
=  a^(z-r)  (!!'^-l+z'^-2r+. .  .+r'^-l)  +  a^(z-r)  (z'^-^+z'^-Vt--  •  '+r''-^) 
+  •••  +  an_i(z  -  r) 

=  (z-r-)[a^(z'^-l-l-z'"-2r+...+r'^-l)+a^    ( z'^-^+z'^-^.  ^  .+r'^-2) 

==  (z  -  r)  Q(z) . 
Exercises  5-9.    Answers . 

1.  (a)     1,  multiplicity  1 

-2,  multiplicity  3 

(b)  0,  multiplicity  4 

-  "I  ,  multiplicity  2 
3,  multiplicity  1 

(c)  3  -  2i,  multiplicity  2 
-1,  multiplicity  5 

2.  (a)    Since  z5  +  z^  +  3z3  =  z3[z 
we  have  the  following  zeros: 

0,  multiplicity  3 

^  ^/        ,  multiplicity  1 

-1  4-  /TTi 

g    ■      ,  multiplicity  1 

(b)  Since  z^  +  2z^  +  1  =  (z  +  i)^(z  -  i)^,  we  have  the 
following  zeros: 

-ij^  multiplicity  2 

1,  multiplicity  2 

(c)  Since  z^  +         +  3z  +  1  =  (z  +  l)^,  we  have 
-1,  multiplicity  3 

3.  (a)  Example  1:   (z  -  l)(z  -  2.)  =  0. 

Example  2:  a(z  -  l)(z  -  2)  =  0,  where    a    is  real, 
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non-zero,  and  not  equal  to  1. 
(b)  Example  1:     (z  -  l)(z  -  2)  =  0,    This  equation  is  of 

degree    2    and  each  zero  is  of  multiplicity  1. 

fexample  2:     (z  -  l)(z  -  2)^  =  0.    This  equation  is  of 

degree  3  and  has  zeros  which  are  of  multiplicity  1  and 

2  respectively. 

An  equation  of  degree    4    can  have  either  one,  two,  three, 

or  four  solutions.    The  number  which  it  has  depends  on  the 

multiplicity  of  the  zeros  of  the  polynomial  associated  with 

the  equation.    The  follovring  examples  are  illustrative, 

/  x4 
One  solution:     (z  -  1)     =  0. 

The  polynomial  (z  -  l)^  has  the  zero    1    of  multiplicity 
four.    Hence  the  solution  of  the  equation  is  the  single 
value  z  .==  1 . 
Two  solutions:     (z  -  l)(z  -  2)     =  0. 

o 

The  zeros  of  the  polynomial  (z  -  l)(z  -  2)    are  1 
(multiplicity  one)  and  2  (multiplicity  three).  The 

solutions  of  the  equation  are  z  =  1,2.    Another  example 
2  2 

is  (z    +1)    =0;  its  solutions  are  z  =  i,  -i.  Each 

solution  is  a  zero  of  multiplicity  two  of  the  polynomial 
2  2 

(z    +  l)  .    Note  that  here  we  have  two  pairs  of  con- 
jugate complex  numbers. 

Three  solutions:     (z  -  l)(z  -  2)(z  -  3)  =0. 

The  zeros  of  the  polynomial  are  1  (multiplicity  one), 
2  (multiplicity  one),  and  3  (multiplicity  two).  The 
solutions  of  the  equation  are  z  =  1,2,3. 

Pour  solutions:     (z  -  l)(z  -  2)(z  -  3)(z      4)  =  0. 

The  zeros  of  the  polynomial  are  1,2,3,4;  each  is  of 
multiplicity  one.    The  solutions  of  the  equation  are 
z  1,2,3,4. 
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5.  +  1      (z  +  l)(z^  -  z  +  1)  =  0 
Hence  z  =  -1  is  one  solution. 

To  obtain  the  remaining  solution,  put 

2 

z     -  z  +  1  =  0, 

Then  1  +  {31 

z  =   2   • 

The  solutions  of  the  given  equation  are 

1     1  4-    /31      1  -  /3i 
-X,        2  ,        2  . 

6.  (a)    Since  z  =  4  is  one  solution,  (z  -  4)  is  a  factor  of  the 
polynomial  in  the  left  member  of  the  given  equation. 
Dividing  the  polynomial  in  the  left  member  by  (z  -  4), 

we  find  that  the  given  equation  can  be  rewritten  in  the  form 

(z  -  4)(3z^  -  8z      4)  -  0. 
Factoring  again,  we  have 

(z  -  4)(3z  -  2)(z  -  2)  =  0. 

2 

The  solutions  of  the  equation  are  4,      ,  2. 
(b)    2,  1  +  i,  1  -  i 

7.  (a)    -1.  .2,  i-tjjSl  .  i.;^  . 
(b)     4,  1,  -1  -f    /2i,   -1  -  /2i. 

8.  (a)     (z  «  l)(z  -f  2i)  or  z^  -f  (2i  -  l)z  -  2i. 

The  polynomial  is  of  degree  2. 

(b)  In  order  for  the  polynomial  to  have  real  coefficients 
it  must  have  the  conjugate  of  -21  as  a  zero  because  it  has 
-2i  as  a  zero.    Hence  the  polynomial  must  be  of  degree  3; 
the  required  polynomial  is 

(z  -  l)(z  -f  2i)(z  -  2i)  or  z^  -  z^  -f  4z  -4. 

(c)  The  polynomial  Qf  lowest  possible  degree  must  contain 
the  square  of  a  polynomial  of  degree    2    which  has  both 
-21    and    2i    for  its  zeros.    Thus,  the  required  polynomial 
is  of  degree    5;  it  Is 

(z  -  l)[(z  +  2i)(z  -  2i)]^    or    z5  -        +  Qz^  -  Sv.^  +  l6z  -  l6 
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9»      Since  3  +  V21  is  a  solJati-zn  of  the  equation  so  is  3  -  /21. 
Thus 

{[z-(3+    /2i)][r-r(T-    /2i)]}       (z^  11 
is  a  factor  of  the  pol^mialal  in  the  Ic"^'  of  the 

given  ee^uion.    By  lorr  2.1     :ion  it  can  joe  f  .iiol  that  the 
other  iTr.tor  is  (z    -  ■     ice  the  solutlc-.;  the 

fe'quation  are 

3  +    V^i,     :         /ii,  3,  -3. 
ID.        -  /Fi,    1  +  /J       /  -/2. 
T  -       a)     (z  -  r^)(z  -  r2)(z  -     ,)  = 

[{-r^)  +  {-r^)  +  (.r^)-iS^  .  [(-ri)(-r2)  +  (-i-  )  (-r3)  +  (-r2)  (-rg)  : 

+  [(-ri)(-r2)(-r3.i]  = 

3  2 
z    -  (r^  +       +  r^)z    +  (^1^2  "**  ^1^3      ^2^3^^  "  (^1^2^3^* 

(b)  (z  -  r^)(z  -  r^){z  -  r3)(z  -  r^^)  = 

z    -  (r-,^+r2+r3+r2^)z  +(r^r2+r-,^r3+r-,^r2j^+r2r3+r2r2^+r3r2^)  z 

-  (r-,^r2r3  +  r^r^ri^  +  r^r^r^  +  r2r3r;j^)2  +  (r^r2r3r|^). 

(c)  (z  -  r-,^)(z  -  r2)'*'(z  -  r^)  =• 

-  (r-j^  +  r2  +  •••  +  r^)z^  +  (^2^2  +  ^1^3  +  •••  +  rgr^)z^ 

-  (r-,^r2r3  +  r^r2r2^  +  •••  +  r^rgr^)z    +  •••  + 
+  (-l)'^(r^r2  •••r^). 

5-10.    Answers  to  Miscellaneous  Exercises. 

1.      -(2  -  31)  =  -2  +  31 
(2  -  31)  =2+31 

|2  -  3i|  =  )/TT~9  =  /is" 

j2  -  3i|  =  |2  -  3l|  =  /l3 

1       _      2-31      ,  2  +  31  2^3. 
2  -  3i  -  |2  _  3i|2  =     13     =         T3  ^ 

|2  -  3l|^  =  (  Vl3)^  =  13 

1(2  -  31)^1  =  |2  -  3ij^  =  13 
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di)(c  -  di)  =  0 


'iplicat±oEi,  but  not  with 
1  13  not  in  the  set. 


7    ,  22  . 

[z  -  (c  +  di)]  [z  -  (c   .  'd  ^ 

z^  -  [(c  +  di)  +  (c  -  di  i.r 

-  2cz  +  (c^  +  d^)  = 

It  is  closed  with  respect 
respect  to  addition  slntF 

>  0 

|x  +  iy|  >^  |x|  . 

|z|  >  X 

(a)  circle  of  radius    3  ■ 

(b)  set  of  points  exterlc 
center  at  (-2,0) . 

(c)  set  of  points  interior  "to  circle  of  radius 
center  at  .(0,2) . 

(d)  set  of  points  interior  to,  or  on,  circle  of  radius  5 
with  center  at  z^. 

|x  +  yi  -  (2  +  3i),^  =  5 

|(x  -  2)  +  (y  -  3)1!  =5 


center  at  (2,0) . 
circle  of  radius 


3 

1| 


with 
with 


y(x  -  2)2  +  (y 

(x  -  2)2  +  (y  -  3;-  =  iip 


2 


2  ,  2 
X    +  y 


hx..-  6y  -  12  =  0. 
The  set  of  points  satisfying  the  given  equation!  is  the  circle 
of  radius    5  with  center  at  (2,3). 

(a)  the  distance  from  the  origin  of  z^  is  less  than  that  of 

• 

(b)  z    is  on  the  circle  of  radius    5    with  center  at  the 
origin. 

[pE^e  295] 

319 


311 


J.      (c)  and  Zg  are  symmetric  with  resp:ect  to  the  origin. 

(d)  z^  and  Zg  are  syminHtric  with  respect  to  the  y-axis. 

(e)  z^  and  Zg  are  symmetric  with  respect  to  the  x-axis, 
3.      If  s  =  X  +  yl  the  stated  conditions  become 

X  =  y  ,      /x-^  +  y^  =  1 

The  solutions  of  this  pair  of  equations  are  x  =  -lir-  ,  y  =  -rir- 

11  f  * 

and  X  =  -         ,  y  =  -  ~r-  .    The  solutions  of  the  problem 

11  11 
are  therefore  z  =  -f         i,  -  -==r-  — rgr-  i. 

9.  If  the  coefficients  are  real  and  3  +  2i  Is  a  solution  then 
3  -  2i  must  also  be  a  solution.     If  the  equation  is  quad- 
ratic it  can  have  no  more  than  these  two  solutions.  Thus 
the  equation  must  be 

a[z  -  (3  +  2i)][z  -  (3  -  2i)]  =  0 

or 

2 

az    -  6az  -f  l3a  =  0 
where  a      0  is  any  real  number. 

10.  We  show  generally  that  if  z  =  x  +  yi  is  any  complex  number 
(not  zero)  the  quadrilateral  with  vertices  z,  iz,  i  z,  i  z 
is  a  square.  The  midpoints  of  the  diagonals  g:'*  this  quad- 
rilateral are  2 

z-fizz-2^ 
 2        =  =  0 

iz  -f  i^z  iz  -  iz  ^ 
—5          ^   5   ° 

so  that  the  diagonals  bisect  each  other  at  the  origin.  Thus 

the  quadrilateral  is  a  par^lelogram.    The  slope  of  the 

segment  joining  the  origin  to    z  =  x  +  yi  is  ^  ;  the  slope 

of  the  segjr^nt  joining  the  origin  to  iz  =  i(x  +  yi)  =  -y  +  xi 

is  -  r:  .    Zince  these  slopes  are  negative  reciprocals  the 

diagonals  are  perpendicular.    Thus  ,  the  parallelogram  is 

a  rhombus.     Finally,  each  diagonal  is  equal  to    2|z|  and 

hence  the  rhombus,  having  equal  diagonals,  is  a  square. 

320 
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11.    If       is  a  s.ilur  ion  then       is  also  a      lutlan,  si  ice  the 
coefficients  are  real.    By  the  Pundamc  .al  Theo^rer 

az^  +  bz      c  =  a(z  -  Zq)(z  -  "z^) 

=  a  :z    -  (z    -f-  2  )z  -   z  z  ^ 

^    O  O'  0  0 

=  zzz"  -  a(z    +  z*  )z  -i-  az  ¥ 
^  o       o'  o  . 

Equating  coefficients  i?/e  obtain 

b  =  -a(z^  +  z^),      c  =  az^7^ 

^    _      b  -    _  c 

^o      ^o      '  a  '    ^0^0  ^  a  • 

b  b 
The  curve  z  +  z*  =  -  —  is  the  straight  line  x  =  -  tjt-  • 

The  curve  zz"  =  ^  is  the  circle  x    +  y    =  ^'  .    Sines    z  lies 
a  cL 

on  both  curves  it  is  one  of  the  points  of  intersection  of 

these  two  curves  (the  other  is  "z^)^    Thus  to  construct  the 

roots  of  the  quadratic  equation  az    +  bz  +  c  =  0  (b  -4ac  <  O) 

draw  a  circle  of  radius  Vl-    about  the  origin  and  draw  the 

*  b 
straight  line  trarallel  to  ziiB  y-axis , through  (-        *  O)  • 

The  solutions        the  equation  are  the  points  sf  intersection 
of  thsse  curves. 
1?.     a(Z^  -  z  +  4)  =  o  a  peal  a  /  o 

2        2  2 

13.     If  z  =  X  +  yi  then  z    =  x    -  y       2xyi  so  that  the  real  part 
of  z"^  is  0  if  and  only  if  x^  -  y^  =  0.  Since 

-  y^  =  (x  +  y)fx  -  y),  x^  -  y^  -  0  if  and  only  if  ' 

x+y=Oorx-y=0.    Thus  the  set  of  points  satisfying 

the  given  condition  is  the  set  c.f  points  on  the  lines  of 

slope    1    and    -1    through  the  crigin. 

-   2         ^      2  ^ 

We  have  (-)    =  (  ^  a>    =  .     If  the  real  part  of 

^  |z|2  1^ 

2   2  P 

z    is  zero  then  i;he  real  part  ol  z    is  zero,  since  z"  and 

z    =  z    are  conj^agates.    Sirtcsr  =  jj-  z  ,  and   is 

|z|  |z| 

real,  it  follows  ths:t  the  real,  part  c^r  .(^)    is  zero. 
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14.  The  liscrimi:^^nt  of   ;he  ecuation  is 

(1  -r  r)^  -     "^^r  =       -  6r  +  1. 
The  equation  .las  on.y  cm  real  root  when  tbjts  ulscriminant 
is        that  i: ,  when    r    izs  one  of  the  zeissL    -  3  -  2  /2", 
3  -f  2  f2  —  :  f  the  :_i^cr±rdlnant .    The  equs:t:icn  has  complex 
roo":    when  tne  discriLiiirriT^ t  is  negative,    i:..::  very  large 
v:alu2s  of    r    the  dx^^rLToniciant  is  positlre..  3o  that  it  will 
be  negative  if  and  czu;;    -izT    r    is  between-zirti  zeros  — 
3  -  2  /2"  <  r  <  3  +  2 

15.  If      =  1,  b  =  i,  then  a  ^  bi  =  1  +  i'i      0    a  +  bi  =  0  =  0; 
a  -  bi  =  1  -  i*i  =  2.    Trus  a  -f-  bi      a  -  r.    in  this  case. 

16.  The  set  of  points  eq-j.idis'tant  from  z-^  and  z^^-  Is  the  set  of 
points    z    which  satisfy  the  equation 

I  z  -       I  =  j  z  -  z^  I  • 

Squaring  this  equation  we  jaave 

I Z     -    2^ I ^    =     I Z     -     Zg I ^ 

from  which  we  get 

(z  -  z^)  (z  -  z^;  -  (z  ^  Zg)  (2:  -  z^J 
(z  -  z-|^)(z  -  z^)    -  (z  -  z^)(^-  z^) 

zz    -  "z^Z   -    Z^Z        Z^Z^   =   zz"  -   ZgZ   -  ^^^r^  +  Z^Zg 

The  last  equ^ation  is.  the  equat±iDn  cd  the  pHi»pendicular 
bisector  of         ssgmsad: , 

17.  I?he  point    3;  b.e..:r— r:^  rj-g  the  set  IT  and  only  if 

^z  -  *z  I  <  C-^  -      1  J-  'tr^t  Is,  ix!  Hnd  only  -illf  the  distance 
*  o    ^ 

£rom    z   ^o    2^    ijx: -Lesis  than:  ^e  (iis":;;7Hnce:  :^rom    z    to  z^. 
This  wilH  be  tni:e  ,±-:  and  only  Ir"  tne  point    z    lies  on  the 
same  side,  as    "z^  c±  ts^  pexpppr^  rrr'ar"  biSBeiror  of  the 
:3egment  fining  :H2id  "i^.  lEhis  perpen^Liralar  bisector 

is  the  X-axis-    UhuLS  the  set  is*  the  set  of  sll  points  z 
which  lie:  on  the  same:  side  of  the  x-axis        z'^.    This  can 
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ai 20  be  established  by  calculation. 

Le*.         =  a  +  bi    and         =  c  +  di    vrhere  a,  b,  c,  and  d 
are  real . 

/  ,  V     ^1      a  -f  bi      c  -  di      ac  +     :   ,   oc  -  ad  .  . 

^1 

Hencfe  —    is  real  i:  and  only  ^      1;  -  ad  = 

z^ 

It  can  be  sncwm  that    be  -  ad  =  0    1;^  and  only  if    z^  and 
z.^  are  on  a  c::raight  line  through  the  origin.     To  establish 
this  we  must  Drove  two  if-then  state^nts, 

(a)  If    z^     and         are  on  a  straight  line  through  the 
origin  chen    be      ad  =  0,  and 

(b)  If    be  -  ad  =  0    then    z^    ans    z^    are  dji  a  straight 
line  through  the  origin. 

Proof  of  (a)  :     If  the  line  is  tne  y~xis  then    3:      0  and 
0  =  0    and  we  have  a:t  once    b-0  -  O-ri  =  0.     If  the  line  is 
not  the  y-axis  then  the  slope:  of  this  line  Joining  the 

origin  to   . z,     is  equal  to  tfe  slope  of  the  line  joining 

b  d 

the  origin  to    z^,     i.e.    ^=:—  , 

Hence    be  =  ad      ot      b.!i  -  ad  =  0. 
Proof  of  (b):  have     (2)      :c      ad .     If    z^     is  on  the 

y-axis  then    a      0    and  by    (r  )     be  =  0.    But    b  /  0 
because    z  =  a  -f  bi  /  0    by  h:;;0-he3is.     Hence    c  =  0  ai^'id 
z^    is  also  on  the  y-axis.     Thlf^  proves  that    z^    ±3  on  =3e 
y-axis  if  Is  and  the  ':wo  pcuxr:s  ar^e  on  a  straight  Izrrs 

through  the  orlg±n. 

If    z^  is  net  on  tfe       ax±r    then    a  7^  0.     From  this  we 

see  that    c  7^  0    because  if    c  =  C    and    3.  /  0    we  must 

conclude  from    (.2.)     that    d  ^  0    and  this  would  mean  that 

z^  =  c  -f  di  =  0    in  violation  of  our  hypothesis  that    z^  is 

a  non-zero  complei<:  number.     Hence    ac  7^  0    and  we  may  divliie 

both  members  of    (2)     by    ac     to  obtain 

^     £    which  ir  precisely  the  condition  that    z,  and 
a      c  1 

Zg  lie  on  a  straight  line  through  the  origin. 

3  H3 

* 
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We  summarize  our  argument: 

— -    is  real  if  and  only  if    be  -  ad  =  0    and    be      ac  =  0 

if  and  only  if  and    z^    lie  on  3  straight  line  Through 

the  origin.     Therefore  ^    is  real  if  and  only  il  and 

Zg    lie  on  a  straight  li^e  through  the  origin. 

19.  z    =  -1    or    z    +  1  =  0 
(z^  +  i)(z^  -  i)  =  0 

Henee     z    =  -i    or    z    =  i.     The  solutian  set  is  eviG.^:3t  by 
the  union  of  the  solution  sets  of  the  equations  solver  in 
problems  22  and  23  of  Exercise  5-6, 

namely  -  ==  ,  +  =      anc      —  -  —  . 

-\[2   ^12  V 2   V2  V  2  V  2  V2  \  2 

20.  It  will  be  suf  fie  lent  to  show  that  tne  lam  o£  trichoti:nr.3 

is  ineonsistent  wich  for  the  element     i.  Certair.l3.r 

i      0.     Then  either    i  >  0    or    i  <  0,.     In  either  case 

by  0]^  we  have     i    >  0  and  we  are  confronted  by  rhe 
eontradietij^n    -1  >  0. 

21.  If    X    and    y    are  real  it        evident  ti?iat  the  ciniiji-gate 
of    X  +  yi    is    X  -  yi.    Mozreover,  it  cmx.  be  shiuwn  mat 
if    X  +  yi  =  X  -  yi    then    :x    and    y    ar-s  r^al . 

Let    X  =  a  +  bi    and    y  =  c      di    wher^-b       b,  c...  .ainri  c 
are  real. 

X  +  yi  =  (a  -  d)  +  (b  +  e)i 

X  +  yi  =  (a  -  d)  -  (b  +  e)i 

X  -  yi  =  (a  +  d)       (b  -  c)i 
Since    x  +  yi  =  x  -  yi    we  have 

(a  -  d)  -  (b  +  c)i  =  (a  +  ±)  +  (b  c)i 
According  to  Theorem  5-^ 

a  -  d  =  a  +  d  and 
-(b  +  c)  =  b  -  c 
Froim  these  equations  we  conclude  that    d  =  0    atrd,   b  ^  0. 

X  =^  a    and    y  =  c      whence    a    and    c   ibx!b  rsal. 
Henae,    x  +  yi  =  x  -  yi    if  and  only  if    x    :and    y   .-si^  real. 
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22.      The  proposition  stated  is  true  provided    x    and    y  are 
real.     In  this  event  we  have 

|x|  +  |y|  <V2|z|     if  and  only  if 

(  |x|  +  |y|)^  <  2|z|2. 

Now  \z\^  =       +  y^    and  we  have 

|x|2  +  2|x||y|  +   |y|2  <  2|x|2  +  2|y|2. 
This  reduces  to    0  <  |x|^  -  2|x||y|  +  |y|^  or 

0  <  (  |x|  -   |y|)^    which  is 
true  because  the  square  of  any  real  number  is  non- 
negative.  Q.E.D. 
The  proposition  is  not  true  for  all  complex  values  of  : 
and    y    as  the  following  counter  example  will  show. 
Let  X  =  8  +  21      and  ^y  =  -1  +  kl 
then     |x|  ='\/68  =  2^f^7      and      |y|  =  "vT^. 

|x|  +  |y|  =  3^'l7 
z  =  ;x  +  iy  =  (8  +  2i)  +  i(-l  +  4i)  =  4  +  i. 
|z|  ^AiTF.      It  is  false  that  A^Yl?  >  3^^17  , 
henc3  in  this  case     |x|  +  |y|  is  not  equal  to 
or  less  than  V¥  |z  | . 
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*5-ll*    Construction  of  the  Complex  Number  System* 

Section  *5-ll  outlines  Gauss's  construction  of  the  complex 
number  system.    As  a  source  of  historical  information  we  suggest 
The  Development  of  Mathematics,    by  E.T.  Bell  (McGraw-Hill,  19^5, 
Second  Edition):    Wessell  and  Argand,  p*177;  Gauss,  ppl79; 

Cauchy,  p. 19^*   

5-12.    Sample  Test  Questions  for  Chapter  ^. 

Note;     In  the  questions  included  in  this  section  a,b,c,d, 
x,y  are  real  numbers  and    z    is  a  complex  number. 

Part  I:  True-False, 

Directions;     If  a  statement  is  true,  mark  it    T  j  if  the  state- 
ment is  false,  mark  it  P. 

1,  The  imaginary  part  of  a  -f  bi  is  bi. 

2,  The  discriminant  of  the  equation  x    +  2  =  0  is  -8. 
3»      Every  complex  number  has  an  additive  inverse, 

4,  A  one-to-one  correspondence  can  be  established  between 
points  of  the  xy -plane  and  the  elements  of  C, 

5,  The  product  of  a  complex  number  and  its  conjugate  is  a 
complex  number. 

6,  The  sum  of  a  complex  number  and  its  conjugate  is  a  pure 
imaginary  number. 

7,  If  the  coefficients  of  a  quadratic  equation  are  real  numbers 
then  the  roots  of  the  equation  are  real  numbers, 

8,  |z|  is  a  non-negative  real  number. 

9,  The  sum  of    z    and  -"z  is  a  real  number. 

10,  If    z    is  a  complex  number,     z    and    z    correspouj  to  points 
in  the  xy-plane  which  are  symmetric  with  respect  to  the 
y-axis, 

11,  The  multiplicative  inverse  of  (x  -  yi)  is  ^z^"-  , 

x""  -f  y"" 

,   12,     If  (a  +  bi)(x  -f  yi)  =  1,  th^n  ax  -  by  =  1, 
13,     z^  +  Zg  "  ^2* 
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14.     (a  -I-  bi)(a  +  bi)'  -       +  b^. 

13 •    If  |z|  =  1,  then    z    is  its  own  multiplicative  inverse, 
16.    The  set  of  numbers  (1,  -1,  i,  -i)  is  closed  under  multiplic- 
ation. 

18.  The  reflection  ci'  "z  in  the  y-axis  is  -z. 
Part  II:    Multiple  Choice. 

Directions:    Select  the  response  which  best  completes  the  state- 
ment or  answers  the  question. 

19.  Which  one  of  the  following  equations  does  not  have  a  solution 
in  the  real  niimber  system? 

A.    x+5=5  D.  x^-5=0 


B.     (x  +  5)2      9  E.     /x  +  5  =  0 

'    C.    x^  +  5  =  0 

20.  What  ordered  pair  of  real  ntunbers  (x,y)  satisfies  the 
equation  x  -  4yi  =  20i? 

A.  (20,0)  D.  (0,5) 

B.  (0,-5)         ,  E.  (0,0) 

C.  (0,20) 

21.  If  z  =  (5  -  6i)  -  (3  -  4i),  then  the  standard  form  of  z 
is 

A.  2  -  (I0)i  D.     2  +  (-2)i 

B.  2  +  (2)i  E.     2  +  (10)i 

C.  2  +  (-lO)i 

22.  The  additive  inverse  of    c  -  di  is" 
A.  -c  +  di  D.  1 

c  -  ai 
C.     c  +  di 

23.  If  the  complex  number    5  +  5i    is  represented  by  the  point 
P    in  an  Argand  diagram,  then  the  slope  of  the  line  segment 
joining    P    and  the  origin  is 

A.    I  i  C.    5       D.     1        E.  0. 
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24.    Which  one  of  the  following  e2presEi:ons  does  not  represent 
a  real  nunber? 

A.     i^  +    /F  D.     6  -  21 

^  E.     (21)^  -  /J. 


B.  3i 

C.  /(-3)2 

25.  The  multiplicative  invez!E5  of    i  ±s 

A.     i      B.     -i      C.     1      B.     -1      K.     -  J  • 

26.  Which  one  of  the  following  ecaations  has  non-real  solutions? 

A.  X  -  4  =  6  I..     2x^  -  l4x  +  3  =  0 

B.  -  3x  +  6  =  0  H.,    x^  =  ilk. 

C.  6x^  +  5x  -  8  =  0 

27.  The  conjugate  of    -4    writrtre-Ti  in  standard  form  is 
A.    4  "+  01  -4  +  01 

_  ^  _  01  Hone  of  these. 

28.  Which  one  of  the  folloicfrx:  is  not  equivalent  to  each  of  the 
other  four? 

A.      {{2f  D.  /-(2i)^ 


B. 

C.  y-(2)'^ 

29.  The  prroduct  of  (2  +  31)  and-  (5  -  3i)  is 

A.  19+91  D.     1  -  211 

B.  19  +  211  10  -  91. 

C.  14-91  2 

30.  When  written  in  standarfl  fnm  the  real  part  of  (2  -  l)  is 
A.    1       B.    -1        C.    5       D.    -3       E.  3. 

31.  Given  z  =  -31,  then    z  rn  standard  form  is 

A.     31        B.     0  +  31        a.     13 |i        D.     0  +  (-3)1      E.  -31. 
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32.  The  smallest  set  which  contains  the  absolute  value  of  every 
complex  number  is  the  set  of 

A.  Natural  numbers  D.    Rational  niombers 

B.  Integers  E.    Complex  niombers, 

C.  Real  numbers 

33.  The  additive  inverse  of    i  is 

A.     1        B.     -1        C.     i        D.     -1       £•  0 

34.  Which  one  of  the  following  pairs  of  complex  niombers  can  be 
represented  by  points  which  are  symmetric  with  respect  to 
the  origin  in  an  Argaud  diagram? 

A.  3  +  2i,  3  -  2i  D.     3  +  2i,  -3  +  2i 

B.  3  -f  2i,  2  +  3i  E.     3  +  2i,  -2  -  3i. 

C.  3  -f  2i,  -3  -  2i 

35.  In  an  Argand  diagram  the  set  of  points  defined  by  the 
equation  |z|     =  5  is 

A.  A  point  D.    A  circle 

B.  A  straight  line  E.    Two  parallel  lines. 

C.  Two  perpendicular  lines 

36.  If    z    is  a  complex  number  such  that -~- =  -1  and  zz"  =  1,  then 
z    is  ^ 

A.  i  D.    1  or  -1 

B.  -i  E.    i  or  -i  or  1  or  -1. 

C.  i  or  -i 

37.  Which  of  the  following  ordered  pairs  of  real  ntmibers  (x,y) 
satisfies  the  equation  3x  +  5yi  -  8  =  5x  -  yi  +  6i^? 

A.     (-4,1)        B.     (-1,0),       C.     (0,-1)        D.     (4,1)    E.  (-4,-4) 

38.  Which  of  the  following  equations  has  the  solutions  2  -  i 
and  3i? 

A.  z    -  4z  +  5  =  0 

B.  z^  -  (2+4i)z  +  (3+6i)  =  0 

C.  z^  -  (2  +  2i)z  +  (3  +  6i)  =  0 

D.  . z^  -  (2  +  2i)z  +  (-3  +  6i)  =  0 

E.  z^  -  (2  -  2i)z  +  (6  -  3i)  =  0. 
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39. 


40. 


41. 


3  p 

The  equation  z    -  2z    +  z  -  2  =  0  has    i    as  one  of  its 

solutions.    The  other  solutions  of  the  equation  are 

A.     -1,2    B.     -.i,-2    C.     -i,l    D.     -i,2    E.  0,-i. 

Which  one  of  the  following  complex  numbers  is  the  reflection 

of  2  -  3i  in  the  y-axis? 

A.  -2  -  3i  D.     -3  -  2i 

B.  -2  +  3i  E.     3  -  2i. 

C.  2  +  3i 

The  solution  set  of  the  equation  z    +  a    =  0,  where    a  is 


-a^i) 
2, 


■a  ,  a  i. 


■a^i). 


a  real  number,  is 

A.  [a^,  -a^)  D.  {a^i, 

B.  (a,  -a,  al,  -al}  E.  {■ 

C.  (a,  -a,  i,  -i) 

42.    The  length  of  the  line  segment  which  Joins  the  points 

representing  3  +  4i  and  -4  +  5i  is 

A.      f2      B.     2f2      C.  5  /2      D.    8      E.  50. 

Part  III:  Matching. 

Directions;     In  questions  43  -  49  choose  the  point  on  the  Argand 
diagram  which  represents  the  given  nvmber.  Write 
the  letter  which  identifies  the  point  of  your  choice 
on  an  answer  sheet.    Any  choice  may  be  used  once, 
several  times  or  not  at  all. 


43. 

44. 

45. 
46. 

47. 
48. 

49. 


2  -  3i 

3  -  Oi 
-2  +  3i 
|3  +  4i| 
(2  +  3i) 
(3  +  2i) 


(1  -  1) 
(5  +  51) 


z-^  such  that  (z-j^l  =2 


R 

0 
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Part  rV:  Problems •  q 

1  -  i 

50.  Express  the  quotient  ^      ^  ■    in  standard  form. 

51.  If  z  =  4  +  2i  -  i^,  find  the  standard  form  of  z. 

52.  Find  the  ordered  pair  of  real  numbers  (x,y)  that  satisfies 
the  equation  x  -  15i  =  5yi. 

53.  Find  the  real  values  of    x    and    y    which  satisfy  the 
equation  x  -y+  (x+y)i  =2+6i, 

54.  Solve  the  equation  (x  +  yi)(2  +  i)  +  3x  -  11  =  0  for  real 
values  of    x    and  y. 

2 

55.  For  what  real  values  of    k    does  the  equation  z    +  kz  +  1  =  0 
have  solutions  that  are  not  real? 

56.  Write  a  quadratic  equation  with  real  coefficients  which  has 
5  +  i  as  one  of  its  roots. 

57.  If  z^  =  -2  +  i  and  Zg  =  1  +  ^ij  find  z-^  +  Zg  in  standard  fom 
and  exhibit  the  sum  graphically. 

58.  Describe  the  set  of  points  in  the  plane  which  satisfy  the 
condition  |z|  =  the  real  part  of  z. 

59.  Solve  each  of  the  following  equations  and  express  the 
solutions  in  standard  form: 

(a)  3z^  +  z  +  1  =  0 

(b)  z    +  z  +  c  =  0,    c  is  a  positive  integer 

(c)  ps    +  q  =  0,    p  <  0,  q  >  0,  and    p    and    q    are  real. 

60.  Given  the  following  numbers:  2,  -12,  4i,  -j,  -  flS,  0,  ir, 

/50,  i/T,  -J  ,  f5  ,  2  ii6,  V23,  7T, 

1.74,      fT,      3."3T  ,  --^fl,    i^,    2  +  YS",  2  -  yf^. 

(a)  Classify  the  given  numbers  into  two  lists, real  numbers 
and  imaginary  numbers.  , 

(b)  'Reclassify  the  real  numbers  into  rational  and  irration- 
al numbers. 
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'Answers  to  Sample  Test  Q:uestlons. 
Part  I:  True-False, 


1. 

P 

10. 

P 

2. 

T 

11. 

P 

3. 

T 

12. 

T 

4. 

T 

13. 

P 

5. 

T 

14. 

T 

6. 

P 

15. 

P 

7. 

P 

16. 

T 

8. 

T 

17. 

P 

9. 

P 

18.. 

T 

Part  II:  Multiple  Choice. 

19.  C  37.  B 

20.  B  38.  C 

21.  D  39.  D 

22.  A  40.  A 

23.  D  41.  D 

24.  D  42.  C 

25.  B 

26.  B 

27.  D 

28.  C 

29.  A 

30.  E 

31.  B 

32.  C 

33.  D 

34.  C 

35.  D 

36.  C 
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Part  III:  Matching 

43.  L 

44.  R 

45.  N 

46.  Q 

47.  S 

48.  N 

49.  T 

Part  IV:  Problems 


50.  I  + 


51.  5+21 

52.  (0,-3) 

53.  X  =  4,  y 
X  =  2,  y 
Ikl  <  2 
„2 


54. 
55. 

56. 
57. 


2 
-1 


1  +  ^2 


lOz  +  26  =  0 
=  -1  +  51 


2 

-r 

*r 

58.  Non-negative  part  of  x-axla 


59.  (a) 
(b) 
(c) 


z  =  - 


■V4c  -  1 


1,  - 


1  ^  /  ■V4c 
^  +  (  J 


z^-^TT+oi,  -71^+01 


333 


325 


6o,  The  table  shows  the  answers  to  both  parts  (a)  and  (b) 


REAL 

TMAfUNARY 

RATIONAL 

IRRATIONAL 

2 

-12 

41 

2 

0 

IT 

V-27 

/so 

1  yr 

3 

"5 

ys 

2  yie 

y53 

1.7^ 

3. "37 

-i/7 

i2 

2  4-/3 

2  - 
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Commentary  for  Teachers 
Chapter  6 

EQUATIONS  OP  THE  FIRST  AND  SECOND  DEGREE  IN  TWO  VARIABLES 

6-0.  Introduction 

In  Chapter  6  we  again  take  up  the  study  of  analytic  geometry. 
Chapter  2  was  designed  as  a  very  general  Introduction  to  the  sub- 
ject.   In  this  chapter  we  systematically  study  equations  of  the 
first  and  second  degree  and  their  graphs. 

Sections  6-1  and  6-2  are  devoted  to  linear  eqiiatlons  and  the 
straight  lines  which  are  their  graphs.    Sille  the  last  four  sec- 
tions are  concerned  *;wlth  1;he  conic  sectinns.    A  f ew  irards  need  to 
be  said  about  the  ajsgaroarrh  we  have  adopted  toward  the  conlcs.  The 
parabola  Is  discussed  In,  rather  great  detail.    V/hlle  much  work  has 
been  done  In  Chapter -4  with  parabolas,  ths  emphasis  was  on  the 
numerical    propertl^  of  the  quadratic  function  and  the  graph  was 
used  informally  as  a  visual  aid.    In  this  section  we  ai^e  not  Inter- 
ested In  the  quadratic  function,  but  the  parabola  —  that  Is,  the. 
set  of  points,    P,    which  are  eqiildlstant  from  a  fixed  point  and 
a  fixed  line.    This  definition  nattirally  follows  the  sections  in 
which  we  have  been  considering  the  straight  line  —  the  set  of 
points    P    eqiildlstant  from  two  fixed  points. 

In  the  following  Section  6-5  we  generalize  the  definition  of 
the  parabola  to  ask  for  the  equation  of  the  se,t  of  points    P  whose 
distance  from  a  fixed  point  is  a  constant  times  its  distance  from 
a  fixed  line.    This,  the  general  definition  of  a  conic,  has  the 
virtue  of  unifying  the  study  of  second  degree  equations  in  a  way 
which  the  piecemeal  definitions  which  are  sometimes  used  can  not. 
Introducing  the  definition  after,  and  na:tr  before,  the  parabola, 
was  by  design.    Generalizing  is  one  of  the  most  characteristic  and 
most  powerful  devices  of  the  mathematician.    It  can't  be  pointed 
out  too  often. 
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The  general  definition  is  used  to  derive  the  standard  forms 
for  the  equation  of  the  ellipse  and  the  hyperbola,  the  special 
case  of  the  parabola  having  been  discussed  In  the  preceding  sec- 
tion.   The  detailed  study  of  these  curves  Is  reserved  for  the  next 
several  sections. 

The  fact  that  the  general  equation  of  the  second  degree 

Ax^  +  Bxy  +  Cy^  +Dx+Ey+F  =  0 

always  has  .:or  Its  graph  either'  a  conic ^  or  a  so-called  degenerate 
form  of  one  of  these  ciirves.  Is  only  mentioned.    While  the  exer- 
cises Indicate  how  this  can  be  seen,  tiiB  full  story  can  only  be 
told  after  the  stxiaent  knows  enough  trigonometry  to  be  able  to  use. 
the  formulas  for  r^tstlng  the  coordlna^^  axes.    The  fact  Is  that 
by  rotating  the  axas  through  an  acute  angle  such  that 
A  G 

cot    2  0=  ^^-g — ,    "'^he    xy    term  can  always  be  eliminated.    Then -a 

translation  of  the  axes  which  moves  the  origin  to  the  vertex  of  a 
parabola  or  to  the  center  of  an  ellipse?  or  hyperbola,  will  put  the 
equation  In  one  of  the  standard  forms.  So,  while  we  have  not  been 
able  to  carry  out  the  program  of  showing  that  every  second  degree 
equation  has  for  Its  graph  a  conic,  the  main  Ideas  are  Indicated. 
(For  reference,  the  translation  formulas  for  moving  the  origin  to 
the  point  Pq^^O'^O^ 

X»=X-Xq  X=X«+Xq 

=  y  -  Yq  y  =  y'  +  yo 

The  formulas  for  rotating  the  axes  through  the  angle    6  are 

x'  =  X  cos  0  +  y  sin  6    qj,      x  =  x«  cos  6  -  y'  sin  0 
y'  =  -X  sin  0  +  y  cos  0  y  ==  x'  sin  0  +  y'  cos  0. 

The  problem  of  finding  the  equation  of  a  conic  with  the  focus 
and  directrix  In  general  positions  was  not  undertaken  either.  We 
began  by  taking  the  axes  of  the  conlcs  to  be  one  of  the  coordinate 
axes  and  the  directrix  perpendicular  to  one  of  the  coordinate  axes. 
We  moved  by  easy  stages  to  the  case  in  which  the  axes  were  parallel 
to  the  coordinate  axes,  but  the  directrix  still  perpendicular  to 
one  of  the  coordinate  axes.    For  the  case  in  which  the  directrix 


3  :^  6 
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i3  a  line  in  general  position,  we  would  have  needed  the  formula  for 
the  distance  from  a  point  to  a  line.    This  formula  really  follows 
from  the  normal  form  for  the  equation  of  a  straight  line — 
X  cos  6  +  y  sin  0  -  p  ==  0,    where    p    Is  the  distance  of  the  line 
from  the  origin  and    0    is  the  angle  the  perpendicular  from  the 
origin  to  the  line  makes  with  the  positive    x^-axis.    To  derive  this 
equation  we  need  trigonometry  again.    For  reference  the  formula  for 
the  distance  from    the  point    Pq^'^o^^o^  ^^^^  ^* 

Iaxq  +  ByQ  +  C  I 
Ax+By+C-O    is    d  =\  ^  

For  the  few  difficult  problems  in  the  text  where  the  directrix  is 
the  line    y  =  x,  we  simply  expect  the  student  to 'use  an  argument 
by  similar  triangles  to  determine  the  distance  from  the  point  to 
the  line. 

The  last  two  sections  develop  more  fully  the  specific  details 
about  the  equations  and  graphs  of  the  ellipse  and  the  hyperbola. 
The  standard  forms  are  extended  to  include  cases  in  which  the  cen- 
ter is  not  the  origin  in  the  problem  sets. 

The  idea  of  inverse  variation  is  introduced  in  connection  with 
the  hyperbola.    This  union  is  not  the  happiest  one.    The  tie  is 
simply  that  if  one  quantity  varies  inversely  af?  a  second,  the  graph 
of  this  relation  Is  an  equilateral  hyperbola.    What  needs  to  be 
done  with  inverse  variation  is  to  stress  the  definition  which 
allows  us  to  translate  the  words  into  mathematical  equations.  One 
quantity  may  vary  inversely  as  the  square  of  another,  the  product 
of  two  others,  etc.    In  all  of  these,  the  graph  is  really  irrele- 
vant and  certainly  is  not  a  hyperbola.    However,  this  seemed  as 
good  a  place  to  mention  inverse  variation  as  any  other. 

The  real  purpose  of  this  chapter,  then,  is  to  develop  the  de- 
tails of  the  relation  between  linear  and  quadratic  equations  in  two 
variables  and  their  graphs,  the  straight  line  and  the  conic  sec-r. 
tions.    These  results  are  not  ends  in  themselves,  but  a  thorough 
grounding  in  these  details  and  in  the  methods  used  to  derive  them, 
will  be  helpful  for  most  further  work  in  mathematics.    These  re- 
sults do  have  applications,  but  their  importance  derives  not  from 
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the  physical  applications,  iait  from  their  fiindamental  role  in 
analytic  geometry       one  of  the  most  useful  tools  in  all  mathe- 
matics. 

:  COMMENTS  ON  SECTIONS 
6-1.      The  Straight  Line 

The  proof  given  in  this  section  that  the  equation  of  the  line 
through    P^(x^,y^)    with  slope    m    is    y  -  y^  =  m(x  -  x^),  is 

deceptively  simple.    While  line  is  a  basic  undefined  term  of  geom- 
etry, we  assume  certain  properties  of  this  undefined  term  in  order 
to  derive  its  equation.    We  assume  in  this  proof  that  any  two  dis- • 
tinct  points  do  determine  a  line  and  further  that  the  slope  of  a 
line  is  constant.     (Another  property  of  a  line  which  we  do  not  use 
in  this  proof  is  the  property  that  for  three  distinct  points 
P^^Pg,     and    P^    on  a  line    dCP^^^Pg)  +  dCPg.P^)  =  d(P3L,P3).)  This 

assumption  about  the  slope  really  means  that  we  are  assasming  what 
we  pretend  to  prove  in  Chapter  2  —  namely,  that  the  slope  is  the 
same  regardless  of  the  pair  of  points  pli^Oced  to  determine  the  line. 
The  proof  we  gave  in  that  chapter  depends  on  the  geometric  pict\are 
that  the  line  is  really  "straight";  that  is..,  the  slope  ±s  constant. 
The  remainder  of  the  section    is  concerned  with  deveioping  various 
useful  forms  for  the  equations  of  non-vertical  lines.    These  forms 
should  be  looked  on  as  useful  devices  for  determining  the  equation 
of  straight  lines.    We  derive  more  than  one  so  that  we  can  easily 
write  down  the  equation  no  matter  what  Information  is  given  i;o  de- 
termine the  line.    For  instance,  we  could  always  find  the  equation 
of  a  non-vertical  line  from  the  slope-intercept  form    y  =  mx  4-  b. 
Whether  we  are  given  two  points  on  the  line,  a  point  and  the  slope, 
or  the  two  intercepts,  we  could  use  any  of  these  to  determine  m 
and    b    and  thus  determine  the  equation  of  the  line.    However,  in 
each  case  a  special  form  makes  it  easier  to  write  the  equation  , 
directly.     Probably  the  most  useful  form  is  the  slope-intercept 
form    y  =  mx  4-  b.     It  would  be  more  profitable  for  the  student  to 
be  able  when  asked,  to  derive  all  the  other  forms  rather  than  for 
him  simply  to  memorize  them. 

[page  ^3Q3] 
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Exercises    6-1  -  Answers. 


1. 


2. 


(a) 


(e) 


(a) 


m  = 

y  - 


1 


(b)  m 

y 
y 

(c)  m 

y 
y 

(d)  m 

y 


^-  -  2 

4  =  |(x  -  2), 

y  =  I  X  +  3 

-  1 

4  =  -  1  (x  -  2) 

-  X  +  6 


=  5 


0  =  5(x  -  0) 
5x 


y  = 


1 

5 

0  =  i  (X 

1  X 


0) 


m  =  -r- 


y 
y 


5  =  I  (x  +  8) 


fx. 


slope  formula. 

substituting  for  m,x^  and  in 

y  -      =  m(x  -  x^). 


Slope  is    2    and  the 
coordinates  of  the 
y-intercept  are  (0,l), 
Plot     (0,1),  then 
locate  a  second  point 
(1^3)    by  going  to  the 
right    1    and  up  2. 
Or,  plot    (0,1),  then 
plot  the  point  (-g-^O), 
which  is  the  x-intercept. 


[page  307] 
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(b)  Slope  is    4    and  the  coordinates  of  the    y-intercept  are 
(0,1). 

(c)  Slope  Is  ~3    and  the  same    y-lntercept  as  the  preceding 
graphs.    Plot    (0,l),    then  locate  a  second  point  (-Ij^) 
or    (1,-2)    by  going  to  the  left    1    then  up    5    or  by 
going  to  the  right    1    and  down  3. 

(d)  Slope  Is    -1    and  the  same  y-lntercept. 


Use  the  slope-Intercept  con- 
cept to  draw  these  graphs. 
However,  the    x    and    y  In- 
tercepts may  be  found  and 
plotted. 


(a) 


7^ 

/ 

3) 

i) 

X 

-t? 

(1) 

>) 

H 
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(b) 


Slope 

Equation 

(1) 

-2 

y 

-2x  +  6 

(2) 

-1 

y 

=  -X  +4 

(3) 

'0 

y 

=  2 

1 

y 

=  X 

(5) 

2 

y 

=  2X  -  2 

The  equation  of  this  vertical  line  Is    x  =  3, 

The  equation    y  =  mx  +  3    Is  satisfied  by  the  coordinates 
(-1,-2),  hence, 

-2  =  m(-l)  +  3 
m  =  5 

In    y  =  mx  +  b,  the  x-lntercept  Is,  Alternate  Solution 

0  =  mx  +  b  The  line  with  slope    -  ^  passes 

-  -  =  X,  hence,  through    (2,0),  Hence, 
m 

--b-  =  25     b  =  1  y  -  0  =  -  J(x  -  2) 

-  '5  y  =  -  ^  X  +  1 
The  equation  Is    y  =  -'|x  +  l     or    2y+x  =  2 

m  =  Substituting  In  Alternate  Solution 

y  -  y-  =  m(x  -  x, )    we  have,  y  =  mx  +  b 

0  =  m(0)  +  b 
y  -  3  =  -3(x  +  1)  0^1, 

y  =  -3^  y  =  mx 

5  =  m(-l) 
-5  =  m 
y  =  -5x 

m  =  — =■  ,    Substituting    for    m  In 

^1 

y  -  y^  =  m(x  -  x^)    we  have. 


y 


yi  ■=  &    -  ^i) 


^1 


y  =5^x 
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10.  y  -  0  =  in(x  -  0) 

y  =  mx 

Vfhen  written  In  the  above  form,  we  may  say  that    m    Is  the 
constant  of  proportionality. 

11.  (a)    P  =  ks,    k  =  3,  .".P^Js 

(b)  S  =  kt^ 

(c)  I  =  kE 

p 

12.  X  =  ky  X  =  -j^  '10  • 

l-l"'  x=^  ^ 

k  =  15  ^ 

13.  V  =  kT  2500  =  521 

1500  =  k.300  T  =  500°  (absolute) 

5  =  k 

14.  y  =  k(x  +  1),    Since  the  point  (-  ^,  -3)    Is  on  the  line, 

we  write       -3  =  k(-      +  1) 
k  =  -6 

15.  Slope  of  line    y  =  2x  +  2  Is  2.    Slope  of  a  line  parallel  to 
this  line  Is  2. 


4  =  2(x  -  3) 
y  =  2x  -  2 


the  equation  of  a  line  ||    y  =  2x  +  2 
and  passing  throxigh  point  (3*4) 

16.  Slope  of  line    y  =  -^x  +       Is    -J,    Slope  of  a  line  perpendi- 
cular to  this  line  is    -4,    since    m^m^  =  -1  — j-.. 

y  _  0  =  -4(x  -  0) 
y  =  -4x 

17.  Slope  of    5x  -  2y  =  2    is  slope  of  a  line  perpendicular 


to  this  one  is  - 
y  -  5  =  -  |(x  +  2) 

^         5      5  J 


the  required  equation 


342 
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20.  (a)    Since  the  line  parallel  to  the    y-axis  and  passing 

-    through  the  point    {-5,7]    is  a  vertical  line  which 
contains  points    (-5jy)>    its  equation  is    x  =  -  5. 
(b)    When  the  line  through  the  point    (-5,7)     is  parallel  to 
the    y-axis,    it  contains  points    (x,7)    and  has  slope  0. 
its  equation  is,    y  =  7.    This  may  be  derived  by  using 
the  point-slope,    y  ^  7  =  o(x  -f  5), 

21.  Slope  of  the  line  whose  equation  is    2y  +  x  =  5    is    -  i;  its 

point  of  intersection  with  the    y-axis  is    (0,  -  with  the 

X-axis  is    (5^0) >     the  slope  of  a  line  perpendicular  to  this 
line  is  2. 

343 
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(a)    y  - 

1  =  2(X  - 

0,^ 

equation  of 

line 

through  (0,- 

y  =  2x  + 

with  slope 

2. 

(b)    y  - 

0  =  2(x  - 

equation  of 

line 

through  (5*0) 

y  =  2x  - 

with  slope 

2. 

Equation 

of  line 

OP 

Is    y  =  jx 

Equation  of  tangent  to  OP  is 

y   -    4   =   -  |(X    -  3) 

Alternate  solution; 
^  ^  ^    What  geometry  theorem?' 
.  =  5| 

5  c 
c      2  ^ 


r 

V — 

[  B(0. 

■) 

S. 

3 

4) 

4 

5/ 

i4 

-> 

0 

3 

■d- 

— > 

X 

A{ 

>< 

\ 

^ — - 

Coordinates  of    A    are    (8  j,  0)j    of    B    are    (0,6  -J) j  slope 
Is  -  ^.    Use  the  point-slope  form  to  write  equation 
y  -  0  =  -  f(x  -  8  i) 

y  +  ^ 
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25.    5c  =  l6 

.     °  =  5  3 


d(A,B)  «5+55  =  Bi 
a  (0,A)  =  5 

(AB)^  =  (OA)^  +  (OB)^  Pythagorean  Theorem. 
=  52  +  (0B)2 


(0B)2  = 


400 


•d(0,B)  =f 


Use  slope-intercept,    B(0,-j-),  and  slope 
20 

-     —  =  -  -4    to  write  the  equation, 
5  5 

20 

The  line  intersects  the  x-axis  at 
the  point    A(-  1^,0)    and  the  y-axis 

at  the  point    B(0,  -  j) .    The  mid- 
point of    AB    is    M(-  ^,  -  "I). 


24, 


25 


Slope  of  line    OM    is  ^,  hence, 
the  equation  of  this  line  is, 

y  =  I  X. 

Intercepts  are:  A(-5>0),  B(0,10) 
m  =  2 

OP  1   ^  given 

Equation  of  line    OP  is. 


y.-f 


X. 
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1  i 

B 

i 
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! 

.i  . 

i 

J — 

i 

\ 

1  ■  ■ 

1 

0 

5 

+ 

'     ;  > 

y ' 

5-7 

1 

3(0 

.ic 

1) , 

-P(x 

— \> 

A  (-5 

1 

.0) 

0( 

o.c 
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^-2.    The  General  Linear  Equation    Ax     By  -f  C  =:  0 

The  main  Idea  In  6-2  Is  to  show  that  any  linear  equation  h^is 
for  its  graph  a  straight  line  and  conversely.    This  Is  slightly 
more  general  than  the  preceding  section,  since  vertical  lines  are 
Included  In  the  general  form  of  the  equation  of  the  line  as  well 
as  all  non-vertical  lines.    Given  the  general  equation,  the  student 
should  be  able  to  transform  the  equation  Into  slope-Intercept  form 
and  read  off  the  slope  and  the  y-lntercept.    Another  good  exercise 
In  algebraic  manipulation  Is  to  ask  that  the  student  put  the  equa- 
tion m  Intercept  form.    Many  stvxdents  find  this  difficult,  but. 
It  is  a  healthy  algebraic  exercise. 


Exercises    6-2.  -  Answers 

1.  Substitute  for    m    and    (x^,y^)  in, 

y  -  y^  -  m(x  -  x^) 
y  +  2  =  |(x  -f  1) 
5y  -f  10  ^  5x  -f  3 

3x  -f  (-5)y  -f  (-7)  -  0  which  Is  in  the  form 
Ax  -f  By  -f  C  =  0. 

2.  Substitute  for    a    and    b  in. 


346 
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Transform  each  equation  into  the  slope-intercept  form, 

y  =5  mx  +  b. 


slope 

y — inuei cep u 

(a) 

-5 

(b) 

1 
H 

1 

(c) 

1 

(d) 

-7 

(e) 

i^ 

-  I 

2 

(f) 

4 

-28 

(a) 

5x  +  2y  - 

6  =  0 

x.-intercept 

y-intercept 

5x  +  2y  = 

6 
1 

(a) 
(b) 

2 
5 

-U 

f  .  1  =  1 

(c) 

2 

5 

(d) 

5 

-20 

7" 

(c) 

(e) 

-10 

T 

2 

(d) 

T 

1 

(f) 

2 

f 

(e) 

-10    ^  2 

=  1 

347 
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5,      (a)    Since    ^  =     —     f^"     "2^  equations  represent  the 

same  line. 

P  P  T 

(b)    Since    j       *^  ^  i  ^  equations  do  not  represent  the 

same  line. 

Since  the  slopes  are  different    (m^  =  1    and         =  ^) , 
the  lines  are  not  parallel. 
.  (c)    Since    ^  ^  lines  are  not  the  same.  Since 

the  slopes  are  different    (m^  =  1    and         =  -l),  the 
lines  are  not  parallel. 

(d)  Since    \  ^  ^  ^  ^>  lines  are  not  the  same.  Since 
,    the  slopes  are  not  the  same,  they  are  not  parallel. 

(e)  Rewrite  the  equations  In  the  form    Ax  +  By  +  C  =  0. 
-x+6y+5=^0 

-  5  |x  +  21y  +  2  =  0 

Since  — ^  2^  lines  are  not  the  same. 

-5  2 

Since  the  slopes  are  the  same,  the  lines  are 

parallel. 

(f)  Rewrite  the  equations, 

5x  +  y  -  i  =  0 

6x  +  2y  -  2  =  0 

^1-11 
Since    ^  =  ^  =  2^  lines  are  the  same. 

(g)  Rewrite  the  equations, 

2x  -  y  +  1  =  0 
2x  -  y  -  5  =  0 

P       1  1 

Since    §  ^  ^  lines  are  not  the  same. 

Since  the  slopes  are  the  same,    2,    the  lines  are 
parallel. 
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6.      Slope  of  the  line  of    2x  -  y  -  5  =  0    is    2.    Slope  of  the 
line  parallel  to  this  line  is    2.    The  equation  of  the  line 
through  point     (0,0)     and    a    slope    2    is,    y  =  2x. 

y  =  |k  -  6 

Slope  of  a  line  perpendicular  to  this  line  is    -  ^.  Equation 
-rr'  the  line  through    (-2,  ^)    with  slope  -  I"  is, 
y     I  ^     |(x  +  2) 
I3x     6y  -f  7  =  0 


:6-5« ,  ^£  Parabola, 
Exercises 


No  comments. 


1. 


(a) 


6->3  -  Answers , 
Select  point    P(x,y)    any  point  which  is  equidistant 
from  the  line  (directrix)  whose  equation  is    x  =  -3 
and  the  point  (focus)  whose  coordinates  are    (3,0).  Let 
Q    be  the  point  of  intersection  of  the  perpendicular 
from    P    to  the  line    x  =  -3.    Then    P^  is  horizontal, 
Q    has  coordinates     (-3^7).    Since    P    is  eqiiidistant 
from    P(3,0)    and  the  line    x  =  -3, 
d(P,F)  =  d(P,Q) 


-f  (y-0)2  =y(x+3)2 


-  6x  +  9  +  y'' 


=  X 


+  (y-y)' 

+  6x  +  9 


y    =  12x 


y  j 

(-2 

A) 
~Q 

PI 

\-  - 

x.y) 

1 

F 

X 

ro 

—I  < 
11 

X 

K 

\ 

r 

- 
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(b)  P  =  (x,y)    directrix    x  =  4  P(-4,0) 

+        +  (y  -  0)^    =    -/(x  -  kf  +  (y  - 

+  8x  +  l6'+  y^       =       x^  -  8x  +  l6 
y2       =       -  l6x 


y  1 

i 

4,1 

r)- 

F( 

-4 

.0) 

X 

It 

X 

(c)  y(x  -  0)^  +  (y  +        =     y(x  -  x)2  +  (y 

x^  +  y^  +  lOy  +  25    =         y^  -  lOy  +  25 
^2    =         -  20y 


.J  1  1  1 

y| 

1  1 

0(x,5) 

y  =5 

1 

— 1— 

— t— 

— 4~ 

— 1 

P(x,y) 

X 

J  

j)- 

rr- 
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(d)  VU  -  of  +  (y  -  6)2    =  -  x)2  +  (y  +  6)2 

+  y2  _  i2y  +36      =      y2  ^  +  56 


24y 


V  j 

1^  i  1 

1 

^  F 

10, 

6) 

\ 

— . 

PI 

-> 

X 

y=-6 

— h- 
1 

Q  (x,-6) 

.  1. 

2.      (a)    Prom  the  Equation  6-3a, 
x2  =  4cy 

The  given  equation, 

x2  =  _  4y 

x2  =  4(-l)y 
.    .    c     =  -1 

P  =  (0,c)  (0,-1) 

directrix  the  line    y  =  -c  =  1 


y  * 

^  i  1 

i 

y=l 

I 

t 

-> 

X 

1  i\ 

1  ' 

 1  

1 

F              f               I      •  - 

!  : 

:  t 

1 

1   i    !  j 
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(b) 


c    =  1 

P    =  (0,1)     y  = 


(c)    Prom  the  Eqiiatlon  6-5b 

=  4cx  : 
-1  Por    y^  ~  6x,    c  =  -  ^ 

Hence,  the  focus  P(-|',0) 
and  the  directrix  x  =  5-. 


— < 

-> 

y-i 

X 

r  r" 

F 

(H 

> 

X 

-io|cvi^ 
II 

> 

c 

345 


Cross  section  of  an  automobile  headlight  reflector,  crc".s 
section  of  a  radar  antenna,  trajectories  of  missiles,  and 
cables  of  a  suspension  bridge  are  a  few  examples  which  may  be 
mentioned.    A  chain  or  rope  suspended  from  two  supports  appear 
to  be  parabolas;  however,  these  are  catenaries  whose  equation 
is 


y  = 


e      +  e 


axis 
X  =  0 


Equation  of 

directrix 


Coordinates  of 


X  = 

y  = 

y  = 

y  = 

X  = 


0 
0 

0 
0 
0 


y  = 

y  = 

X  = 

X  = 

X  = 


-  3 

k 

-  5 

1 
H 


1 


y  =  - 


1 


vertex 
(0,0) 
(0,0) 
(0,0) 

(0,0) 
(0,0) 
(0,0) 


focus 

(0,3) 

(0,-1^) 

(5,0) 

('  ^0) 

(-  ^,0) 
(0,^) 


(b) 


^  1  1 

X 

y  =-3 

y=4 

X 

[0 

-4 

3  54 
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After  completing  #1,   #2,  and  #4  in  this  set  of  exercises,  the 
student  should  be  expected  to  have  a  general  notion  of  how  the 
graph  will  appear  before  he  starts  to  sketch  it. 


355 
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P(x,y)    satisfies    y    =  8x 

adding    -  4x    to  each  member,    -4x  +  y    =  -  4x  +  8x 

2 


-4x  +  y' 


itx 


2  2 
adding    x^  +  4    to  each  member,    x    -4x+4+y  = 

+  4x  +  4 

which  can  be  vrrltten  as,  (x  -  2)    +  y    =  (x  +  2) 

or  as,        (x  -  2)2  +  (y  -  O)^  =  [x  +  2)^  +  (y  -  y)^ 


taking  the  square  root  y(x-2)2  +  (y-0)2       y(x4-2)2  4-  (y-y)^ 

Since  the  left  member  gives  the  distance  from  the  point  (2,0) 
and  the  right  member  gives  the  distance  from  the  point  (-2jy), 
the  proof  is  complete. 

(a) 

(b)  A  =  r^ 

(c)  r^ 


2      !•  . 
or    r    =  —  A 


C  r= 


Focus  at    (0,7rs;)  • 


Directrix: 

2 


1 


A 

I 

— 

— 

1 

r 

— 

1 — 

r 

(d)    h  ='rf 
A  = 


A  =  IT 


=  d' 


A  =  65 
252 


IT 


=  n'  d' 
=  -n-  d' 
d' 

d 


i  y252l?  = 
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Noi    Notice  that  evei^  solution  of    x  =  +  -/y*   Is  a  solution 

of         a  y.    Notice  also  that  the  solution  of    x  =  -  Is 

P  2 
a  solution  of    x    =  y.    Now,  every  solution  of    x    =  y    Is  a 

solution  of  either    x  =  -  -/J   SZl   ^  =  +  \/y>    but  not  of  both 

(except    (0,0)j   .    We  can  say  that  the  graph  of    x^  «  y    is  the 

union  of  the  graph  of    x  =  -  ^y"  and  the  graph  of    x  =  -  ./Y. 

In  other  words,  we  might  say  that  the  solution  set  of 

X  «  +  >/y"  Is  a  subset  of  the  solution  set  of    x    =  y.  A 

similar  discussion  can  be  given  for  the  other  parts  of  the 

problem. 
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8.       (a)  -  0)2  +  (y  -  2)2    =  -  xf  +  (y  -  0)2 

P       P  p 


-> 
X 

(b)             -  0)2  +  (y  +  2)2  =  ^7(7^  x)2  +  (y  -  o)2 

op  p 

x"^  +  y'=  +  4y  +  4  =  y'=^ 

x2  =  -4y  -  4 


y ' 

0 

-> 

K 

F( 

3  58 
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(c)  V(x  -  x)'^  +  (y  +4)2 
y2  +  8y  +  16 


=  -  0)2  +  (y  -  2)2 

x2  +  y2  _  4y  +  2^ 


12y  12 
.2 


12y  +  12 


k — 

(0, 

2) 

X 

y--4 

i 

(d)    -  0)2  +  (y  -  y)2  =  yu"r^)2T(7^ro)2 

x2  =       x2  -  ii-x  +  4  +  y2 


4x  -  4 
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(e)    -/(X  +  2)2   +  (y  -  0)2     =     -/(X  -  0)2  +  (y  .  y)2 

X    +  4x  -f  ^  +  y     =  X 


y1 

on 

X 

/ 

o 

11 
X 

(f)  +  2)2  +  (y  _  0)2    =  -  1)  +  (y  -  y)2 

x2  +  4x  ■  +      +  y2    =       x2  _  2x  +  1 
y2    =     -  6x  -  3 


M 

F 

1-2,0) 

X 

II 
x 



7 
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(g)  y(xTi)2  +  (y  ,  2)' 
-  2x  +  1  +  (y  -  2)' 
(y  '  2)  = 


or 


y^  -  4y 


+  2)2  +  (y  -  y)2 

+  4x  +  4  +  0 

6x  -  3 
6x  -  1 


CM 
I 

11 

(1, 

2) 

-  F 

\ — 

(h)  y(x  -  2)2  +  (y  +  1)2     =    y(x  -  4)2  +  (y  .  y)2 


:2  _  4x  +  4  +  (y  +  1)2  = 
(y  +  1)^  = 


8x  +  16 


-  4x  +  12 


y1 

11 

X 

3,6 1 
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(1)  +  1)2  +  (y  .  2)2 

(X  +  1)2  +  y2  _  4y  +  1| 
(x  +  1)2 


=    y(x  -  x)2  +  (y  +  3)2 

+  6y  +  9 
=       lOy  +  5 


y=-3 


(J)   y(x  -  1)2  +  (y  +  2)2     =    y(x  -  X)2  +  (y  -  2)2 
(x  -  1)2  +  y2  +  2fy  +  4     =        y2  _  4y  +  4 
(x  -  1)2    =        _  8y 


y1 

> 

X 

F(l.-2) 
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(k)  -/(x  -  af  +  (y  -  yf    =    ^(x  -  2a)2  +  (y  -  o)^ 


2  2 
X    -  2ax  +  a 


p  P  2 

x    -  4ax  +         +  y 


2ax  -  3a 


y  1 

FC 

)) 

O 
II 

s 

< 

(i)  y(x  -  af  +  (y  -  y)^    =       (x  -  2a)2  +  (y  -  a)' 


2  2 
X    -  2ax  +  a 


x^  -  4ax  +  4a^  +  (y  -  a)' 


(y  -  a)"^    =       2ax  -  3a' 


y1 

i 

2a 

i 

-> 

X 

O 
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9. 


(a)  =  4y  -  16 

(b)  (>,8)    and  (-i+,8) 

(c)  The  line  whose  equa- 
tion Is    y  -  3  =  0 
does  not  Intersect  the 
cvirve.    The  Intersec- 
tion may  be  described 
as  the  empty  set,  {p) . 


10.     (a)    y^  +  2y  -  5x  +  11  =  0 

y^  +  2y  +  1  =  5x  -  11  +  1 
(y  +  1)^  =  5x  -  10 

(y  +  1)^  =  5(x  -  2) 

axis    y  =  _  1 


V  =  (2,-1) 


vl 

y-8«o 

y-3» 

0 

y1 

/ 

X 

f 

y 

CVJ 

M 
> 

\ 

I — 

(b)    x'^  -  2x  -  y  +  8  =  0 
y  -  8  +  1 


2x  +  1 
2 


(x  -  1) 
V  =  (1,7) 


y  -  7 
axis    X  s  1 
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y  1 

X«  1  J 

— 

/ 

\ 

(1 

,7) 

-> 
X 
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(c)     2y^  +  28y  -  X  +  101  =  0 

2  1,^  1  101  ^  98 
y    +  l4y  +  49  =      X  g-  +  ^ 


(y  +7)2  =ix 


1 


(y  +  7)2  =  I  (x  -  5) 
V  =  (5,-7)         axis       y  =  -7 


y  j 

X 

( 

3-7) 

(d)     Jy'^  -  24y  -  X  +  47 

5  "     y  '  5 


=  0 


y2  .  8y  +  16  =  i  X  -       +  ^8 
(y  -  4)2  =  i  (x  +  1) 


V  =  (-1,4) 


5 

axis 


y  =  4 


(-1,4) 


y  =  4 


(e)     l40y    +  l40y  -  BOx  -  20  =  0 
y2+y+^  =  ix+i  +  ^ 

.(y  +  |)2=i|(x.g) 


V  =  (-  -g,  -  |)      axis     y  =  -  I 

(f)     4a2y2  +  8a\  -  x  +  4a^+a  =  0  a>0 

2  2       1  2  12 

y^  +  2ay  +  a^  =  -i-wx  -  a    -  irr  +  a 

4a 


y 

X 

> 

V  IC    O  / 

(y  +  a)2  =  ^(x  -  a) 
V  =  (a,  -  a) 


axis      y  =  -a  ' 
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0 

(-o,b) 

M 

p 

/- 

(a.b) 

R 

0 

F 

X 

(-a.O) 

(0,0) 

(0,0' 

\ 

(a,-b 

s  1 

11.  Latus  Rectum  is  PS 

Show  that    d(P,S)  2-d(P,R) 

Select  the  coordinate  axes 

such  that  the  x-axis  passes 

through  the  vertex  and  the 

focus;  the  y-axis  passes 

through  the  vertex.    Note  the 

coordinates  of  the  points 

P,P,S,  and  Q    on  the  drawing. 
d(0,P)  =  d(0,R)  =   |a|  by  Definition  6-5a 

d(P,R)  =  2  |al 
d(P,P)  =  d(P,Q)  by  Definition  6-5a. 
d(P,Q)  =  2  |a|    =  d(P,R) 
d(P,P)  =  d(P,R) 

But    d(P,S)  =  2*d(P,P)    by  symmetric  property  of  the  parabola. 
d(P,S)  =  2.d(p,R)  substitution. 

This  proof  appears  to  be  made  for  a  particular  parabola  with 
vertex  at  the  origin  and  axis  the  x-axis.     It  is  important  to 
emphasize  to  the  student  that  the  coordinate  axes  may  always 
be  conveniently  chosen.    Some  inquisitive  student  may  want  to 
tackle  the  problem  when  the  axes  are  not  so  conveniently 
chosen,  such  as  those  in  6-5c. 

(a) 


12. 


11  1 

c  =  ^      P  =  (-^,0)    directrix    x  =  -  ij- 


latus  rectum  2 


1 


=  1 


(b) 
(c) 


Note  that  the  absolute  value  is  used  here  since  distance 
is  always  positive 

1 . 

directrix     y  = 


1 

IT 


latus  rectum 
4 

12 


2(|) 


=  1 


(e) 
(f) 


6 
5 
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d(P,S)  -  h 

Since  d(P,S)  =  2.d(F,R) 

4  =  2-2  c 

1  =  c 

.-.     the  equation  is,  =  ilx,    c  >  0 

The  equation  is,  y  =  -  ^x,     c  <  0 


o 
1 

n 

A 

y 

R( 

—  X  • 

r 

Rtcp) 

Hcfi 

o 

11 

X 

■  \ 

K 

1  1 

1 

\ 

Refer  to  6-5c  in  the  text  and, 

F(h  +  c,  k)  =  F(2,  -5) 
V(h,k)  =  V(l,  -5) 

the  equation  is, 

(y  +  3)^  =  i^-lCx  -  1) 

(y  +  3)^  =  Mx  -  1) 
The  equation  may  be  found  by  using  the  Definition  6-5a. 

Since  the  vertex  of  the  parabola  is  at  (0,0)    and  it  is 
symmetric  with  respect  to  the  x-axis,  the.  equation  is, 
y^  =  ilex.    Since  the  pf.rabola  passes  through  the  point  whose 
coordinates  are    (-3,-2),     they  must  satisfy    y^  =  ilcx; 

hence,  (-2)^  =  ilc(-') 

1 

c  =  -  5 

The  focus    (-^,0)j     the  equation    y    =  -jX. 

Notice  that  this  problem  is  the  same  as  Problem  I5,  except 

that  the  axis  is  the  y-axis.    The  equation  is,  x  = 

2  9 
or    x^  =  ^y. 
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17. 


18. 


19. 


20. 


With  the  vertex  at  the  origin  and  the  endpoints  of  the  latus 
rectum  being  at    (4,8)  and    (4,-8),  we  know  that  the  parabola 
is  symmetric  with  respect  to  the  x-axis.    Hence,  the  problem 
is  essentially  the  same  as  Problem  I5.    The  equation  is, 
y^  =  l6x. 

d(P,P')  =  2.d(P,R)  =8  y 

d(P,R)    =  4 
Since    P(0,-2),  then  R(0,2) 
and  the  vertex  of  the  parabola 
is    V(0,0).     The  axis  is  the 
y-axis.    Hence,  the  equation 
x2  =  _  8y 

(a)    a  =  2 


R 

0 

'A 

2) 

F(0r2 ) 

IT  1 

I 

(b)    a  =  - 


Any  point     (xQ,y^),    x^  ;^  0. 

2 

y  =  X    +  X  +  5 
1\2 


y  -  ^    =  (X  +  |)' 
V(-|'  P(-|'5).    directrix    y  =  |[6-5c] 


(a)     Replacing    x    by    x  -  2, 
the  equation  becomes, 

y  =  (x-2)2  +  (x-2)  +  5 
y  -  ^  =  (X  -  \f 

V(|,-¥)'  1^(1'  5), 
directrix    y  = 


1 

h 

10 

in 

u 

T  _ 

li- 

\± 

\ 

t 

v(- 

1 

Iff 

5- 

2    4  ' 

L  w=  -B. 

z 



-^ 

'  1 



— ! 

— ; 

1 

 . 



f  ■  • 

r  1  , 

1  . 

1 

1  I 

-1 
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22. 


(c)    Replacing    x    by    x  +  2 
The  equation  is,  y 


in 


^  =  (X  .  %f 


y  =  X    +  X  +  5. 

_  2 
2'" 


F(-|'5),    directrix  y=| 

(d)    Replacing    x    by    x-2    moves  the  graph  of  the  parabola 
two  units  to  the  right  and  replacing    x    by    x  +  2 
moves  the  curve  two  units  to  the  left. 

21.     Choose  the  axes  as  shown. 

d(P,T)  =  |d(P,C)  by  property  Ql-C,y) 

of  right  triangle. 

.•.  d(F,T)  =  •|(4xlo'^)  =  2x10'''. 

d(C,P)  =  d(C,Q)  •  (.CP) 

4x10'''    =  I  -c  I  +  c  +  2x10''' 


4x10'''    =  2c*  +  2X10 


,7 


10 


7  - 


=  c 


d(P,P')  =  16,    d(0,T)  =  8 
d(P,T)    =8,  P(8,8) 
• ,  The  equation  of  this  para- 
bola  is    y    =  4cx.  Since 
the  parabola  passes 
through  (8,8), 
then    8^  =  4c(8) 
c    =  2 
. • .  d(0,F)  =  2 


P(8,8) 
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By  convenient  choice  of  the 
coordinate  axis,  the  equa- 
tion* of  the  parabola  is, 


X  4cy 

(2100)^  ^  4c(5^0) 

^    -  4(5^^0) 
•  •   ^  "    llo  y 

(equation  of  parabola) 
The  length  of  the  first 
support  Is  6' 
The  length  of  the  second 
support  is     (6  -f  y^)  , 


The  second  support  will  meet  the  parabola  at  (100,y^) 


.-.     (100)2  .  I210g)l        ,  y,. 


100' 


540 


_  540 
-  TO 


21^.1002 


So,  the  length  of  the  second  support  la. 

To  find  the  length  of  the  second  support,  proceed  in  a  similar 
manner,  but  using  the  coordinates  of  the  point  (200,72). 

Continue  In  this  manner  vintil  the  lengths  of    22    supports  are 
obtained.     (The  length  of  the  first  and  the  last  are  knovmj 
hence,  there  are  only    20    left  to  compute.). 
The  measures  are: 


(21)2 


yi 


Yo  =  2 


(21)^ 
2  540 


(21)^ 


+  6  =  6' 
+  6     =^  7.2' 
+  6  «  10.9' 


^5 


.  52.  ^  ^  6 
(21^ 
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+  6. 


+  6 


+  6 


By  leaving  in  the  above  form,  the  students  will  observe  the 
pattern.    Some  may  want  to  find  the  approximate  answers; 
however,  this  is  not  necessary  in  this  problem. 

6-4.    The  General  Definition  of  the  Conic 

The  emphasis  in  this  section  is  on  deriving  equations  of 
conies  from  the  definition.    Vie  would  like  for  the  student  to  be 
able  to  do  this  in  many  cases  for  himself.    The  importance  of  the 
value  of    £    in  determining  the  kind  of  conic  should  be  stressed. 
The  actual  graphing  of  the  resulting  equations,  and  finding  coord- 
inates of  the  vertex,  focus,  etc.    v/ill  be  covered  more  thoroughly 
in  the  next  tv/o  sections. 

Exercises    6--4  -  Ansv/ers 

1.      Since      e  <'l,     (e  =  i),    the  conic  is  an  ellipse. 


-  2)2  +  (y  -  0)2  =  1  y(x  -  xf  +  (y  - 
(x  -  2)2  +  y2  ^1      (y  .  5)2 


9x2  ^  ^         =  y2  ^  6y  ^  5 

9x2  ^         ^         +  6y  +  27  =^  0 
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(a)    Hyperbola,     since    e  =  |-     e  >  1 


(b)   y  (x  -  0)2  +  (y  .  0)2  =  I  ^(x  -  xf  -H  (y  +  2)^ 

=  1  (y^  +  4y  +  4) 


2  ,  2 
X    +  y 


=  9y    +  36y  +  36 


..  5y2  _  36y  -  56  =  0 
5.      (a)    Parabola,    since    e  =  1 


4. 


(b)     y(x  +  2)2  +  (y  .  3)2  =    ^(x  -  4)2  +  (y  -  y)' 
x2  +  4x  +  4  +  (y  -  3)^  =       x2  -  8x  +  I6 
(y  -  3)^  =       -  12x  +  12 
(a)    Hyperbola,    since    e  =  ./2,    e  >  1, 


(b) 


9x2  +  gy2  ^  ,^3^  ^        ^  Q 


5.      (a)    Hyperbola,     since    e  =  2  ■Z^',    e  >  1. 
(b)    -19x2  +  y2  +  22x  -  6y  +  5  =  0 


6.       (a)  V^^2)2  +  (y-3)2  =  2V(x-x)2  +  (y+2)2 
x2  +  4x  +  4  +  y2  -  6y  +  9  =  4(y2+4y+4) 


x2  -  3y2  +  4x  -  22y  -  3  =  0 


F(-2.5) 


P(x,y 


Q(x.-2) 
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(b)    ^/(x  -  -1)2  +  (y  _  1)2  ^  -  2)2  +  (y 

f(x  -  2)2 
l(x2  -  4x  +  4) 


-  y)' 


(x  -  1)2  +  (y  _  1)2 

2 

£:'X  +  1  +  y    -  2y  +  1  = 


4x2  -  8x  +  4  +  i^y2_  8y  +  4  =  x' 
3x2  ^  4y2  _        _  Qy  ^         ^  Q 


-  4x  +  4 


X=2 


(c)    y(x  -  1)2  +  (y  +  2)2  =  §y(x  -  x)2  +  (y 

l2 


(x  -  1)2  +  (y  +  2)2 
x2  -  2x  +  1  +  y2  +  4y  +  4 


4x2  _  8x  +  4  +  j^y2  ^  ^ 
4x2  _  2^y2  _  8x  +  36y  +  16 


^  (y  -  f) 

25y^  -  20y  +  4 
0 


2)2 


y= 

— 

F(l,-2) 

1 
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(d)  +  if  +  (y  +  3)^  =  -  of  +  (y  -  y)^ 

+  2x  +  1  +  (y  +  3)^  = 

(y  +  3)^  =     -2x  -  1 


y1 

> 

X 

(-1 

h 

(e)    5x^  +  9y^  -  5^x  +  90y  +  306  =  0 


— > 

c 

,- 

5)- 

(3,-5) 
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7.      (a)  ellipse 


(b)  hyperbola 


(c)  ellipse 


(d)  parabola 


(e)  circle 


(f)  parabola 


y  4 


■3 


y 

1 

-1  ^ 

1 

 ^ 

y  ^ 

— 5- 
X 
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8.       (i)     Ax^  +  Cy^  +  P  =  0 

2  ? 
Ax'^  +  Cy^  =  -  P 

(ii)     Ax    +  Cy    =         replacing^  -  F  by  M. 

(a)  When    A«C  >  0 

Case  1:  M  =  0  Now,  when  N  =  0  and  A  and  C  have 
the  same  signs,  the  graph  of  (ii)  consists  of 
a  single  point  (0,0). 

Case  2:     M      0  •     Hence,     (ii)     can  be  written  as, 
2  2 
X.      +  JL_  =  1 

J  ^ 

Now,  when    A    and  C    have  the  same  sign,  then  M  must 
have  the  same  sign  as    A    and    C;     (if    M    has  the 
opposite  sign,  there  will  be  no  real  pairs     (x,y)  which 
satisfy  the  equation  and  consequently  no  graph),  hence, 
M  M 

■J    and    -g-    will  have  the  same  sign,  and  the  graph  will 
be  an  ellipse, 

(b)  When    A-C  <  0 

Case  1:     M  =  0 

When    M  =  0    and    A  and    C    have  opposite  signs 

(ii)    is  factorable,  and  the  graph  consists  of 

two  straight  lines.  This  is  called  a  degene^-^ate 
conic. 

Case  2:     M  ;^  0      Hence,     (ii)  can  be  written  as, 

2  2 

M      ^    M    "  ^ 
A  C 

Now,  when    A    and    C    have  opposite  signs,  ^ 

M 

and         will  have  opposite  signs,  and  the  graph 
of  the  equation  is  a  hyperbola. 
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When    A'C  =  0 

Case  1:    M  =  0 

When  either    A  or    C    is    0,     the  graph  is 
either  the  x-axis  or  the  y-axis.    This  is  an- 
other instance  of  the  degenerate  conic. 

Case  2:     M  ^  0 

Suppose  we  choose    A  =  0,     then  (ii)  becomes, 
Cy^  =  M 
M 


y  =C 


.  M 

or    y  =  -  V  c 


Hence,  the  graph  of  the  equation  is  two  lines 
parallel  to  the  x-axis,     provided    ^  >  0.  If 


we  choose  C  =  0,  then  the  graph  is  two  lines 
parallel  to  the  y-axis,  provided    j  >  0.  This 

is  another  instance  of  the  degenerate  conic. 

Ax^....+ .Cy^  +Dx4-Ey4-F  =  0 

Completing  the  square  on    x    and  on  y, 

A(x  +  +  0(y  +  .  ft,^  - 

Let    „,d!c^e2a^^_    l^-i?.  l^=i§    [h,  k,  and 
M    real  niombersj,  then 

A(x  -  h)  +  C(y  -  k)  =  M,  where  h,  k,  and  M  are  real 
numbers  depending  on  the  coefficients  of  (i). 

When    A*C  >  0 

Case  1:     M  =  0 

With  M  =  0  and  A  and  C  with  the  same  sign, 
the  graph  of    (ii)    is  the  single  point    (h,  k). 
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Case  2:     lA  ^  0 

Then    (*ii)    can  be  vn?ltten, 

-       +  (y  -     =  1 

M  ^  M 

A  C 

When    A    and    C    have  the  same  sign,  then  M 
must  have  the  same  sign  as    A    and    Cj  hence, 

^    and    ^    will  have  the  same  sign,  and  the 
A  0 

graph  will  be  an  ellipse. 

(b)  Vfhen    A-C  <  0 

Case  1:     M  =  0 

With    A    and    C    having  opposite  signs  and 
"  M  =  0,     (ii)     is  factorable., 

[  a/a  (x  -  h)  i    >Ab  (y  -  k)]  «  0,    hence,  the 

graph  consists  of  two  straight  lines.    This  is 
called  a  degenerate  conic. 
Case  2:     n  ^  0 

Then    (il)     can  be  written  in  the  form, 

(^-      +  (y  -     ^  1 

M  ^  M 

A  ^ 

M 

When    A    and    C    have  opposite  signs,  then  j 
and    ^    have  opposite  signs,  and  the  graph  will 
be  a  hyperbola. 

(c)  When    A-C  =  0     [either    A    or    C    is  0] 

Case  1:     M  =  0  ^ 

V/hen    A    is    0,     then    (ii)     is,     c(y  -  k)    =  0 
y  =  k,    hence,  the  graph  is  a  line    k  units 
from  the  x-axis  and  parallel  to  it.     When  C 
is    0,     then  the  graph  is  a  line  .h  units  from 
the  y-axis  and  parallel  to  it. 
This  is  another  Instance  of  a  degenerate  conic. 
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Case  2:     M  0 

Suppose  we  choose    A  =:  0,  then  (i)  becomes 
2 

Cy    +Dx+Ey+P  =  0  completing  the  square  on  y 


2      E     .  D  P 


Let    k  =  - 


E \2   .   D„        -  4CP  +  E^ 


(y  +  +  = 


2C'' 


Hence,  the  equation,     (y  -  k)    +  px  =  m 
The  graph  of  this  equation  is  a  parabola. 
In  the  case  where    A  -  C  =  0,     (i)  becomes, 
Dx  +  Ey  +  P  =  0,    and  its  graph  is  a  straight 
line. 

Note  to  Teacher:     After  completing  these  two  exercises,  one 

might  wish  to  use  these  to  identify  the 
equations  given  in  Problem  7,     Others  may 
be  found  in  the  Supplementary  Set, 

*10,     Ellipse,     since    e  <  1,   (e  =  |). 

/2d      X  ^  y 

(X  .  2)2      (y  ^  1)2  .  I  (-^' 


+  4  +  y2  +  2y  +  1=  ^(^  ) 
-  4x  +  4  +  y2  +  2y  +  1  =  •|(x2_2xy+y2) 


9x  -  36x  +  36  +  9y2  +  i8y  +  9  =  2x2  -  4xy  +  2y' 
7x2  ^  ^i^^y  ^  ^y2  _  ^  j^gy  +  45  _  Q 
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6^.    The  circle  and  the  Ellipse. 

The  somewhat  backwards  Introduction  of  the  circle  before  the 
^i:i.itise  was  an  expedient  for  reviewing  the  results  about  the  circle 
^h;J'^h  we  derived  in  Chapter  2.    The  way  in  which  the  circle  is  a 
^.Ijlilting  form  of  an  ellipse  Is  difficult  to  explain  from  the  focus- 
c^l^rsctrix  definition  and  it  Is  only  after  we  have  the  property  that 
1:^^  ellipse  is  tne  set  of  points  the  sum  of  whose  distances  from 
"t^O  fixed  points  is  constant,  that  this  can  be  satisfactorily  ex- 
^il^l^ed.    The  fact  is  that  as  e    approaches  zero,  the  two  foci  con- 
VgJ^^e  to  the  center  and  the  directrices  recede  to  infinity.  The 
^e^aeral  definition    d(P,P)  =  e-d(P,Q)     then  degenerates  into  the 
^t^^ement    r  =  0  'co    .      This  statement  is  really  meaningful  and 
^^d  in  a  sense  true,  but  it  certainly  would  be  confusing  to  try  to 
^jcplain  to  a  high  school  student. 

To  aid  in  solving  the  problems  which  ask  for  the  coordinates 
the  vertex,  center,  focus,  equations  of  the  directrix  and  the 
^es,  it  may  be  helpful  to  stress  the  relations  between    a,  b,  c, 
e.    These  are  | — _  ^   |-  ■  ^  :  | 

and 


2  ^2  2 
a    =  b    +  c 


=  aV^l  -  e^ 


c  =  ae 


a  word  about  our  use  of    2a    for  the  major  axis  is  in  order, 
developed  the  equation  for  the  ellipse  with  the  focus  at  the 
i)C?int    P(ae,0)     and  the  directrix,  the  line    x  =  |.     The  motivation 
to^  using  the  letter    a  for  the  abscissa  of  the  vertex  was  that  we 
h^cl  ^sed  this  notation  for  the  x-intercept  for  the  straight  line 
^^d  ^e  might  as  well  call  the  x-intercept  of  the  ellipse  by  the 

letter.    However,  once  the  notation  is  set  that  the  major 
Q^X^  has  lenght    2a,     it  seemed  inadvisable  to  change  this  if  tnd 
f<?cus  was  on  the  y-axis  or  at  some  other  point  in  the  plane.  Con- 
sequently although  our  standard  form  may  be 


2       ,2  ^2  2 

^-■+il73-=lor-73-  +  ^=l, 

a^      b"^  a. 


appending  on  the  position  of  the  focus,     2a    is  always  the  length 
0^"  the  major  axis.    With  this  agreement    a    is  always  greater  than 
Q:J'ther    b  ■  or    c.    The  major  axis  with  length    2a    is  always  great- 
j.n  length  than  the  minor  axis  of  length    2b.    Hence,    if  w.3  see 
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the  equation  for  an  ellipse  In  standard  form  the  greater  of  the 

2 

numbers  under  the  squared  terms  Is    a  , 


Exercises  6-»5.  -  Answers 
1. 


(a) 

(x 

-  h)^  +  (y  -  k)^  = 

h  = 

=  0,  k  =  0,  r  =  5 

• 

•  1 

o 

.   (x  -  0)2  +  (y  -  0)2  = 

p 

+      =  9 

(b) 

(X 

-  0)2  +  (y  -  2)2  =  9 

2 

X 

+      -  %  -  5  =  0 

(o) 

(x 

-  2)2  +  y2  =  9 

x2 

+  y2  -  ll-x  -  5  =  0 

(d) 

(X 

-       +  (y  +  1)^  =  9 

x2 

-  6x  +  y2  +  2y  +  1  =  0 

'(e) 

(X 

+  1)2  +  (y  -  2)2  =  9 

x2 

+  2x-  •+  y2  _  4y  -  4  =  0 

by  replacing    h,  k  and  r. 


2.      Solutions  of  this  kind  of  problem  depend  solely  on  transform- 


Ing  the 

equation  of  the 

circle  to 

the  form 

(x  - 

h)2  +  (y  - 

k)2  = 

This  Is 

done  merely  by  completing  the  square 

Center 

Rad 

(a) 

(0,0) 

5 

(b) 

(2,-3) 

(c) 

(4^6) 

(d) 

(0,-5) 

or 

(e) 

(-4,0) 

2 

(f) 

(5,0) 

381 

(g) 

(5,4) 

4 

5 
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(h)  (1,-2) 

(1)  (2,-3)  • 

U)  (1,6)  5 

(k)  (|,-  |)  ^ 

(J^)  (-1^2)  3 

Sample  solutions  for, 
(d)  ^        +  5)^  =  7 

(X  +  0)2  +  (y  +  5)2  ^  I 

h=0       k=-5  r2=I 
Center    (h,k)  =  (0,-5)  radius 
(J)         +        -  6x  -  36y  +  36  =  6 


■/il 


x2.  +  y2  -  2x  -  12y  +  12  =  0 

(x2  _  2x        )  +  (y^  -  12y         )  =  -  12 

(x2  -  2x  +  1)  +  (y^  -  12y  +  36)  =  -  12  +  1  +  36 

(x  -  if  +  (y  -  6f  =  25 

h  =  1,    k  =  6,    r2  =  25 

Center  (1,6)      Radius  5. 


332 
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5. 


Coordinates  of  Length  of     Equation  of 


a 

b 

C 

Vertices 

Foci 

e 

Major 

UaIo 

Minor 

OXIS 

Directrix 

a 

4 

3 

(±4,  0) 

(±77,0) 

8 

6 

f 

b 

4 

2 

2y3 

(0 ,  ±4) 

(0,  ±273) 

71 

2 

8 

4 

873 
'  3 

c 

5 

3 

(±5,0) 

(±4,0) 

4 

1  0 

6 

-  ^ 

d 

5 

2 

(0,±  5) 

(0,±v^) 

-m 

c 
O 

1  0 

4 

v..25^^ 

e 

3 

2 

75 

(±3,0) 

(±75,0) 

75- 
3 

6 

4 

5 

f 

5  72 

5 

5 

(0,±572) 

(0,±  5) 

10 -/F 

10 

y=  10 

6 

1 

(0,±  6) 

6 

12 

2 

>  35 

h 

2^2" 

72 

(±272,0) 

(±72,0) 

1 

2 

4  y2 

2y6 

x=  47^ 

i 

2^3" 

7io 

(±273,0) 

(±7io,o) 

6 

4>/3" 

2yT 

_6>/l0 
5 

j 

7io 

(0,±275) 

(o,±7ro) 

6 

4^3 

6 

y  5 

k 

2 

3 

711 

6 

(±-Z|.,o) 

(^^.0) 

1 

3 

4^3 
3 

2 

In  order  to  solve  the  ellipse  completely,  first  transform  to 
the  form  ^2  2 

a  D 

The  larger  denominator  v/ill  always  be  a^  and  its  niomerator  vdLll 
indicate  which  axis  is  parallel  to  the  major  axis  of  the  ellipse. 

pop  r\ 

Since    a    =  b"^  -f  c  ,    c  is  readily  found,    e  =  —    to  give    e,  and 

a 

length  of  the  major  axis  Is    2a    and  length  of  the  minor  axis  Is 
2b. 

383 
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Example  solution  for, 

(g)  =  36(1  -  X 

36x^  +      =  36 

2  2 

a  =  -  ^  6 

b  =  -/T  =  1 
Major  axis  1 1  y-axls 
Center  at  (0,0) 

Vertices     (0,+5)    and  (+1,0) 
c2  =       -  b2  =  36  -  1 
c  =  735 
Pool    (0,+  v/35) 

e  =  5. 
a 


c 

Directrix  y  =  -5' 


y  = 


y  = 


e 


5e 


g6  vlF 
35 
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(c)    a  =  5    e  =  .6 
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(d)    a  =  5    e  =  .8 

c  =  ae  =  5X.8  =  4 

-c^  =  25  -  16  =  9 
2  2 

F{h,0);  ,F'(-i^,0)  ■ 
c  4 


Directrix    x  = 


5. 


(a) 


400 


2, 


c  =  ae    or    e  = 


(-5,0) 


(0,3) 

F( 

4, 

0)- 

>  )- 

*  * 

i  t — ( 

(5,0) 

lTo-3) 

-        =  25  -  4  =  21 


(b)    b  =  2,     a  =  4 
.2 


x2 
T5 


(c)    a  =  7    e  =  I 

„    2  14 
c  =ae  =  7*  j^'j" 


v,2  ,2 
b    =  a 

b^  =  49  - 
2  2 

9 


c 

196 
9 

=  1 


441  -  196 
9 


245 
9 
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(e) 


b  = 

V  ^ 

c  = 

:  ae  =  • 

~  « 

u 

—  d 

'¥ 

-V 

a" 

=  4 

a 

=  2 

2 

X 

2 

— - 

4 

4-  iL-  = 

c  = 

:  6  e 

c  = 

:  ae 

6  = 

■  a.| 

a  = 

:  8 

b^ 

b2 

=  64  - 

x2 

+  ?5  = 

c  = 

ae  =  1 

8 

a  = 

e  ^  ' 

-I 

c2  =  a2  . 


X  =  -  =  10 
e 


a  =  lOe 

e  =  g  ^ 

5 

a  =  10.  4^  . 

b  =  a  Vl  -         =  4 

2  2 
to  +  fe  =  ^ 

387 
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(g)     a  =  5j    X  =  I  =  6;     e  =  i 


9"  +  ^  -  1 

6.      (a)     As    d(F,F')    approaches    0,    ae    approaches    0.  Since 

the  sum  of  the  distances  from    F(ae,0)  and  F' (ae,0)  to 

any  point  on  the  ellipse  is  constant  and  equal  to  2a, 

then    a    is  constant.    So,  as    ae    approaches    0  and 

with    a    a  constant,  then    e    must  approach    0.  Now, 

when    e    is  very  close  to    0,  then 

  2  2 

t  _  a  's/l-  e^    is  very  close  to    a.    So,    ^  +       =  1 
becomes         +       =  a^,    a  circle  with  center, 
C(0,0)    and  radius  a. 

(b)     As    d(F,F«)    approaches    2a,    ae    approaches    a.  Hence, 

e    approaches  1.  Consequently,    b  =  a  -v/ 1  -  e^  approach- 

2 

es    0.    Since,    ^    has  no  meaning  when    b  =  0,    we  look 


at 


b 

+  jJ^t  =  1  in  this  form, 
a-  b'^ 


X 


bV  +  a2y2  =  a2b2 

?  2  2  2 

Ox      +  ay    =  a'^'-O 

y2=0 

y    =  0 

Hence,  the  ellipse  approaches  a  line  segment  of  length 
2a,     its  major  axis, 

338 
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7*  Given, 


Ellipse,  center:  (0,0) 
Length  of  ^  minor  axis  is  b 

Length  of  ^  major  axis  is  a 

To  Prove:      d(P,P)  =  a 
Proof: 

d(P,P)  =  -  of  +  (0  -  of 

/  ,  2  ^  2 


For  the  ellipse 
b 


=  aV^l  - 


2  2  2  2 
b^  =  a    -  a  e^ 


since 


c  =  ae 


^2  2"-^-^^ 
b    =  a    -  c 

or    a^  =  b^  -f 


or  a 


Therefore    d(P,P)  =  a 


12x' 


2  2 
8.      Given         +  ^5  =  1 

Then,  y2  =  12(1  -  f^)  =  ^^^-yg  

By  the  distance  formula, 

(I)  d(P,P)  =  y  (x-2)2  +  y2 

(II)  d(p,p')  =  ^(x  +  2)^  t 

Since    P(x,y)    must  be  on  the 

ellipse  whose  equation  Is 
2        2  o 
^  +  ^  =  1,    replace    y      In  (l) 

and    (11)    with    192  -  , 


y  1 

(o,bl 

\ 

\ 

 k 

d 

X 

-> 

F(c,o)  ; 

V( 

') 

389 
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d(P,P)  =y (X  -  2)^  +  -  |)g  .  ^Ji,  Since 


|xl     <  (4  -         =  4  -  I    and  not    |    -  4. 

d(P,p.)  .^/(x  +  2)^  +        -^^^^  =7(1  +  4)^  ^  I  +  4 

d(P,P)  +  d(P,P')  =  +^^^  =  ^  =  8  Q.E.D. 

2  2 

*9.      Given    2^+2^=1    P(o,o);  P'(-c,0) 

&  \r 

Show  that    d(P,P)  +  d(P,P')  =  2a 
(1)    d(P,P)  =y  (x  -  c)2  +  y2 


(11)  d(P,P')  =V(x  +  c)^  + 

P  P  v*^  Vi^      P  P 

Prom  the  equation  of  the  ellipse,    y    =  b'=^(l  -         =  -^(a    -  x  ) 
2 

Replacing     \(a^  -  x^)    for  In  (l)    and  (ll) 


d(P,P)  =y(x  -  c)2  +^(a2  -  x2) 


d(P,P')  =    /(x  +  c)2  +  - 


but  b  =  a  VI  -  e 
Hence ^ 


d(P,P)  =  J^.  e)^+^-  ^'|(^'  -^') 

a 

d(p,PT)  =  L  +  c)^  +     -       -  . 

^  a 
d(P,P)  =    v^x^  -  2cx  +  c^  +  a^  -  x^  -  a^e^  +  e'^^x^ 
d(P,P')  =  +  2cx  +  c^  +  a^  -        -  a^e^  +  e  ^x^ 

390 
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But    c  =  ae 


d(P 
d(P 


,F)  ^^y?-  2aex  +  a^e^  +  - 


2  2  2  2 
a  e    +  ex 


/  o  P  2        2  2 

,P*)  =  v  X  *  +  2aex  +  a  e    +  a    -  x 


2  2  2  2 
a  e    +  e  X 


d(P,F)  =va^  -  2aex  +  e^x^  • 
d(P, 


>,F»)  =V^  a^  +  2aex  +  e^x^ 


Then 


d(P,F)  -  (a  -  ex) 
d(P,F')  =     a  +  ex 


d(P,F)  +  d(P,F»)  =      a  -  ex  +  a  +  ex  =:  2a.  Q.E.D. 
10.    ae  =  1    and    f  =^  ^ 


•      e  =  i 
•  •     ^  —  2 

-Use  6-4 
d(P,F)=  e'd(P,Q) 

y(x  -    +  (y  - = 

+  y2  -  2y  +  1  =  ^  (y2  -  8y  +  l6) 
^  _  Qy  ^  1^  ^  y2  _  Qy  ^  3L6 

4x2  ^  ^y2  ^ 


X  -  x)2  +  (y  -  4)' 


1 

|y1 

Mill 

y=  4 

Q(X,4) 

1 

1 

) 

\  

,P( 

X, 

y) 

\ 

F(0,t)l 

-> 

X 

r 

V 

s 

11.    Use  a  similar  procedLire  to  that  used  in  Problem  9.    The  equa- 

2  2 

tion  for  these  conditions  is    ^  +  ^  =  !•    This  equation  may 

obtained  from  that  in  Problem  9       merely  interchanging  the 
coordinate  axes. 
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12.    Use  6-4.    Let    a^(l  -  e^)  = 
d(P,P)  =  e.d(P,Q) 

-  0)2  +  (y  _  ae)2  =  e  -  x)2  +  (y  .  |)2 

+  y2  _  2aey  +  a^e^  =  e^  (y2_2|y4^) 

P         2  ?  2         ?  2  2 

+  y    -  2aey  +  a  e    =  e^y    -  2aey  +  a 


x''  +  (1  -  e2)y2  ^  (1  .  3-=^) 


-2\_2 


(1  -  e2)a2      (1  _  e^)a.^ 


since  1 
2 


.2  b2 


X 

H^-a 

a 


2  a 


2  2 

b'^  a^ 

2a  is  still  the  major  axis     (the  axis  containing  the  focus)  ajid 

2b  is  called  the  minor  axis. 


392 
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^13. 


d(P,P)  =  e.d(P,Q) 


-  ihHi)f  +  (y-k)2  =  e-V  [x  -  (h-fi^)]^  +  (y-y)^ 
[X  -  (h-K5)]2+  (y-k)2  =  e2[x-(h-t%)]2 

(x-h)2(l.e2)  +  (y-k)2  = 

e 

-2      _2/,  _2> 


Let  ^    =  a'=^    and    b"^  =  a'^(l-e'=^) 


P(x.y) 


•  •     2^  r2 

a  D 
« 

A  follow-up  of  this  problem  for 
the  better  student  would  be  to 
suggest  finding  the  equation  of 
the  ellipse  if  the  coordinates  of 
the  focus  are    (h,k+c)  and  the 
equation  of  the  directrix  is 

y  =  k  + 

e 

14.     (a)    Find  the  coordinates  of 
the  midpoint  of  segment 
M(wO  ==  (1^2),    the  center  of  the  ellipse, 

^  major  axis  =  a  =  5-1  =  ^ 

Length  of  segment  from  center  to  focus 

=,c=4-l=3 

2  2  2 
b^  =  a"^  -  c"" 

.  • .  b^  =  4^  -  3^  -  7 

Hence,  the  equation. 


(h,k)  F(h+ck) 


Q(h+^iy) 

6 


e 


2  \  2 

(■^rj-)    +  ^y;^)      =  1      Problem  12. 
lb  7 


y  j 

3,2 

,2: 

i.2 

I 

(1 

V(£ 

F(4 

,2) 

> 

X 

393 
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(b)  Coordinates  of  center  (4,1) 
c  =  3  -  1  =  2 

c  =  ae 

2  =  a-y  a  =  6 
=  32 

(X  -  4)^  ,  (y  ■■  1)^   .  ^ 
32       ^     3b        -  ^ 

(c)  Coordinates  of  center  (-5*2) 
a  =  3  -  2  =  1 

c  =  ae  =  1'^  =  J 

(y  -  g)^  .  1  or  ali+il!  =  1 

51  51 

(d)  Coordinates  of  center  (-2,-1) 
a  =  5    and  b  =  3 

(e)  Coordinates  of  center  (-3>-^) 

^    ,       11.  o2  265 
c  =  5;  b  =  -^J  a  = 

(JL+JJ»!  ^  iLlll     1    or    Mx-H3)^  ,  ^'^y/i^  -1 

265  — m —  =  1  °^      265  121  ^ 

-if-  -TP 

(f)  Coordinates  of  center  (-5>-3) 
a  =  7j  c  =  5j  b^  =  24 

(X  +  5)^  I  (y  +3)^  -  1 
49  24 


3  94 
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e 

X  =  h  +  — 2 
e 

2|  =  7 
e 

9 

c  =  5e  =  ^ 

b2  =  a2  -  c2  =  9  -  § 
b 

(y  -  2)2 
Equation    =  -g-  +  ^'^^^p  ^ 

Given  h  =  5  assvme  k  =  0  [k  can  be  any  real  number 
<  4]. 

Then    c  =  4  — g  =  5 
e 

e 

e2  =i 
5 

e  -  2  ^ 

c  =  ae 

V=a.i^ 

a  2/5" 
2  ^ 

^2        2  2 
b    =  a    -  c 

b^  =  20  -  16  =  i|- 
b  "**  2 

~       2         2  This  gives  a  family  of  ellipses 

^^^Q  ^'    +    V~  "  with  every  asslgri:.^ent  of  k. 

[page  340] 
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*(l)    I.      Assume  axis  |1  the  x-axls  and    h  =  0,    k  =  2  then 
c  =  5    e  =  i 

c  =  ae 

a  =  25 

=  a^  -        =  625  -  25 

=  600 
x2        (y  -  2)^  _  , 

This  gives  a  family  of  ellipses  according  to  the 
value  of  h. 

II.      Assume  axis  ||  the  y-axls  and  k  =  0,h  =  -5 
c  =  2    e  =  i 
c  =  ae 

1 

2  =  a'-r 

a  =  10 

b^  =  a^  -  c^  =  100  -  4  =  96 

^-^^ 

This  gives  a  family  of  ellipses  according  to  the 
value  of  k. 

15,     (a)    Coordinates  of  the  center    (h,k)    are     (3,5);     a  =  5; 

b  =:  3j 

c^  =  a^  -       =  25  -  9  =  16 
c  =  4 

c  =  ae;  4  =  5e;  e  =  ^,  eccentricity 

x^h^-o^^^-^         =  directrix 
e  (5) 

p(h  +  c,k)  =  (3  +  4,5)  =  (7,5),  coordinates  of  the  focus 
V^(h  +  a,k)  and  (h  -  a^k) =  (8,5)  and  (-2,5)  coordinates 
o."  vertices. 
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For  problems  beginning  with    (c),    change  each  to  the  form, 

g  ^)      +  (y  g  ^)    =1.    The  results  are  In  the  table, 
a  b 


Coordinates  of 

Equation  of  i 

Vertices 

Focus 

Directrix 

(a)  (8,5)(-2,5) 

(•7,5) 

5 

(b)  (-2,5)(-2,-3) 

(-2,i+y7) 

(c)  (l,0)(-7,0) 

(-3+2  ^3,0) 

2 

(d)  (3,0)(5,-8) 

(3,-4+  ^) 

(e)  (2,2)(-4,2) 

(-1  +  -/S^a) 

3 

(a) 


y 

1 
1 

-A 

1  (3J 

i 

r 

r 

— 1 — 

-4— 

\ 

-2, 

(-1  .5.) 

1 

F(7,5)  1 

t- 
\ 

5)' 

(3^5) 

(8, 

5) 

— 1— 

I 

V 

i-t— 

) 

r 

r 
H- 

y 

 / 

5) 

< 

\ 

1 +"-/?■ 

f 

(-5. 

) 

—  1 

J). 

-  < 

— 1 — 

■ 

(-2.-3) 

397 
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(c) 


(-7,0) 


i— 

(-3,2) 


3-2.v^0)|  (-3P) 


X»5+ 

T 


(1,0) 


(3+2vf3.9) 


(e) 


(-4^) 


(-1.4) 


Mv^,2r^ 


(-1^2) 


■1.0). 


^5.2) 


(2.2) 

t- 


16.     Foci:     (0,U000),  (0,-U000) 
Center:  (0,0) 
c  =  4000,    b  =  4200. 


(d) 


2  2 

»  (4200)^  +  (4000)^  =  3364  .  100' 

When    X  =  0,    y  =  100  ^5564  «  5800 

.,*.  satellite  will  be  18OO  miles  above    North  Pole. 
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(2 

•.0 

K 
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F 

X 
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II 

X 
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17. 


Equation  of  the  curve  Is 


2  2 

at  X  =  8,       =  1  -  fij:^;  y 

2  1,2 
at    X  =  4,  gjj.  =  1  -  -pj-i^;  y  . 


16 

5 


at  X  =  0,    y  =  8 


(0,8) 


z 


—4  1  

(4,0)  (8,0) 


(12,0) 


*^l8.    Let    (x,  y)  be  coordinates  of  one  of  the  vertices  of  the 

square.    Since  ellipse  is  symmetric  with  respect  to  both 

axes  and  the  origin,  then    2x  =  2y  =  length  of  side  of  the 

—2  —2 

square.  Hence,  x  =  y  and  from  the  equation  of  the  ellipse 
5x    =  80    or    X    =  i  ^  =  y.    Required  coordinates  are 


6-6.    The  Hyperbola. 

In  this  section  we  develop  the  details  of  the  graph  of  the 
hyperbola  in  much  the  same  way  that  we  did  in  the  previous  section 
for  the  ellipse.    The  new  complication  here  is  asymptotes.  Students 
should  be  encotiraged  to  use  the  asymptotes  to  get  a  quick  accurate 
sketch  of  the  curve.    The  proof  that  the  diagonals  of  the  rectangle 
mentioned  in  this  section  are  actually  asymptotes  is  hinted  at  but 
not  carried  out  in  detail.    The  proof  involves  limits  and  is  best 
discussed  informally  at  this  point.    The  relation  between  the  con- 
stants in  this  case  are 


a2  4.  b2  . 


c  =  ae 


and 


[page  342] 
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Again  the  same  sort  of  discussion  about  the  notation  for  the 

constants    a    and    b    Is  relevant.    The  notation  was  devised  In 

the  beginning  so  that    a    Is  the  x-lntercept •    However,    If  we 

allow  the  focus  to  be  on  the  y-axls,  we  still  let    2a    be  the 

length  of  the  transverse  axis  (the  segment  Joining  the  vertices) 

in  spite  of  the  fact  that  this  forces  us  to  write  the  equation 
2  2 

S!^.  -       =  1    and    a    Is  no  longer  the  x-lntercept    (in  fact  the 
a  b 

curve  doesn't  have  one).  The  equation  for  the  more  general  posi- 
tion for  the  hyperbola  1        to  the  exercises. 

\!hen  the  chapter  lb         leteu.  It  Is  to  be  hoped  that  the 
student  can  quickly  Identify  a  conic  by  looking  at  Its  equation 
(provided  the    xy    term  Is  missing)    and  that  he  can  also  draw  a 
good  sketch  of  any  of  these  curves  quickly. 


Exercises  6-6.  Answers 

P  2 
!•       (a)    y  =         and  y  =  -  jx 

(b)     (3,0)  (-3,0) 


(c) 


2.      3xy  =  36 

(a)  X  =  0      y  =  0  (c) 

(b)  (2  y5,  2  y3)(-2  >/T,-2  >A3) 
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5. 

Coordinates  Of 

Equation 

Of 

Eccen- 

Vertices 

Focus 

Directrix 

Asymptotes 

tricity 

(a) 

(^.0);(-4,0) 

(  v^l,0) 

X 

16  741 
-  41 

y  = 

5x,y=-|x 

741 
■■4'  ■  ■ 

(b) 

f  •/¥i.o) 

X 

25^/41 
-  41 

y  = 

|-x,y=-|-x 

741 

5 

(c) 

(6,0)j(-6,0) 

(6  72,0) 

X 

=  572 

y  = 

x,y=-x 

72 

(d) 

(0,6)j(0,-6) 

(0,672) 

y 

=  5  72" 

X  = 

y*x  =  -y 

71- 

(e) 

(0,5); (0,-5) 

(0,721) 

y 

3721 
~  7 

z  = 

vZ  = 

■3. 

2  ^ 

-  #y 

72l 

5 

(f) 

(2^5,0); 
(-2^/J,0) 

(721,0) 

X 

4721 

y  = 
y  = 

o  ^ 

-  73x 
2 
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2  2 

4.      Given  the  hyperbola      —  ^  =  1 

vniere    a  =  1,    b  =  2;    b^  =  a^(e^  -  1) 

4  =  1  (e^  -  1) 

5=e2 

P(y5,0)    and    P'(-y5,0)    e  =  ^5   

|d(P«,P)  -  d(P,P)  I  =|y  (x  +73)2  +  y2  -  -y-5)2  +  y2 

(since    y^  =  ^(x^  -  i)) 

=  1  -v/x^  +  2  ^/5x  +5+4x^-4  -  Vx^  -  2  v^x  +  5  +  4x2  -  4 1 
=  I  -v/sx^  +  2v^x  +  1  -        V^x^  -  2v^x  +  l| 

Note: 

Since    X    In  Quadrant  I  Is  greater  than  l" 


VV^ _  2         +  1  =1  v^x  -  1  I    =  -/Sx  -  1 

=  1    (y-5x  +  1)  -  (TBx  -  1)| 


403 
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5.      |d(F«,P)  -  d(F,P)  I  =1  V(x  +  ae)^  +       -  V(x  -  ae)^  +  I 


2 

Since    y^  =  -  l) 

a 


U  +  ae)2  +  -  b^  -  /(x  -  ae)^  +  V  " 


I               ^2    2                    2  2      ,,2      /a^+b'^  ^2      p„    ..   .  . 
=  1       — +_D_       _^  2aex  +  a'^e"'  -  b    -/ — x    -  2cx.      -i  u 

=  1  +  2aex  +  a2  _    ^ b^:^^  -  2aex  +  a^  | 

=  1  y(ex  +  a)2         -    yCex  -  a)^  | 
(y^ex  +  a)2    =    ex  -  a      Since    ]  xj  >  a    and    e  >  l) 
=  I  (ex  +  a)    -    (ex  -  a)] 


2a 
2a 

6.       (a)        |d(P,F)  -  d(P,F')|  =  2a 

2a  =  6 

a  =  3 

a^  =9 


c 


=  4 


b2  =  a2(e2  -  l) 


c  =  ae  b2  =  9(^  -  1) 

4  =  3e  =9  (S) 

4  2 

J  =  e  b^  =  7 


2  2 
.      XI.  -        =  1 

"22 

(:b)    ^  -  T  =  ^ 


404 
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7.      d(P,P)  =  2cl(P,Q) 

y(x)2  +  (y  .  2)2     =  2  -  X)2  +  (y  - 


397 


+  y^  -  Uy  +  4 


2  2 
2  2 


8.      d(:EIP)    =  ed(P,Q) 


=  My^  -  y  +  ^) 

=  4y2  -  4y  +  1 


y(x  -  0)2  +  (y  -  aef      =    e  ^/(x  -  x)^  +  (y  -  f)' 


2        2                     2  2 
X    -  y    -  2aey  +  a  e  = 

e2(y2  -  2  |y  +  ^) 

2        2                    2  2 
X    -r  y    -  2aey  +  a  e  = 

2  2  2 
e  y    -  2aey  +  a 

2        2  2  2 

2  2  2 
a  e    -  a  = 

y2(e2  .  1)  .  x2 

a2(e2  -  1) 

y2(e2  -  l)  -  x^ 

1  = 

2  2 

^  '    2,  2  Vv 
a       a  (e    -  1) 

let         =  a2(e2  -  l) 

1 


2  2 


405 
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9.      (a)    P(+8,0);  c  =  8;    vertd -        ^'5,0);  a  =  5 
c  =  ae  b'  e    -  l) 

8  =  5e  =  25(§i  -  i) 


=  85(|) 

=  39 


2  2 

(b)    vertices    (£5,0)    a  =  3; 

distance  between  foci  equal  to  8 
c  =  ae  b^  =  a^(e^  -  l) 

4  =  5e  b2  =  9         -  1) 

^  =  ^  b2  =  9(^) 


b2  =  7 


2  2 


=  1 


(c)    vertices    (£5,0)      e  =  2 


a  -  5 

b2  =  a2(e2  .  l) 
b^  =  9(4  -  1) 

b^  =  27 


2  2 

9  27 


(d)    directrix    x  =  2    vertex  (4,0) 

a  =  4 


7-^ 


3.6 

^  =  2  c  =  4e  ^ 

c  =  4.2  =  16(4  -  1) 

c  =  8  b2  =  48 

2  2 
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e 

2  =  e 
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P(7,0)      e  =  i 
c  =  7 
c  =  ae 


21 

a  =  -jp 

v,2  ^2/2 
b    =  a. 

1) 

,2  441/16 

^  =i5-(t 

o        )i  h  1 

"IE  " 

1 

y  =  i5x 

vertex  (2,0) 

y  =  4|x 

a  =  2 

^  =  5 

a 

b  =  6 

2  2 

3x  +  2y  =  0 

and    3x  -  2y  =  0     '  P  - 

(0,3) 

Since  the  asymptotes  are  given  by  y 

=  + 

we  have 

a  = 

2  2,2 
c    =  a    +  b 

9  =  a^  +  ^2 

Hence    a  =  —    and    b  =  and  the  required  equation  is 

)/l3  Kl2 

2  2 

-S--'35-=  1 

[page  350] 
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Equation  of  Asymptotes 

Coordinates  of  Vertices 

(a) 

y  =  ±  1  X 

(±  2,0) 

V  =  +  2x 

(± 

(c) 

y  =  +  fx 

(±  5,0) 

(d) 

y  =  +  i  X 

(±  2,0) 

(e) 

y  =  +  5x 

(±  1^0) 

t  f>\ 
(f ) 

coordmaue  ajces,  x  = 

y  =  0 

(s) 

y  =  +  5x 

(0,+  5) 

(h) 

X  =  0,  y  =  0 

(1,1),  (-1,-1) 

(1) 

X  =  0,  y  =  0 

(-2,2),  (2,-2) 

(j) 

y  =  |x,    y      -  |x  +  10 

(^,5),  (0,5) 

(a) 

y  =  V  56  +  x^ 

y    can  not  be  less  thaxi 

0. 

408 
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(b)    y  =  -  -y^e  «  X 

y    cannot  be  greater  than  0. 


(c)    X  =  V56  + 

X    cannot  be  less  than  0. 


y  j 

/ 

\ 

X 

\ 

\ 

(d)    X  =  -  +  y^ 

X    cannot  be  greater  than  0, 

See  Problem  7/    Exercises    6-3  Answers 


V  1 

w 

7 

- 

X 

k 
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12. 


13. 

li^. 


15. 


Since  asymptotes  given  by    3x  -  5y  =  0    and    3x  +  5y  =  0, 
then  they  are  also  given  by    (3x  -  5y)(5x  +  5y)  =  0,  or 

gx"^  -  25y^  =  0.    Reversing  the  procedure  used  to  find  the 
asymptote  equations  gives  the  hyperbola  equation  as 

9x^  -  25y^  =  k,    where    k  is  the  right  member  constant.  But 
the  hyperbola  passes  through  the  point   ."f    (2,5)     so  by  use 
of  the  locus  property    9(2)^  -  25(3)^  =  k    and    k    is  found 

2  2 

to  be    -189.    Hence,  the  required  equation  is    9x    -  25y  = 
-189. 
.2 


=  200. 


9X'-  -  25y 

l6x^  -  y^  =  [Sketch;      hyperbola  with  center  (0,0), 

asymptotes    y  =  +  ^t^x,    vertices    (O,  +2)]. 

|y  ' 


l6x^  -•  y^  =  6^-.  [Sketch;  hyperbola  with  center  (0,0), 
asymptotes    y  =  +  ^x,    vertices    (+  2,0)]. 
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r 

 \ 

4- 

x: 

II 

X' 

P(X 

— i 

> — 

C( 

h, 

0 

— < 

->- 

X 

— 1 

d(P,P)  =  ed(P,Q) 
y("x  -  (h  +  ae))''^  +  (y  _  k)2  =  e-s/(x  -  (h  +  f))^  +  (y  -  y)^ 
((x  -  h)  -  ae)2  +  (y  .  k)2    ^  ^2  _  h)  +  |)2 

(x-h)2  -  2ae(x-h)  +  a^e^  +  (y.k)2  =  ^2    f(^y,_^f  _  2|(x..h)  +  4 
(x-h)    -  2ae(x-h)  +  a^e^  +  (y_k)2  ^  e2(x-h)2  -  2ae(x-h)  +  a^ 


2  2  2 
L  e    -  a 

a^Ce^-i) 
1 

=  e2(x-h)2  _  (x-h)2  _  (y_k)2 

=  (x-h)2(e2  ,  1)  _  (y_k)2 
_(x-h)2  (y.k)2 

~  a2(Xl) 

=  a2(e2  .  i) 

1 

411 
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17 


(b) 


a- 

11- 1!  .  (y  -  1)^  =  1 


(X    +  (y    ,  7)2 

18.    h  =  5    k  =  4    ae  =  2^2    I  =  ^/i" 

ae  =  y2e2  =  aVT  e  =  ^  and  a 

b=a^^2Tl    =  27  2  -  1    =    2-1  =  2 
lx^.1^^1 


=  2 
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19. 


Center 

Vertices 

Poous 

Directrix 

Aspptotes 

E 

(a) 

(-2.5) 

{l.5)(-5,5) 

(-2+,/l3,5) 

vl3 

(b) 

(1.*) 

(1.0)(1,8) 

(i.HVTT) 

1 

1 

(o) 

(0,0) 

(0,l()(0,4) 

(0,751) 

1 

V-  1^ 

Tl 

(d) 

(3,-2) 

(3+v^-2)(3.v^,.2) 

(3+v'l5,-2) 

V6(y+2)«+3(x-3) 

(e) 

(2,3) 

(3,3)(1,3) 

{2+V2,3) 

x  =  2+^ 

y-3=+(x-2) 

y 

■■,1 

(f) 

(1,-3) 

{t.-3)(-2,-3) 

(l  +  3vT,-3) 

Xal+|^/2 

y+3=+(x-l) 

y 

(e) 

(*,-3) 

(0.-3)(8,.3) 

(9,-3) 

X  a-r 

if(y+3)=:+3(x-4) 

(h) 

(2r|) 

(6,-|)(-2.4) 

(2+2y5r|) 

x=2+8j^ 

y=+i(x-2)4 

1 

(1) 

(■^tl) 

(I,l)(-},1) 

(-7+^13,1) 

Xa4+w>/l3 

3(y-l)=  +2(x+i) 

(3) 

Degenerate  conic  consisting  of  two  lines  2x  ■  5y  =  -13  and  2x  +  5y  =  -3 

ERIC 
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20.     (a)    xy  =  kj    y  ^ 
(b)    xy  =  8  5y 


22. 


25. 


M(  4,200)' 

M 

M 


dl.    IR  =  k 

20.15  =  k 
.*.  K  =  300 

^  -  K 

K  =  75 

MS^  =  K 

50(4000)^  =  K 

50(16,000,000)  =  K 

800,000,000  '     =  K 

•*24.    Suppose  that  the  distance  G 
from  the  gun  to  the  target  Gun 
is    d    feet.    The  speed  of 
the  bullet  is    a    feet  per 
second  and  the  speed  of 
soimd  is    b    feet  per  second. 
P    is  the  point  where  the 
report  of  the  gun  and  the  sound 
of  the  bullet  hitting  the 
target  are  heard  simultaneously. 
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=  800,000,000 

800,000,000 
=  17,64C,0(:)0 

=  45.55 


T  Target 


ERIC 


Then    1  +  1==! 


£  _  t      s  _  t  -  s 
a  ~  F  "  F  ~  t 

Since  Is  constant,  ther  -'-^ 

Is  constant.    The  person  will 
hyperbola  whose  foci  aris  the  rg 


constant.    Hence,  t 
cn  one  branch  of  an 
nd  the  gun,. 


Exercises    6-7    Supplementary  Exe  '     -^i. .   ■  Answers 


1.      (a)    3y  -  2x  -  15  =  0 

3y  =  2x  +  15 


(b) 
(c) 


y  =  |x  +  5 
3*0  -  2x  -  15  =  0 
-2x  +  15  =  0 
x  =  -  1^ 

X- intercept  =  value  of 


-r      y  intercept  +  5 
::  intercept  =  - 


m 


-i 


(d)  not  defined 

(e)  ^ 

(f)  0 

(s)  -f 


v/h5n    y  =  0  = 
y-infc3j;-Tpt 
10 

every  reel  tramber 
-  2 

5 

5 

■  3 


y- Intercept 
m 

x-lntercept 

20 
5 

8 

0 

6 

none 
2 

-  I 
2 
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y 

0 


0 
m 
y 


mx  +  b 
m»6  +  b 

=  0«m  +  b 

6m  - 

12 


(6,0)    and    (0,  -  |) 


y  = 


mx  +  b 


(-1,-5)  and 


(f,  -5) 


Since  ordinate  Is  -5    for  both  points,  line  Is    y  =  -5 

(a)  y  =  5x  +  2 

(b)  y  =  -X  +  4 

(c)  y  =  |x  -  3 


.  (a) 

(b) 

(c) 

slope 

y-lntercept 

direction 

1. 

+  1 

+  6 

rise 

2. 

+  5 

0 

rise 

5. 

-  4 

rise 

4. 

+  1 

0 

rise 

5. 

+  2 

sink 

(d) 

Steepest  line  Is 

#  2 

(e) 

Slope  of    1  Is 

+  1       Intercept  of 

3    is    -  4 

y  =  X  -  4 

y  = 

32-  +  b 

5  = 

5(-2)  +  b 

b  = 

9 

y  = 

5x  +  9 

416 

[pages  353-354] 


y  =  -  ^  X  +  0 

-  2  =  -  I  -3  +  b 
b  =  -  2     I  =  -  i 


409 


y  =  -  5^  -  ^ 


8.     A(5,10)     B(10,-7  C(-5,-5) 


AB  10  =  5m  +  b 
-    7  =  10m  +  b 
17  =  -5m 


m  =  - 


17 


y  =  -  ^  X  +  27 


10  =  5(_  ^)  +  b 

b  =  27 

AC  10  =  5m  +  b 
-  5  =  -5m  +  b 


5 

2b 

b 

5 
2 

10 

5m  +  ^ 

5m 

m 

1 

BC  -7 

10m  -I-  b 

-5  =  -5m  +  b 
-2  =  15m 
m  =  -  I5 

-7  =  10(-  f^)  +1D 


y  =  ^  2 


2    ^  17 

y-- 15^  - 5 


b  =  - 


5 
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9.  (a)    2x  -3y  =   ■  or  :/  =  |k  -  | 

5X  -  2y  -  ^  =  C  y  =  -  Jx  +  2 

Slr::2e    m^'nig  'I")  =  -  1    thsiSyjt  are  perpendicular. 

(b)  Nel-~her   _  r:^'     !  I  • 

( c )  Perpendlcji  .-T- 

(d)  Parallel 

(e)  Parallel 

(f )  Neither 

(g)  Neither 

(h)  Neither 

10.  Given  10(b) . 

(I)  3x  -  2y  -  4  =  0    y  -  2 

(II)  3x  +  4y  +  12  =  0 

(a)    y-lntercept  slope 
(i)  -2  +1 

(11)  -  3  -  i 

(c)         =  +4 

"^11  =~  i 


IVi:;vi3  23tr-  ssrpendlcuiLar.. 
n.     y  =^X 


1 

y 

6 

4iB 
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12.    m  =  I 

-i  =  2(4)  +  b 

b  c=4 

2  7 

15.    y  =  mx  +  4 
1  =  -5m  +  4 
5m  =  -1  +  4 
m  =  I 

y  =  |x  +  4 

14.    X- intercept  =  3 
slope  =  J 

y-lntercept  ^  x-lntercept 
-  m 

4^  =  5 


b  =  -  1 
y  =  ix  -  1 

^2-^1 

15.  S  =  2  1° 

100-20  ^ 
g  _  2      ^^^^        =  2^  =  256    tirrisjs  as  ?-^e£3  sr;:    1(30°    or  ax  20 

16.  (a)    Given    A  =  k^^C;    B  =  kgX 

A  +  B  =    k^C  +  kgC 

A  +  B  =  CCkj^  +  kg) 

(b)    A  -  B  =    k^C  -  kgC 
A  -  B  =  C(kj^  -  k^) 
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(c)    Tab    =  y  k^^C'iCgC 

—  =  cykj^ 


AB 


15- 

16x2 

+  25y2  =  ^00 

2 

25X 

+  I6y2  ----  ^00 

8x2  - 

y2  =  8; 

x2 
TT 

x^  =  8j 

x2  - 

4y  = 

4x  = 

2 

y 

(a)  circle 

(b)  ellipse 

(c)  h^rperbola 

(d)  ellipse 

(e)  parabola 

(f )  parabola 

(g)  circle 


(h)  ellipse 

(l)  ^arsTiiiiIa. 

( J )  inr^psrbola 

(k)  eIZ:lpss 

(X')  pa.r£cala 

(-■m)  liv^^Ltisrbola 


EULlnse 
Ell±?3e 
Hyperbola 
Hyperbola 

Paxciriola 


420 
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(q) 


(r)    Simplify  to    (x  -  2r  + 

(y  +  3)^  <,  0.  The  only 

element  of  the  solution 

set  Is  (2,-5),  so  the 

graph  consists  of  this 
single  point 

(s)    Simplify  to    (y  -  2)^ 
<  ^(x  -f  1).    The  graph 
of  (y  ^  2)^  =  4(x  +  1) 
is  a  parabola  with  ver- 
tex at  (-1,2)  opening 
to  the  right 


(t)  Hi 


2,-3 
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20.    y    =  l6x 
.  • .  0  =  k 

Latus  rect  3  =  4c  =  16. 

Radius  of  circle  Is    8...    center  (4,0). 

P  2 
Equa:t:ion:     (x  -  4)    +       =  S  . 


22.  2x^  -  7y^  -  18. 

23,  a^x^  -  = 

2^.    Sketches  of  hyperbola  as  Indicated.  Each  has  asymptotes 

y  =  ±2:   and  vertices  at    a.     (+4,0).  b.     (+3,0).    c.  (+2,0) 

d-     (+I5,X}3    e.     (0,+l)    lL.(0,+2)    g.  The  ciirve  consists  of 

the  two  lines  of  the  a^jmptdtes .    h.  (C,+4) 

[pagss  357-358] 
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25.    The  coordinates  are    (c,  +  ~) .    The  development  follows  the 

same  pattern  as  for  the  ellipse.    The  length  of  the  focal 

•  chord  is   .    It  applies  also  to  the  hyperbola    ^  -  ^  =s  1, 

^  a  b 


26.   y +  y2    =    2  +  (y  -  2)^ 

x^  +  y^  =  4(x2  +  y2  -  4y  +  4) 

+  y^  =  4x^  +  4y^  -  l6y  +  l6 
5x^  +  -  l6y  +  l6  =  0 


27.    The  equation  of  the  parabola, 

=  4cy    through  (20,-10) 

gives    c  =  -  10     Hence,  the 
o 

equation  is,    x    =  -  40y 

The  height  of  the  arch  at 
each  interval  is  given  by 
10-  |y^ 

At  (0,0),  y^  =  0.  Hence,  10 
At    (5,yi).    i5f  =  -  40y3^ 

yi  = '  tro  =  -  i 


(0,0  )ty 


(20,-10) 


-  0  =  10« 


10  -    I  -  ||  =    ^     the  height  at  (S^y^) 


At     (I0,y„),     10^  =  -  40y. 


10 


10  5 
W  =  -  2 


I  -  §  I   =        the  height  at  (I0,y2) 
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At    (15,7-5),  height  Is    ^  . 

At    (20, Yi^),    the  height  Is  0, 

28,  ^/(y  -  b)^  +  (x  -  a  -  c)^  =  X  -  a  +  c 

(y  -  b)^  +  (x  -  a  -  c)2  «  (x  -  a  +  c)^ 

(y  -  b)^  +  x^  +  a^  4-       -  2ax  -  2cx  +  2ac  = 

2        2  2 
X    4-  a    +  c    -  2ax  +  2cx  -  2ac 

(y  -  b)^  =  ifcx  -  4ax 

(y  -  b)^  =  ifc(x  -  a) 

29.  Similarly    (x  -  a)^  =  4c(y  -  b) 
50.    Identical  to  *28. 


Note  on  Translation  of  Axes , 
We  know  that  the  equation  of 
a  parabola  with  vertex  at  the 
origin  and  focus  at  (c,0)  Is 
y    =  hex.    Prom  this  and  a 
process  known  as  the  trans- 
lation of  axes  we  can  derive 
the  equation  required  In 
Exercise  28.    If  the  co- 
ordinate of    0    with  respect 
to  the  translated  axes  (origin 
(see  drawing)    x  =  x'  -  a  .and 

new  names  for  x  and  y  we  obtain  (y'  -  b)"^  =  4c (x»  -  a)  as 
the  equation  of  a  parabola  whose  vertex  Is  at  (a,b)  and  whose 
focus, Is  at    (a  +  c,b)    with  respect  to  the  new  coordinate  system. 

This  "translation  of  axes"  process  can  be  used  to  derive 
many  other  formulas  In  this  chapter. 


0)    are    a    and    b,    we  have 

y  =  y«  -  b-    Substituting  these 

.2 
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Challenge  Problems  -  Answers 


1.      Y    ^  ^ax 


2.      When    x  «  a 


a  positive,  open  to  right, 
a  negative,    open  to  left. 


2  2 
becomes  y  -4a 

y  =  +  2a 

Points  are    (a, 2a) (a, -2a)  . 

-  2X  -f  1  +  y^  -  2y  +  1  = 

X    -f  2xy  + 
2 

2x^  -  4x  +  2  +  2y^  -  4y  +  2  = 

2  P 
X    +  2xy  +  y 

p  p 

X    -f  y    -  2xy  -  4x  -  4y  +  4  =  0 


Let  P(x,y)    be  a  point  on  the 
parabola^  then    PC  perpendicular 
to  the  X-axis  determines  point 
B    having  coordinates  (x,-x) 
since    B    lies  on  the  line  of 
y  =  -X.      These  coordinates 
Indicate  that  A  OCB    is  right 
Isosceles,    so       B  =  45^. 
Then  A  ABP    is  also  right 
Isosceles  and  is  similar  to 
right  isosceles  triangle  ODP. 


B(xrx) 
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From  proportional  sides  of  these  similar  triangles. 


PB 


and  since    PB  =  y      (-x)  =  x  +  y,     then    d  =  y.    Prom  the 

locus  definition  of  the  parabola. 


Simplifying  yields  the  equation 


x^  -  2xy  +  y^  -  ^x  -  4y  +  4  =  0 

An  alternate  solution  determines    ^       d    from  coordinates 
of    A    and    P    by  use  of  the  distance  formula.    The  coordinates 
of    A    can  be  found  by  simultaneous  solution  of  the  equations  for 
the  lines  of    PA    and  y 

of  point    P    on  the  parabola.    The  slope  of  the  line  of    y  =  -x 
is    -1,    so  the  slope  of    PA    is    1    and  the  equation  of    PA  has 
the  form      y  =  x  +  b 

Since    P(x  .y  )    lies  on  this  line, 
c  c 

then 


-X.    Let    P(x  ,y  )    be  the  coordinates 


The  equation  of    PA    is  then 
y  =  X  +  (y^  -  ^c^  (x^y)  a3?e 

the  coordinates  of  any  point  on  PA. 
Solving  the  system    fy  -  -x 

[y  =  X  +  (y^-x^) 

determines  the  coordinates  of    A  as 


p^n  -  y. 


y  -  X 
•'c  c 
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Applying  the  distance  formula, 

(X    -  y J  2 


PA  =  d  =y  [x^  - 

X     +  y 


]      +  [y. 


The  equation  of  the  parabola  then 
follows  as  in  previous  solution. 

4.      Problem;     Given    y  ==  ^  x  +  2. 


Find  the  line  | 

to  this  line 

A. 

2  xmits  away. 

Solution: 

0 

I 

X  +2 

0,2 

t      .         *              i  1 

0 

 > 

X 

In  the  drawing  ^   is  the  graph  of  the  line  whose  equation  is 
y  =     X  -f  2    and  is  the  required  line  which  lies  above  ^ 

(another,  shown  lies  below       ) .    OC    is  perpendicular 

to  J  and       -j^    and  hence    EC  =  2.    In  A  AOB    we  have 
I  AO  I  =  4;|0B|  =2    and  by  the  Pythagorean  Theorem    AB  =  2-/T. 

The  area  of  A  AOB  =     •  4  •  2  «  4  =  -||AB|  •  |0E|  «  ^  •  2v^  •  |0E|  . 

It  is  clear  that  A  EOB  ~  A  COD 
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hence 


OE      OB  „^ 

75cr  =  -CP  °^ 


2  + 


_  2 


OD  =  2  +a/5^ 

We  seek  the  equation  of  a  line  whose  slope  Is    ^   and  whose 
y-intercept  Is    2  +-/^    Our  equation  Is 

y  =  "I  X  +  2 

Evidently  for  Jl  ^    the  y-lntercept  Is    2  --/s"  and  the  eqxiatlon 
Is    y  =  "I  X  +  2  -vT.    We  can  write  the  equations  of  J'^  or 
in  the  form    y  =     x  +  2  ±'/W' 


5. 


Olven:    y    =  2fcx    and  line  from  Pi(x^,y^)    through    F  to 

^2^^2*^2^'  Also  line  from  Pi(x-j^,y^)  through  vertex  to  R  on 
directrix. 
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Find:  Coordinates  of  PgCxg^Yg)  terms  of  x^,y^,  and  c, 
Prove:    rF   11    axis    y  =  0. 


or  X 


=  4cx 
2  Tc~ 


y    =  mx  -r  b 

Txpc)  (Xg-c) 

,,2 

^2  =     ,x-  -  c)  '^2  = 

^2  -    ix^  - 


yi  [y|  -  4c^) 

^2  *  ^x^  -  c;4c 
ygCx^  -  c)4c  =  y^yg  -  y^ 


,2      „  4,2 


^1^2  '  "  ^^^2  "  ^^^^1  "  ° 

A    quadratic  In  yg 


4c (x^  -  c)  +  -yi6c^(x^  -  c)^  +  i6c^yI 


2y-, 


2c  (x^  -  c)  +  2c   vfx^  -  c)^  +  y^ 


^2  =  y^ 
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Substitute         =  4cx^ 


72 
^2 


2c (x^  -  c)  +  2c  'J -x.^  2cx^  +  c^  +  4cx^ 


2c (x^  -  c)  +  2c(x^  +  c) 


^2 


^1 

2c(x,  -  c  +  X-  +  o)  2c(x-  -  c  -  X,  -  c) 
 =   or   =  =  


-  or 


yi  yi 

Examination  of  these  two  values  Indicates  that    yp  =   

cannot  be  possible.    The  sign  of  "^^^^  ^®  different  from  that 

of  y^^ 


-  4c2 

Hence, 

2 

yg  = 

4cX2 

I6c^ 

A 

=  4cx, 

or 

Xg  = 

4c^ 

Coordinates 

of    P2  j 

Uc5 

X    always . positive , 


^c2 


^1 


Where  line  from  passes  through  vertex  to  R, 

Now  consider    m    as  the  slope  of  the  line  RP. 
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cy 

^3  =  - 


X,  =  -  c 


1 


Coordinates  of    R  =    -  c. 


Prove  RPg  ||  x-axls 
Prove    y-g  =  7-^ 

^5  ~ 


^^1 

but     -  ^1  =  ?5- 


cyi 


since  yo  = 


-  4c2 


Then  ~ 
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6-8  Illustrative  Test  Questions 

1.  Find  an  equation  of  the  line  parallel  to  the  line  whose 
equation  Is    y  =  2x  -  5    and  passing  through  the  point 

.  (5,  -2). 

2.  Write  an  equation  of  the  line  perpendicular  to  the  line 
whose  equation  Is    y  =  5  ~  2x    and  Intersecting  It  on: 

(c)    the  y-axls. 
•  (b)    the  x-axls. 

5,      Write  an  equation  of  the  line  with, 

(a)  slope    -2    and  x-intercept  2. 

(b)  intercepts    (4,0)    and    (O,  -5). 

4,  (a)    Sketch  the  graphs  of, 

(1)    2x  +  y  =  4 
(11)  .    X  +  5y  =  "3 

(b)  What  are  the  coordinates  of  the  point  of  intersec* 
tlon? 

(c)  Give  the  slope  of  each. 

(d)  Give  the  x    and    y    Intercepts  of  each. 

5.  Determine,  without  sketching  graphs,  whether  feach  of  the 
following  pairs  of  equations  represent  lines  which  are 
the  same,  are  parallel,  are  perpendicular,  or  none  of 
these. 

(a)    y  =  |x  +  2  (b)    5x  +  2y  =  6 

y  =  -  |x  4-  2  y  +  5x  1 

(c)    3x  -  y  +  1  =  0       (d)    -3x  +  4y  -  3  =  0 
6x  -  2y  +  1  =  0  -8y  +  6x  +  6  =  0 

(e)  2|x:  -  7y  -  2  =  0    (f)    x  =  ^  3 


lOx  -  28y  -  4  =  0 


X  =  0 
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(g)    y  +  6  =  0  (h)    5x  -  5y  =  0 

X  -  5  =  0  y  =  0 

(i)    X  +  2y  -  1  =  0 

X  =  5  -• : ..    ^  ' 

6.  Find  the  slope-Intercept  form  of  the  line  through  the  :| 
point    (2,1)    perpendicular  to  the  line 

|x  +  |y  +  2  =  0. 

7.  Given  line  with  equation    2y  =  5x  +  2.    What  is  the 
y-intercept  of  line  if  the  slope  of  is  twice  J 
that  of          and  if  the  two  lines  intersect  on  the  '4 
X-axis? 

8.  Given  the  line  whose  equation  is    2y  =  5x  +  2, 

(a)  Find  the  equation  of  the  line  whose  slope  is  twice  g 
that  of  the  given  line  and  whose    y-intercept  is 

two  units  above  that  of  the  given  line .  / i 

(b)  How  many  units  apart  are  the  x-intercepts  of  the 
two  lines? 

9.  Find  the  equation  when    x    is  replaced  by    x  +  a    in  the 
•    /       equation  -y^  =  4cx.    Discuss  the  "family"  of  curves  of 

the  equations  for    a  >  0    and    a  <  0. 

10.  The  graph  of  the  hyperbola    4x^  -  9y^  =  56    has  no  points: 
in  the  vertical  strip  between  what  two  lines? 

11.  Find  the  center  and  the  radius  of  the  circle 
x^  +  y^  +  2x  -  4y  -  1  =  0. 

12.  Given  the  line  whose  equation  is    5x  -  4y  +  12  =  0.   

Find  the  equation  of, 

(a)  The  line  parallel  to  the  given  line  with  the 
x-intercept    3    units  closer  to  the  origin, 

(b)  The  line  through  the  origin  perpendicular  to  the 
given  line. 
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(c)  The  line  with  slope    ~    that  Intersects  the  given 
line  on  the  y-axis. 

(d)  The  line  through  the  point    (1,2)    with  the  same 
slope  as  the  given  line. 

2  2 

15.    The  graph  of  the  hyperbola    ^  -  ^  =  .1    has  no  points  in 
the  vertical  strip  between  the  lines, 

(a)  X  =  4  and  x  =  -  4 

(b)  X  =  2  and  x  =  -  2 

(c)  X  =  9  and  X  =  -  9 

(d)  X  =  5  and  x  =  -  5 

(e)  X  =  6  and  x  =  -  6 

14.  What  are  the  coordinates  of  the  center  of  the  circle 
whose  equation  is, 

2x^  +  2y^  +  4x  -  4y  -  5  =  0? 

(a)  1,1) 

(b)  (1,  -  1) 

(c)  (-2,2) 

(d)  (2,-2) 

(e)  none  of  these 

15.  What  is  the  axis  of  the  parabola  defined  by, 
y  =•  Jx^  +  6x  -  4? 


(a) 

X  = 

-  7 

(b) 

X  = 

-  4 

(c) 

X  = 

-  3 

(d) 

X  = 

-  1 

(e) 

X  = 

1 

16,    Which  of  the  following  equations  has  the  same  graph  as 
2y  -  3x  +  2  =  0? 

(a)  2y  =  3x  +  2  (d)    y  +  1  =  -  |x 

(b)  6x  -  4y  +  4  =  0      (e)    3y  -  2x  +  2  =  0 

(c)  y  +  1  =  |k 
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17.    If    y    varies  Inversely  as    x,    which  of  the  following 


could  be  the  graph  of    y    as  a  function  of  x? 


18.  An  ellipse  with  center  at  the  origin  has  its  focus  at 
(4,0)    and  its  directrix  the  line  whose  equation  is 

X  =  16.  Find, 

(a)  Its  eccentricity. 

(b)  The  length  of  its  major  axis. 

(c)  The  length  of  its  minor  axis, 

(d)  Its  equation. 

19.  For  each  of  the  following,  identify  the  conic  section  of 
which  it  is  the  equation, 

(a)  4x^  +  4y^  -  16  =  0 

(b)  x^  +  4y^  -  2x  -  3  =  0 

(d)    x^  +  4y  =  0 

20.  Find  the  equation  of  the  parabola  with  vertex  at  (0,l) 
and  X- intercepts  at    x  =  2    and    x  =  -  2* 


4'38 

o 

ERIC 


431 

21.  >*  .  Given  the  ellipse  whose  equation  Is         +  ^  -  2x  =  0, 

find, 

(a)  Its  center 

(b)  Its  X- Intercepts 

(c)  Its  vertices. 

Directions ;  Select  the  response  which  best  completes  the 
statement  or  answers  the  question. 

22.  The  graph  of       =  (2x  -  l)^  Is 

(a)  A  circle 

(b)  An  ellipse  which  Is  not  a  circle 

(c)  A  hyperbola 

(d)  Two  Intersecting  straight  lines 

(e)  Two  parallel  straight  lines 

23.  The  parabola  at  the  right  has  the  focus    (2,0)    and  the 
line    X  =  -2    for  Its  directrix.    The  equation  of  the 
parabola  Is,  yA 

(a)  y^  =  X  ^  2 

(b)  y^  =  X  +  2 

(c)  (x  -  2)2  =  y 

(d)  .  x^  =  8y 

(e)  y2  «  8x 

24.  The  y-lntercepts  of  the  graph  of  the  equation 
9y?  +  4y2  =  36  are, 

(a)  2  and  -2. 

(b)  3  and  -3 

(c)  6  and  -6 

(d)  4  and  -4 

(e)  9  and  -9 
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25.    If  the  foci  of  the  hyperbola  are  (-2,2)    and    (8,2),  and 
one  vertex  is  (6,2),    what  is  the  length  of  the  trans- 
verse axis? 


(a)  4 

(d) 

10 

(b)    6  , 

(e) 

None  of  these 

(c)  8 

Write  the  equation. of 

the 

ellipse  which  has  foci 

(0,5) 

and    (0;-5)    and  vertices 

(0,6)    and  (0,-6). 

(d) 

2  2 

(b)    x^  +  6y^  =  2l6 

(e) 

+  5y^  =  108 

Write  the  equation  of 

the 

hyperbola  which  has  foci 

(5,0) 

and    (-5,0)    and  vertices 

(1,0)    and  (-1,0) 

(a)    T--%-  =  l  . 

(d) 

8y2  _       =  4 

2  2 
(b)    gl  -        =  1 

(e) 

2  2 

2  2 

(°)  T--fe==L 

28.    Which  of  the  following  stat?^:  ients  about  the  conic  section 

which  has  the  equation/        t\2  „2 

g         +  ^  =  1      is  true? 

5 

(a)  It  has  the  point    (0,l)    for  its  center.  \ 

(b)  It  is  symmetric  with  respect  to  the  line    x  =  1.^ 

(c)  It  has  the  point  (5^0)    as  a  focus. 

(d)  It  has  the  point    (1,2)    as  a  vertex. 

(e)  It  does  not  cross  the  y-axis. 
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30, 


31. 


32, 


33, 


If  X  varies  inversely  as  y,  and  x  =  8 
what  is  the  value  of    x    when    y  =  5? 

4 


when    y  =  2, 


(a) 
(b) 


80 


(d) 
(e) 


1 


20 
(c)  -5- 

Which  equation  expresses  the  following  fact?  "The  cen- 
tral angle  C  of  a  regular  polygon  varies  inversely  as 
the  number  of  sides    n."     (Assume    k    is  a  constant.) 


(a) 
(b) 
(c) 


C  = 


n 


Cn  =  k 

^  =  k 
n  ^ 


(d) 
(e) 

-  x^  =  0  is 


C  =  kn 
n  =  kC 


The  graph  of  y'^ 

(a)  an  ellipse 

(b)  a  hyperbola 

(c)  two  perpendicular  lines 

The  graph  of 

(a)  a  circle 

(b)  an  ellipse 

(c)  a  point 


(d) 
(e) 


9x^  +  4y2  =  0 


(d) 
(e) 


a  circle 

two  parallel  lines 
is 

a  parabola 

two  straight  lines 


The  figure    ABCD    is  a 
"twisted  parallelogram" 
in  which    AB  =  CD,     CB  =  AD 
and    AB"<  BC.     If  we  hold 
A    and    B    fixed  and  allow 
the  figure  to  rotate  so  that 
C    and    D    describe  circles 
with  centers    B    and  A 
respectively,  the  point  T 
will  move  on 


(a)  a  straight  line 

(b)  a  hyperbola 

(c)  a  parabola 


(d) 

(e) 


'an  ellipse 
a  circle 
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34,    Refer  again  to  the  drawing  for  Problem  33.    Let    S  be 
the  intersection  of    AB    and    CD    extended.    If  we 
hold    B    and    C    fixed  and  allow  the  figure  to  rotate 
so  that    D    and    A    describe  circles  with  centers  C 
and    B    respectively,  th^  point    S    will  move  on 

(a)  a  parabola  (d)    a  circle 

(b)  a  h;-perbola  (e)    an  ellipse 

(c)  a  straight  line 

35*    The  line  segment    AB    is    10    lonits  long.    If  the  mid- 
point   M    of    AB    moves  on  the  circle 
2  2 

X    +  y    =25    while    A    moves  on  the    x-axis,  then 
B    moves  on  « 

(a)  an  ellipse  (d)    a  parabola 

(b)  a  line  parallel  to    (e)    the  y-axis 
the  X-axis 

(c)  a  hyperbola 

^36.    Which  of  the  following  statements  is  false? 

(a)  If  AB  and  A'B'  are  the  focal  chords  of  any 
two  parabolas  whose  vertices  are  respectively, 
V    and    V     then  A  VAB  -v  A  V'A'B»  • 

(b)  If    A    and    B    are  any  two  points  on  an  ellipse 
then  the  perpendicular  bisector  of    AB  will 
pass  through  the  center  of  the  ellipse. 

(c)  If  a  line       intersects  the  hyperbola    xy  =  12 
and  its  asymptotes  in  the  "four  points    A,  B, 
C,    D,     then    AB  =  CD. 
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(d)  The  hyperbolas  whose  equations  are    xy  =  l8  and 

2  2 

X    -  y    s=  36    are  congruent. 

(e)  If    P    moves  In  such  a  way  that  the  ratio  of  its 
distances  to  the  fixed  points    A    and    B    is  a 
constant  not  equal  to    1,    then    P    moves  on  a 
circle. 

37.  If  a  hyperbola  has  the  lines    y  =  +  -Ix    as  asymptotes 

and  passes  thma  the  point  (5,3)  then  its  conjugate 
axis  is 

(a)  2  711  (d) 

(b)  -/IT  (e)  J2Z 
(c) 

38.  The  graph  of    x^  -  25  =  -y(y  +  2x)  is 

(a)  a  hyperbola  (d)    a  circle 

(b)  an  ellipse  (e)    two  perpendicular  lines 

(c)  two  parallel  lines 
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Part    II  Matching 

Directions:    Match  each  equation  on  the  left  with  a  locus  on 


the  right,  a 

locus 

may  be  used  once,  more  than 

■once,  or  not  at  all. 

39. 

9x^  +  4y^  =  36 

(a) 

Circle 

40. 

xy  =  20 

(b) 

Point 

41. 

+  4y^  _  4x  -  8y  -  8 
=  0 

(c) 

Two  straight  lines. 

42. 

y^  =  X  -  2 

(d) 

Ellipse 

43. 

y2   .   9  =  0 

(e) 

Hyperbola 

44. 

y2  +  9  =  0 

(f) 

Parabola 

(g) 

No  locus  in  the  real  niomber 

plane • 

Ill 

:  Problems 

45. 

VIrlte  an  equation  for 

the  locus  of  points  equidistant 

from  the  line    x  =  -4 

and 

the  point  (-2,2). 

46. 

Write  an  equation  for 

the  locus  of  points  the  sum  of 

whose  distances  from 

(0,3) 

and    (0,-3)    is  10. 

47. 

Write  an  equation  for 

the  conic  section  whose  foci  are 

F(2,0)    and  P«(-2,0) 

and 

every  point  on  the  ciorve 

.satisfies  the  condition    d(PP)  -  d(PP«)  =  2. 

48. 

Rewrite  the  equation 

-f  2y^  -  8x  +  8y  +  16  =  0  in 

the    form         ^  ^ 
a 
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Sketch  the  graphs  of  the  equations  in  the  following 
system  and  label  the  intersection  points  of  the  two 
curves  with  the  letters    P^,  P^,     ....  Use 

as  many  letters  as  there  are  intersection  points. 
You  need  not  find  the  coordinates  of  the  inter- 
section points . 

X  =  y^  +  1 

+  y^  =  25 
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1. 


2. 


Illustrative  Test  ftuestlons  -  Answers 

y  =  2x  +  b 
-2  =  2-5  +  b 
b  =  -  12" 
y  =  2x  -  12 

y  =  |x  +  b 

(a)  y  =  ^  +  3 

(b)  0  =  5  -  2x 


X 


(a) 


0 


-  2*2  +  b 

If  . 

-  2x  +  If 


y 


(b) 


m 


7j-    and    b  =r  -3 


Hence    y  =       -  3 
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(b)  2x  +  y  =  4 

X  +  3y  =  -3 
6x  +  3y  =  12 

^  +  ?y  = 

5x  =  15 
X  =  3 

3  +  3y  =  -  3 
3y  =  -6 
y  =  -2 

Intersection  (3,-2) 

(c)  (1)    m  =  -  2  and    (11)      m  =  -  i 

(d)  (1)     (2,0)  and    (ll)  (-3,0) 

(0,i^)  (0,-1) 
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(a) 

ppT»npndiGUlar 

(h) 

Non© 

(c) 

Parallel 

(d) 

Same 

(e) 

Parallel 

(f) 

Parallel 

(g) 

Perpenctlcular 

(h) 

.  None 

(1) 

None 

|x  +  |y  +  2  =  0 

=  -  |x  -  2 

y  = 

-  SfX  -  5 

1  = 

+  b 

b  = 

y  = 

^1 

x-lntercept  Is 

^2 

y  =    5x  +  b 

0  =  5(-f)  +  b 

b  =  2 

y  =  5x  +  2 

(a) 

y  =  5x  +  5 

(b)    distance  Is  f-1  -(-|)|  =  k 
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9.  =  4c(x  +  a) 
y    =  4cx  +  4ca 

The  ciirves  are  parabolas  whose  vertices  are  on  the 
x-axls,  open  to  the  right,  and  symmetric  about  the 
x-axls.    When    a  >  0    the  vertices  are  to  the  right  of 
the    y-axls  by  the  amoiint    4c a.    When    a  <  0  the  vertices 
are  to  the  left  by  the  amoiant  4ca. 

10.  a  =  5    so  there  are  no  points  such  that    -5  <  x  <  +3. 

11.  (x^  +  2x      1)  +  (y^  ~  4y  +  4)  -  1      0  +  1  +  4 
(x  +  if  +  (y  .  2)2  .  6 

Center  (-1,2)    radius  ^/^» 

12.  (a)    original    x- Intercept  Is  -4 


new 

x-lntercept  Is  -1 

y  = 

(b) 

y  = 

4 

(c) 

y  = 

|x  +  3 

(d) 

2  = 
b  = 

|.l  +  b 

f 

y  = 

13.  (d)  Same  as  10 

14.  (a)  (-1,1) 

15.  (d)  X  =  -  1 

16.  (c  )  y  +  1  =  |x 

17.  (d)    equilateral  hyperbola 

"2 


18.     (a)    c  =  4    X  i 


e 

If;     ^  •    o2     1     o  1 
72     ^=7r     ®  =  2 
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(b)  c  =  ae 
4  =  -la 
a  =  8 

Major  axis  =  2a  =  2*8  =  l6 

(c)  =  a^  - 

b^  =  64  -  16  =  48 
b  =  4-v^ 

Minor  axis  =  2b  =  8 

19.  (a)  circle 

(b)  ellipse 

( c )  hyperbola 

(d)  parabola 

20.  (y-l)  = 

0  -  1  =  a«4 
1 

a  =  -  Tf 

(y  -  1)  = 

y  =  -        +  1 

21.  x^  +  |-  -  2x  =  0 

2 

(x^  -  2x  +  1)  +  ^  =  1 

(a)  center  Is  at  (1,0) 

(b)  x-lntercepts  are  0  and  2. 

(c)  a  =  1    b  =  5 

V    =  (0,0)     and  (2,0) 


Vy  =  (1,±5) 
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Chapter  7 

SYSTEMS  OP  EQUATIONS  IN  TWO  VARIABLES 

7-0.  Introduction. 

In  this  Chapter  we  take  advantage  of  the  opportmity  to 
discuss  several  ideas  which  have  been  mentioned  indirectly  and 
used  without  any  explanation  at  various  points  in  the  text  — 
these  ideas  are  the  ideas  of  solution  sei;  of  an  equation 
(inequality)  and  equivalent  equations  and  systems  of  equations. 

We  try  to  define  the  terms  and  to  collect  the  information  we 
have  about  operations  which  yield  equivalent  equations .  The 
important  thing  to  stress  here  is  the  meaning  of  the  "solution 
set  of  an  equation"  and  later  on  "the  solution  set  of  a  system 
of  equations".     In  connection  with  this  latter  idea,  the  solution 
set  is  derived  by  substituting  an  equivalent  equation  in  a  system 
to  obtain  an  equivalent  system  of  equations. 

The  purpose  of  Section  7-1  and  7-2  is  simply. to  establish 
the  framework  for  talking  about  solutions  of  systems  of  equations 
and  inequalities.    We  are  content  with  merely  stating  and  illus- 
trating the  definitions.    The  exercises  for  the  sections  are 
designed  simply  to  clarify  these  definitions.    Ways  of  determining 
the  solution  sets  will  be  treated  in  succeeding  sections.    In  the 
last  part  of  Section  7-2  we  state  principles  which  allow  us  to 
replace  a  system  of  equations  with  an  equivalent  system.  The 
point  is  that  in  solving  systems  we  want  to  be  sure  without  check- 
ing, if  possible,  that  when  we  arrive  at  a  solution,  it  really  is 
a  solution.    This  is  certain  if  we  deal  only  with  equivalent 
systems.    This  gets  cumbersome  at  times,  but  the  point  Is  important 
—  to  be  sure  that  you  have  the  solution,  the  intermediate  systems 
you  work  with  must  be  equivalent  to  the  original  system. 
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The  method  of  solving  systems  by  using  the  principle  of 
linear  combination  (7-2b)  to  obtain  equivalent  systems  is  actually 
the  method  which  is  sometimes  called  "elimination  by  addition  and 
subtraction".    The  discussion  of  Case  III  in  Section  7-3  is 

actually  a  Justification  of  the  fact  that  this  method  yields  an  

equivalent  system  of  linear  equations  and  leads  inevitably  to  the 
solution  set,  if  this  set  consists  of  a  single  ordered  pair. 

The  geometric  interpretation  of  the  linear  combination 
principle  shows  how  a  system  consisting  of  two  intersecting  lines 
can  be  converted  into  an  equivalent  system  consisting  of  two  lines 
with  equations    x  =  s    and    y  =  t.    We  have  really  said  that  the 
family  of  lines  passing  through  the  intersection  of  the  lines 
a^^x  +  h^y  +  Cj^  =  0    and    agX  +  h^y  +  Cg  =  0    is  given  by  the 

equation    kj^(aj^x  +  b^^y  +  c^^)  +  kgCagX  +  bgY  +  Cg)  =  0,  where 

and    kg    are  two  parameters.     If    k^^    is  not  zero  we  can 

write  the  equation  in  the  form  ^ 

+  h^y  +  Q^)  +  k(aj,x  +  b^y  +  Cg)  =  0    with    k  =  -j^^. 

Siirij  if    ko    is  not  zero  we  could  have  obtained  the  form 

k,  ■ 

k(aj^x  +  b^y  +  c^^)  +  (agX  +  b^y  +  Cg)  =  0    with  = 

So  there  is  really  only  one  parameter  in  the  equation  for  the 
family  of  lines. 

We  have  taken  the  view  that  students  have  seen  a  thorough 
discussion  of  systems  of  linear  equations  in  the  first  course  in 
algebra.    The  methods  of  solving  such  systems  by  the  usual  elimin- 
ation by  addition  and  subtraction  and  elimination  by  substitution 
must  be  familiar  to  them.    What  we  have  tried  to  do  in  this 
Chapter  is  to  look  at  the  problem  from  a  slightly  more  sophisticat- 
ed point  of  view  and  stress  the  importance  of  dealing  with  equiva- 
lent systems  at  all  times.    The  idea  of  the  linear  combination  of 
two  expressions  is  an  important  one  and  will  be  met  in  many  other 
•     phases  of  the  student's  mathematical  life. 
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As  for  solving  other  systems,  we  can  settle  completely  the 
problem  of  solving  systems  consisting  of  one  linear  and  one 

 quadratic  equation.    The  method  we  have  used  in  the  examples  is 

of  course  the  familiar  method  usually  called  substitution.  We 

._have  refrained  from  using  this  Word  in  the  text  preferring^ 'to 
concentrate  on  using  the  definition  of  the  solution  set  of  a 
system.    The  solutions  are  derived  in  such  a  way  that  there  is 
no  doubt  that  the  number  pairs  we  get  are  actually  solutions.  Of 
course  what  we  really  are  doing  is  to  solve  the  linear  equation 
for  one  variable  and  substitute  this  expression  in  the  quadratic 
equation.     The  resulting  quadratic  equation  in  one  variable  is* 
then  solved  and  the  two  solutions  are  again  substituted  in  the 
linear  equation,  yielding  two,  one,  or  no  real  number  pairs  as 
the  solution  set.    The  reason  for  noi  using  this  straight  forward 
substitution,  but  rather  talking  about  number  pairs     ^a,f(a)^  or 
^g(t)),b^     is  that  these  pairs  are  first  of  all  members  of  the 
solution  set  of  the  linear  equation:  then  necessary  and  sufficient 
conditions  that  they  also  be  members  of  the  solution  set  of  the 
quadratic  equation  are  obtained.    When  these  conditions  are  met 
we  know  that,  the  pairs  are  then  members  of  the  solution  set  of 
the  system.    There  is  no  confusion  between  our  solution  set  and 
points     (x,y)    which  may  well  be  on  one  or  the  other  of  the  two 
curves,  but  not  both. 

While  we  are  able  to  completely  settle  the  problem  of  solving 

■systems  of  two  linear  equations  and  systems  of  one  *linear  and  one 
quadratic,  when  we  consider  systems  of  quadratics,  we  are  unable 
to  finish  the  job.    No  mention  was  made  of  systems  which  only 
contained  variable  terms  which  are  squared,  symmetric  systems, 
homogeneous  systems,  etc.    While  the  methods  used  on  linear 
systems  also  suffice-  for  systems  containing  only  variable  terms 
involving  squares  and  similarly  the  method  of  linear  combination 
together  with  the  Principles  7-2a  and  7-2b  suffice  to  reduce  many 
other  systems  to  manageable  form,  the  fact  is  that,  short  of  solving 
equations  of  the  fourth  degree,  we  cannot  devise  methods  which  will 
solve  evary  system  of  two  quadratic  equations. 
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We  therefore  resort  to  the  graphs  of  the  equations •  Prom 
these  we  are  able  to  get  approximate  solutions  and  to  find  out 
how  many  elements,  there  are  In  the  solution  set.    This  method 
gives  us  a  good  chance  to  review  and  use  the  analytic  geometry  of 
Chapter  6  as  well. 

This  then  completes  the  program  for  Chapter  ?•    We  seek  to 
derive  solution  sets  of  equations,  inequalities,  and  systems  of 
equations.    We  re-examine  the  solution  of  systems  of  linear 
equations  and  systems  of  one  linear  and  one  quadratic  equation 
from  a  more  sophisticated  point  of  view  and  we  solve  some  systems 
of  two  quadratic  equations.    A  chance  to  employ  our  new  skills  in 
analytic  geometry  is  offered  in  considering  systems  of  inequalities 
Much  time  or  little  time  can  be  devpted  to  these  problems  depend- 
ing on  the  interests  of  the  teacher  and  his  students  and  the 
limitation  of  time. 

7-1.    Solution  Sets  of  Systems  of  Equations  and  Inequalities . 

The  terms  inconsistent,  consistent,  and  dependent  are  intro- 
duced in  this  Section  solely  as  terms  describing  the  solution 
set  of  a  system.    The  student  at  this  point  is  not  expected  to 
solve  the  system  to  find  out  about  the  solution  set.    He  is  to  be 
encouraged  to  see  what  we  mean  by  a  point  belonging  to  the  solution 
set.    He  may  also  be  able  simply  to  look  at  the  pair  of  equations 
and  see  that  no  pair    (x,y)     could  satisfy  both  at  once.  While 
some  of  the  problems  ask  him  to  draw  the  graphs  of  the  component 
equations,  the  explicit  relation  between  the  various  kind  of  , 
systems  and  their  graphs  will  be  stated  in  Section  7-3. 
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Exercises  7-1 .  -  Answers 
1. 


Yes. 


Is 


2(2)      3(0)  =  4  true? 

8(2)  -  7(0)  =  16 

4  =  4 

l6  =  l6.  Yes 

The  graphs  Intersect  at  the  point 
(2,0) .    This  may  be  described  In 
the  following  way, 

((x,y):2x  +  3y  =  4)n{(x,y):8x  -  7y  =  l6)  =  ((2,0)). 
Yes .  Is 


T 


4(1) 

-  2 

2  true? 

12(1) 

-  3(2)  ^ 

6 

'  4  -  2  = 

2 

< 

12  -  6  = 

6 

{:: 

2 

6.  Yes. 

The  graph  of  each  is  the  same 
line.    Any  solution  of  one  is 
a  solution  of  the  other.  There 
is  an  infinite  number  of  these 
number  pairs  in  the  solution  set 
of  the  system. 

No.  /      1  +  4(3)  =  13  true? 

[2(1)  +  8(3)  =  14 

J  1  +  12  =13 

[2+24      =14.  No. 

The  graphs  of  the  two  equations 
are  parallel  lines .    The  solution 
set  of  this  system  is  the  empty 
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4.  (a)    If    b    Is  any  real  nvimber  except    b  =  kk    the  solution 

set  is  empty. 

(b)  b  =  44. 

(c)  b  =  44. 

5.  The  solution  set  can  be  empty,  (no  solution)  or  contain  at 
least  one  member  (at  least  one  common  solution)  or  be  the 
same  as  the  solution  set  of  one  of  the  component  equations 
(an  infinite  n\imber  of  niomber  pairs). 

6.  The  following  systems  are  consistent,  but  not  dependent: 
b,  c,  e,  f,  g,  h,  ±,  \c,J..    The  following  systems  are  also 
dependent:    c,  k,^. 


8.      Dotted  lines  are  used  to  show  that  points  belonging  to  these 
lines  are  not  included  in  the  solution  set;  solid  lines  are 
used  to  show  that  the  points  belong  to  the  solution  set. 


(a) 


The  solution  set  is  the  set 
of  ordered  pairs  which  are 
coordinates  of  points  on 
the  ellipse. 


(b) 


The  solution  set  is  the  set  of 
ordered  pairs  which  are  co- 
ordinates of  points  in  the 
shaded  region. 
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(m)    The  solution  set  consists 
of  the  ordered  pairs  which 
are  coordinates  of  the 
points  in  the  entire  shaded 
region  and  the    x-axis . 
Suggest  to  the  students  that 
they  consider  the  problem 
with  the  union  symbol  U 
be  replaced  with  the  inter- 
section symbol    fl.  The 

solution  set  of  the  new  problem  is  the  ordered  pairs 
which  are  coordinates  of  the  points  in  the  "dotted" 
region. 

V/hen  the  graphs  are 


Yes 

sketched,  the  lines  inter- 
sect at  the  point  whose 
coordinates  are  (3,2). 


4 


y 

/ 

-J- 

3,2 

) 

\ 

X 

ii 

\ 

\ 
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10. 


11. 


*12, 


13. 
14. 


No  .    The  graphs  of  two  of  the 
equations,     5x  -  y  =  3  and 
l6x  +  2y  =  20    pass  through 
the  point  whose  coordinates 
are    (1,2)5    however,  the 
graph  of  the  equation 
3x  +  2y  =  5    does  not. 


The  graphs  of  the  components  of  the  system  must  intersect  at 
a  common  point. 

One  would  probably  expect  the  solution  set  of 
m(ax  +  by  -  c)  +  n(dx  +  ey  -  f)  =  0    to  a] so  contain  the 
single  element  in  the  solution  set  of  the  given  system. 
In  Problem  9,  it  was  found  that    (3,2)    was  an  element  of 
the  solution  set     [2x  -  3y  =0 

J  X  +    y  -  5  =  0 
5x  «  3y  -  9  =  0. 
For  any    m  /  0    and    n  /  0    such  as    m  =  3,     n  -  2, 
3(2x  -  3y)  +  2(x  +  y  -  5)  =  0    has    (3,2)     as  an  element  of 
its  solution  set. 

Is    3(2  .  3  -  3  •  2)  +  2(3  +  2  -  5)  ==  0  true? 
3(0)  +  2(0) 

0  =0    yes . 

In  Problem  12,  if    (x^,y^)     is  any  solution  of  the  given 

system,  then    dx-|^  +  ey^  -  f  =  0    and    ax^  +  by^  -  c  =  0. 

Hence    (x^,y^)    satisfies    m(ax+by-c)  +  n(dx  +  ey  -  f )  =  0 

because,    m(ax^  +  by^  -  c)  +  n(dx^  +  ey^  -f)=m.O+n.O  =  0 

1  +  "7  +  i  ^15  .  1  -  i>/l5    -7  -  1^15 


{(3  +  3i,3  -  3i)) 
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7-2.    Equivalent  Equations  and  Equivalent  Systems  of  Equations . 

The  Important  Ideas  here  are  equivalent  equations,  systems  of 
equations,  and  the  two  principles  which  give  equivalent  systems. 
These  roles  stated  as  principles  allow  us  to  proceed  from  one 
system  to  an  equivalent  one  until  we  reach  one  for  which  the 
solution  set  is  obvious.    The  Idea  of  linear  combination  Is  worth 
some  time.    Here  we  use  It  to  Justify  the  elimination  method  of 
solving  systems  of  linear ^equations .    However,  It  Is  a  very  use- 
ful mathematical  idea,  and  Is  used  In  many  different  branches  of 
mathematics . 


Exercises    7-2.  -  Answers 


(a 


(b 

(c 
(d 

(e 
(f 


(h 


No,  since  the  solution  sets    x  =  2 

the  same,  since  the  solution  set  of 

3  3 
and.  that  of    x  =        Is     {^) . 


and 
X  =  2 


V  3 
X  =  ^ 


Is 


are  not 
(2) 


X  =  ^ 
'12  12 


No,    since     [(^^-=7^))     Is  the  solution  set  for  both 
equations . 

Yes,  since     [3)     Is  the  solution  set  for  both  equations. 

Yes,  since  every  ordered  pair  of  numbers  which  belong  to 
the  solution  set  of    8x  -  10  =  2y    belong  to  the  solution 
set  of    ifx  -  y  =  5. 

No,  since  the  solution  sets  are  not  the  same. 

No,  since  the  solution  set  of    x  =  - Vy  +  3  contains 
only  negative  values  of    x    while  the  solution  set  of 
=  y  -f  3    contains  positive  and  negative  values  of  x. 


No,  since  the  solution  set  of  x  =V  y  -  6  contains  only 
positive  values  of    x    while  the  solution  set  of 

=  y  -  6    contains  positive  and  negative  values  of  x. 

No,  ^Ince  the  solution  set  of    y  =  |x  -  2|     has  only 
positive  values  of    y    and    y  =  x  -  2    has  positive  and 
negative  values  of  y. 
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(i)    No,  since  the  solution  sets  of  the  equations  are  not 
the  same.    Notice  that  the  only  ordered  pairs  which 
belong  to  both  solution  sets  are    (0,0),     (1,1),  (-1,1). 

(j)    No,  since  the  solution  sets  are  not  the  same, 
xy  +         has  the  solution  set     ((0,a),  (a, -a)} 
X  =  -y      has  the  solution  set     ((a, -a)) 

(k)    No,  since  the  solution  set  of  the  first  equation  is 
16,-2)    while  that  of  the  second  equation  is  {6). 

2.  Yes,  since     ((3,5))    satisfies  both  systems. 

3.  Yes,  since     ((6,2))     satisfies  both  systems. 

4.  (a)  Yes,  since     ((8,2))     is  the  solution  set  of  both  systems. 

(b)  Yes,  since     ((3,-3))  is  the  solution  set  of  both  systems. 

(c)  Yes,  since     ((3,-2))  is  the  solution  set  of  both  systems. 

(d)  Yes,  since     ((-4,3))  is  the  solution  set  of  both  systems. 

(e)  Yes,  since    ((1,3))     is  the  solution  set  of  both  systems. 

(f)  Yes,  since  the  solution  pets  are  the  same. 

(g)  Yes,  since     ((l,--^))  is  the  solution  set  of  both  systems. 

(h)  No,  since  the  first  system  has  the     ((-10,2)}    as  its 
solution  set  and  the  second  system  has  "  ( (-10,2) , (-10,2) , 
(10,-2) , (10,2) )    as  its  solution  set. 

(i)  No,  since  the  solution  sets  are  not  the  same, 
(j)    No,  since  the  solution  sets  are  not  the  same. 

5.  NO.  y'^ 
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(5,0)  _ 



i 

A 

y 

X 

(5 

.0)  ' 

\ 

t — 

/ 

Yes.  Another  system  could 
be     I  5y  =  X  -  5 

3x  +  5y  =  15. 


Yes. 


7. 


8. 


— 1 

J 

J  

y 

\  . 

H 

1 — 

1 — 

\ 

— 

-> 

X 

t 

^- 

Since  the  graphs  of  the  equations  in  system  (i)  do  not  inter- 
sect, the  solution  set  when  restricted  to  real  number  pairs 
is  the  empty  set.    This  is  also  true  for  the  solution  set  of  • 
system  (ii).    The  empty  set  is  equivalent  to  the  empty  set. 
Hence,  the  two'  S3rf? terns  are  equivalent.    Note:  when  not 
restricted  to  the  real  numbers,  the  solution  set  of  each 
system  contains  complex  number  pairs  which  are  not  the  same 
for  both  systems.    So  systems  (i)  and  (ii)  are  not  equivalent. 

a  =  2,    b  =  -2;    a  equal  to  the  opposite 


(a) 

a  = 
of 

1, 
b. 

b  =  -1; 

(b) 

a  = 

3, 

b  =  -7. 

(c) 

a  = 

3, 

b  =  2. 

(d) 

a  = 

2, 

b  =  9. 

4  6  J 
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11. 


(a) 
(b) 
(c) 
(d) 
(a) 

(b) 
(c) 
(d) 


a 
a 
a 
a 
a 
a 
a 
a 


1, 

5, 

11, 

-11, 

-2, 

3, 

5, 

1, 


b 
b 
b 
b 
b 
b 
b 
b 


=  1 
=  1 
=  5 
=  5 
=  1 
=  1 
=  2 
=  -2 


(a)  fx  +  y  =  1 


will  eliminate  x. 
will  eliminate  x. 
will  eliminate  y. 
will  eliminate    y.  " 

2x  -  y  =  4 


a(x+  y  -  1)  +b(2x  -  y  -4)  =0   ]  a(x +  y  -  l)  +  b(2x-  y  -  4)  =  0 

a  =  3,    b  =  2  , 
2x  -  y  =  4 
7x  +  y  -  11  =  0 
If    a  =-2,    b  =  1 
2x  -  y  =  4 
-3y  -  2  =  0 


[page  379] 

464 


ERIC 


458 
12. 


(a)  a  =  5, 
(b) 


b  =  1; 


a  =  1,      b  =  -1 


k+x.i  J 

CM 
II 
X 

l(2x  -  y  -  4)  +  (-2)(x  -  2y  +  7)  =  0 

2x  -  y  -  4  =  0, 

y  -  6  =  0 

l(2x  -  y  -  4)  +  l(y  -  6)  =  0, 
■y=  6 
X  =  5. 


(c)  ((2,0)) 
13.      (a)    r  2x  -  y  -  4    =  0 
|x  -  2y  +  7  =0, 
fy  -  6  =  0 
2x  -  y  -  4  =  0, 
|y  -  6  =  0 

X  -  5  =  0, 

(b)  (3,-2) 

(c)  (25,7.5) 

(d)  inconsistent.    Solution  set  is  the  empty  set. 

(e)  (-2,5) 

(f)  (3,|) 

(g)  dependent.    Solution  set  is  every  real  ordered  pair  (a,  -^a 

(h)  (-5,0) 
(1)  (-|,-2) 

(J)  (fj,-^)  46o 
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If  System  (l)  is  equivalent  to  System  (2)  then    (x-j_,y^)  will 
satisfy  both  systems  and  if  System  (2)  is  equivalent  to  • 
System  (3)  then    (x^,y^)     will  satisfy  both  systems.  There- 
fore, System  (l)  and  System  (3)  are  satisfied  by  (x^,y^). 
Since    System  (l)  and  System  (3)  have  the  same  solution  set 
they  are  equivalent  systems. 

We  must  prove  that  any  solution  ji*(x,y)  =  0 
of    (i)  |s(x,y)  =  0 

is  a  solution  of  (ii)     faf(x,y)  +  bg(x,y)  =  0 

[  g(x,y)  =  0 
and  any  solution  of  (ii)  is  a  solution  of  (i) . 

If     (x-j_,y3_)     satisfies  (i)  then    f(x^,y^)  =  0  and 

g(x^,y^)  =  0.    Hence,  by  7-2b    af(x^,y^)  +  bg(x^,y^)  =  0 
which  means  that    (x^^y^)     satisfies  the  component  equations 
of  (ii). 

If    (X3_,y^)     satisfies  (ii)  we  have    af(x^,y3_)  +  bg(x^,y^)  =  0 
and    g(x^,y^)  =  0.    Since    a  /  0    it  follows  that 
f(x^,y^)  =  0    which  means  that    (x^,y^)    satisfies  the 
component  equations  of  (i)  . 

Suppose     (x-j_,y-j_)     is  a  pair  of  values  satisfying 

(i)     ff(x,y)  =  0 

\g(x,y)  =  0    so  that    f(x^,y^)  =  0,     g(x^,y-j_)  =  0. 

Then  it  will  follow  that    af(x^,y^)  n'-  bg(x-j_,y^)  =  0  and 

cf(x^,y^)  +  dg(x^,y^)  =  0,     so  that  each  solution  of  (i)  is 
a  solution  of 

(ii)     faf(x,y)  +  bg(x,y)  =  0 
lcf(x,y)  +  dg(x,y)  =  0, 
Conversely,  suppose  that    ad  -  be  /  0    and  that    (x^,y^)  is 
a  pair  satisfying  (ii) .  Then 

af(x^,y-j_)  +  bg(x^,y^)  =  0 

cf(x^,y^)  +  dg(x^,y^)  =  0. 
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Thus    d(af(xi,y3^)  '"^  bg(Xi>yi))-\°^'(^i'yi)  +  ^^^^V^l^^J  =  ° 
which  reduces  to    (ad  -  be)  •  tix^fV^)  ^  °-    Since    ad  -  be  0 
it  follows  that    f(xj^,yj^)  =  0. 

Similarly,  we  may  show  that    g(xj^,yj^)  =  0.    Hence,  each 
solution  of  (li)  is  a  solution  of  (i)  and  we  conclude  that 
(i)  and  (ii)  are  equivalent. 


7-3 .    Systems  of  Linear  Equations . 

This  is  the  time  to  review  the  methods  students  have  seen 
for  solving  systems  of  linear  equations.    Much  facility  in  solving 
such  systems  is  necessary  in  many  applications  of  mathematics. 
While  the  text  concentrates  on  the  geometric  interpretation  of 
the  various  possible  solution  sets,  it  is  important  also  to  review 
the  algebraic  methods  of  solution. 

In  the  discussion  of  Case  III,  the  teacher  may  want  to  intro- 
duce determinants  simply  as  a  way  of  remembering  the  solution. 


^1  ^1 

ag  bg 


^1  -°1 
ag  -Cg 


agb^. 


-°1  \ 

-Cg  bg 


=  -c^bg  +  Cgb-j^ 


Then,  the  solution  set  can  be  written. 


/ 


°1  ^1 

Cg  bg 


^1  "°1 
ag  -Cg 


\ 


^1  ^1 

a^  bg 


\ 


/ 


We  did  not  think  it  advisable  to  try  to  de.Mne  determinants  and 
develop  their  properties  at  this  point.    However,  they  are  a  very 
useful  device  for  remembering  this  general  solution. 
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3xerclses    2-3.-  -  Answers 

1-       (a)    Since  if    a^b^  -  agb^  ^  0,  by  Case  III  the  lines  intersect 

and  if    a^^  =  5,    b^  =  4,         =  2,    and    bg  =  -7    we  have 

5{-7)  -  2(4)  /  0 
-35-8/0 
43/0 

and  the  graphs  of  the  component  equations  of  the  system 
.  f5x  +  4y  +  7  -  0 

|2x  -  7y  +  5  =  0    intersect  in  one  point,  and  therefore 
the  system  is  consistent. 

(b)  If    ^1^2  "  ^2^P      ^  lines  are  parallel 

3(2)  -  2(3)  =  0    and  the  graphs  of  the  system 
3x  +  3y  +  1  =  0 
2x  +  2y  +  1  =  0    are  parallel- 
If  the  graphs  are  parallel  the  system  is  inconsistent. 

(c)  The  system   j 3x  =  1  -  2y 

[■|k  -  6y  =  3    is  equivalent  to  the 

system    J3x+2y-l  =  0 

|9x  -  12y  -  6     0  and 
a^bg  -  a^b^  =  3 (-12)  -  9(2)  =-54-/  0    and  therefore 

the  lines  intersect  and  the  system  is  consistent. 

(d)  parallel  and  inconsistent 

(e)  intersect  and  consistent 

(f)  intersect  and  consistent 

(g)  parallel  and  inconsistent 

(h)  parallel  and  inconsistent 

(i)  same  line  and  dependent 
(j)    parallel  and  inconsistent 

468 
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X  +  3y  -  9  0 

X  -  3y  +  3  =  0    since    a^^b^  -  a.^^-^      -3  -  3  =  -6  0 
the  system  is  consistent  and  the  solution  set 

-  \\  "K'.'l'l^)]  by  case  III. 
{(3,2)) 

It  is  expected  that  at  this  point,  the  students  will  use 
the  results  discussed  in  Case  III.    However,  the  solution 
set  may  be  found  by  the  method  used  In  7-2  by  using 
the  principle  of  linear  combination  and  equivalent 
sys  terns . 

+    y  -    5  =  0 
2x  -  3y  -  13  =  0      consistent  ((2,-3)) 

((-2,-1)) 
((1,-2)) 

((0,4)) 
((8,-12)) 

Since  by  Case  II    a-j^bg  =  agb-j^    i.e.    1(4)  =  4(l),  the 

system  is  inconsistent,  and  the  solution  set  is  the 
empty  set. 

((160,-110)3 

{(3,2)) 

Since  the  corresponding  coefficients  are  proportional, 
k  =  4    (or    ■^•) ,    by  Case  I,  the  system  is  dependent. 
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(m)  ((0,-|)) 

(n)      i'J^,^)  ■ 
(o)  C(^,^)) 

fr^\     f -f       2b  -  aM 
^^2a  +  b  '2a  +  ^ 

We  consider  four  cases,  (l)    b-|^  ^  0    and         /  0; 

(II)         ^  0    and         =  Oj     (ill)    b^  =  0    and    bg  ^  0; 

(IV)    b^  =  0,    b^  =  0, 

Case  I 

b 

Since    a-jbg  -  agb^  =  0,    we  have         =  'g—  Define 

b.     '  ^ 
k  =  ^  ^  0,    then'   a^  =  ka^,    b^  =:  kb^    and  since 

b^Cg  -  bgC^  =  0    we  also  have    c^  =  kc^. 

Case  II 

Since    a^b^  -  a^b^  =  0    and    bg  =  0    we  have    agb^  =  0. 

But    b^      0,    hence    ag  =  0.    But  this  is  impossible 

since  +         >  0.    Thus  Cabe  (ll)  is  impossible. 

Case  III 

The  same  argument  as  used  in  Case  (ll)  shows  this  case  is 
also  impossible. 

Case  IV 

Since    b^  =  bg  =  0    we  must  have    a^V  0    and    ag  /  0, 
a. 

Defining    k  =       ^  0    and  using    a^b^  -  a^h^  =  0  and 
^2^1  "  ^1^2  "  ^    ^®         that    a^  =  l^ag*    b^  =  kbg, 


and 


c  2^  —  kc  2  • 
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4*      4^    miles  per  hour  in  still  water 
1-i    miles  per  hour  (rate  o.f  stream) 

5.  Width,    60  rods 
Length,  8o  rods 

6.  52°    and  33° 

7.  A's    rate    6^    miles  per  hour 

B's    rate    3^    miles  pei'  hour 

8.  12  poiinds  of  1st.  alloy 

2  pounds  of  2nd.  alloy 

9.  (a)     7|  and 

(b)    ~    and  pj- 

10.  -  10,650 

=  -50  ft. /sec. 

(Note;     The  negative  velocity  should  be  interpreted  as  a 
body  which  is  falling  at  the  rate  of    50  ft. /sec). 

11.  Every  line  which  passes  through  the  point  of  intersection  of 
the  lines  whose  equations  are    4x  +  y  =  2    and    2x  -  3y  =  8 
will  have  the  equation    a(4x  -f  y  -  2)  +  b(2x  -  3y  -  8)  =0 
so  if  the  equation  must  also  pass  through  the  origin  (0,0) 
we  have    a(4(0)  +  (O)  -  2)    +  b(2(0)  -  3(0)  ^  8)  =  0 

-2a  -  8b  =  0 

a  =  -ifb 

-4b(4x  -f  y  -  2)  +  b(2x  -  3y  -  8)  =  0 
-l6x  -.4y-f8-f    2x-3y-8  =0 

-l4x  -  7y-=  0 

^'         y  =  -2x 
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12.      Every  line  which  passes  through  the  point  of  intersection 
will  have- the  equation    a(x  +  i|.y  -  2)  +  b(2x  +  3y  +  l)  =0 
so  if  it  must  also  pass  through  the  point    (5^4)    we  have 
a(5  +16-2)  .+  b(lO  +  12  +  1)  =  0 
19a  ^  +  '  23b  =0 


a(x  +  il-y  -  2)  «  -^(Sx  +  3y  +  l)  =  0 

23x  +  92y  -  46  -  38x  -  57y  -  19  -  0 

-15x  +  35y  -  65  =  0 

3x  -    7y  +  13  =  0 


7-4.    Systems  of  One  Linear  and  One  Quadratic  Equation. 

The  method  used  in  this  Section  is  really  substitution.  We 
use  the  letter    a    to  represent  the  first  element  of  an  ordered 
pair  which  satisfies  the  linear  equation.    The  second  element  will 
then  be  a  linear  expression  such  as    2a  +  3    as  in  Example  7-4a. 
After  the  values  of    a    have  been  foxmd^  we  obtain  the  correspond- 
ing second  elements  by  substituting  in  the  linear  expression 
(2a  -f  3    in  this  example).    Thus,  for  each  first  element    a,  we 
obtain  exactly  one  second  element  to  complete  an  ordered  pair 
wj:iich  will  satisfy  the  linear  equation.     This  eliminates  the 
possibility  of  getting  "extraneous  solutions".    These  "solutions", 
may  be  encountered  if  we  substitute  in  the  second  degree  equation. 
Such  substitution  will  assign  two  second  elements  for  each  first 
element  and  some    y    the  resulting  "solutions"  may  not  check. 
The  procedure  we  want  students  to  avoid  is  illustrated  by  the 
following  discussion  of  the  system 

'   2  2 
^  x^  +  y^  =  25 

y  =  X  -f  1. 
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The  solution  set  for  the  linear  equation  is     (a, a  +  l). 
By  the  usual  method,  we  obtain    a  -  3    or    -4.     If  we  substitute 
-4    in  the  quadratic  equation  we  obtain 

2 


=  9-^y  =  3 


or 


y  =  -3. 

Thus  we  have  the  "solution",     (-4,3)     and     (-4,-3).    Clearly  the 
first  of  these  is  not  a  member  of  our  solution  set  because  it 
does  not  satisfy  the  linear  equation.     Hence,  the  solution  (-4,3) 
is  "extraneous"  and  is  in  fact  a  solution  of  the  system 

+  y^  =  25 

y2  =  (x  +  1)2 

which  is  not  equivalent  to  the  original  system. 


Exercises    7-4 .  -  Answers 
(a)      Jx^  +  y2  =  50 


X    -  y    =    0.      If    (x,y)     belongs  to  the  solution 
set  of  the  system  then  it  must  be  of  the  form    (a, a) 
for  some  real  number    a,     in  order  to  belong  to  the 
solution  set  of  the  second  equation.     The  pair  will 
satisfy  the  first  equation  if  and  only  if 
2 


a2 

=  50 

=  50 

a2 

=  25 

a 

=  +  5. 

Hence,  the  solution  set  of  the  system  is  {(5>5), 
(-5,-5)}. 

(b)      I       -        +  3  =  0 

|x  -  y  +  1  =  0.  The  elements  of  the  solution  set  of 
the  second  equation  must  have  the  form  (a, a  +  1) .  The 
pair  will  satisfy  the  first  equation  also  If  and  only  if 
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(c) 
(d) 


(e) 
(f) 


a'^  -  4a  +  3  =  0 
(a  -  3)(a  -  1)  =  0 
a  =  3    a  =  1. 

Hence,  the  solution  set  of  the  system  is  ( (3,4) , (1,2) ) . 
[(-3,2)) 

1  X    +  y    =:  0.    The  elements  of  the  solution  set  of  the 
second  equation  must  have  the  form    (a, -a).     The  pair 
will  satisfy  the  first  equation  if  and  only  if 

2  2 

Since  this  equation  is  satisfied  by  every  real  nirober 

its  solution  set  is  the  set  of  all  real  numbers. 
Therefore,  the  solution  set  of  the  original  equation 
is  the  set  of  all  pairs     (a,^a)    where         is  any  real 
nvmiber . 

[(-|,-i^),(2,3,)} 
2 

y  =  2x 

y  H-  1  =  The  elements  of  the  second  equation  must 

have  the  form    (a, 2a  -  1).    The  pair  will  satisfy  the 
first  equation  also,  if  and  only  if 

2a  ^  1  2a2 

2a^  -  2a  -f  1  =  0 

a  .  2i 


But  this  equation  is  not  satisfied  by  any  real  number 
a  *    Hence  the  solution  set  of  the  system  is  the  empty 
set.     (Note:  When  the  solution  set  is  not  restricted 
to  rea].  number    s^,     it  is  not  the  empty  set,  and  the 
solution  set  contains  complex  niomber  pairs.) 

(g)  ((-12  +  ^/4^,-2  +  y4T),(-i2  -  v^,-2  -  ^/^^) } 

(h)  {(^4, 6), (^4, .6)} 

(i)  ((-2,6), (^12,1)} 
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(j)    1*^^  ^^i^li.'^h  set  is  the  set  of  all  pairs     (a, a)  where 

(1)  ^^^^15^°^  set  is  the  set  of  all  pairs     (a, a  +  l) 

/f^%^e  ^        any  real  nurr^ber. 

(m)  (^^'5)) 

(a)      J         y  ^  \^ 

^  y  ^  ^3    l^as  the 
^VH^"^         ((3.9), (-1,1)} 


y1 

1 

hi 

(-1, 

/ 

'y 

/ 

X 

(b)  »  3 

■♦^  y  a  5    has  the 
■     ^S^Ki)}-         ^or  the 

are  r>e- 
^V^^t^Q  ''^'^  real 
r^^^-P^r^.  Otherwise, 
^a^^l^^^h  set  is 


4  •/  o 
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\ 

— 1 

y 

^ — 

-^>t — 1 — 

\ 

\ 

\ 

\ 

\ 

xy=9 



X 

i 

r 

1 — 

h 

t 

1- 

I 

r  

1 

1 — 

1 — ■ 

i — . 

i — 

i 

(d)      jxy  -  2x  +  2y  +  4  =  0 
\  X  -  2  =  0 

has  the  solution  set 
{(2,b)}    where    b  is 
any  real  number. 


M 

y 

O 
II 

CV 
1 

X 

y-2  =0 

(2,2) 

O 
II 

CVJ 
X 

-> 

X, 

(a)  The  line  Intersects  the  circle  in  two  points. 

(b)  The  line  intersects  the  pair  of  lines  in  two  points. 

(c)  The  line  intersects  the  parabola  in  one  point. 

(d)  The  graph  of  the  first  equation         -        =  0    is  the 
graph  of    X  +  y  =  0    and    x  -  y  =  0.    Hence,  the  graph 
of  the  second  equation  is  the  same  as  the  graph  of 

X  +  y  =  0    of  the  first  equation. 

(e)  The  line  intersects  the  hyperbola  in  two  oointn. 

(f)  The  line  and  the  parabola  do  not  intersect. 

'(g)    The  line  and  the  parabola  intersect  in  two  points. 
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(h)  The  line  intersects  the  circle  in  two  points. 

(i)  The  line  intex'sects  the  hyperbola  in  two  points. 

(j)  The  line  is  the  same  as  one  of  the  pair  of  intersecting 
lines . 

(k)  The  line  intersects  the  hyperbola  in  tv:o  points. 

(1)  The  two  graphs  have  infinite  many  points  in  common. 

(m)  The  line  intersects  the  parabola  in  one  point. 

An  equation  of  a  line  through 
the  point  whose  coordinates 
are     (0,-5)  is, 
•  y  =  mx  -  5- 
The  solution  set  of  this 
equation  is     (a, ma  -  5) 
for  some  real  ^   and  m. 
The  coordinates     (a, ma  -  5) 
will  satisfy         =  y  +  3, 
if  and  only  if, 

a^  =  (ma  -  5)  +  3 
2 

a    -  ma  +  2  =  0. 
The  condition  for  the  line    y  =  mx  -  5    to  be  tangent  is  that 
the  roots  of    a^  -  ma  +  2  =  O,    a  quadratic  equation  for  ^ 
must  be  equal.    Hence,  the  discriminant  must  be    0.  Then, 


H  1 
X 

\ — 

y 

/  _ 

I 

->>. 

\ 

1 

1 

r  ^ 

\  1  1 

m 


.8  =  0 

=  8 


m    =  +  . 

There  will  be  two  lines  passing  through    (0,-5)    and  tangent 

2  „  

to    X    =  y  +  3,  namely, 

y  =  gvTx  -  5 
y  =  -2         X  -  5 


4  7  7 
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An  equation  of  a  line  whose 
slope  is     2    is    y.  =  2x  +  b 
the  solution  set  of  this 
equation  is     (a, 2a  +  b)  for 
some  real    a^  and  nu 
The  coordinates  of     (a, 2a  +  b) 
Will  satisfy         +  y^  =  l6, 
if  and  only  if 

a^  +  (2a  +  b)^    =  l6 

a^+  4a^+  4ab  +b^    =  l6 

5a^  +  4ab  +  b^  -l6  =0. 
The  coordinates  for  the 
line    y  =  2x  +  b    to  be 
tangent  is  that  the  roots 
of    5a^  +  4ab  +  b^  -  l6  =  0 
must  be  equal.     Hence,  the 
discriminant  must  be  0. 
Then 

I6b^  -  20(b^  -  16)  =  0 
b^  =  80 
b    =  + 

There  will  be  two  lines  with  slope    2    tangent  to 

2  2 
X    +  y    =  l6,  namely, 

y  =  2x  + 

y  =  2x  -  4^/57 

If  the  line  is  tangent  to  the  circle,  then  the  system 

y  =  mx  +  k 
)    2        2  2 

X    +  y    =  r      must  have  a  single  element  in  its  solution 

set.    The  elements  of  the  solution  set  of    y  =  mx  +  k  must 

have  the  form    (a, ma  +  k) .     The  pair  will  satisfy 

2        2  2 
X    +  y    =  r  ,     if  and  only  if, 

2       /  P  P 

a    +  (ma  +  k)     =  r 

2        2  2  P  p 

a    +  m  a    +  2mka  +  k    -  r    =  0. 

478 
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(i)     (1  +  m^)a^  +  2mka  +  (k^  -  r^)  =  0, 

The  condition  for  the  line  whose  equation  is    y  =  mx  k 

2        2  2 

be  tangent  to  the  circle  whose  equation  is    x    +  y     -  r 
is  that  the  roots  of  the  quadratic  equation  for  _a^  must 
be  equal.     Hence,  the  discriminant  of  the  quadratic  equation 
must  be  zero . 

(2mk)^  -  4(1  +  m2)(k^  -  r^)  0 

4m -  4(k^+  m^k^-  r^-  m^r^)-  0 

k  =  +r\/ 1  +  . 


7-5.    Other  Systems . 

The  time  spent  on  this  Section  is  probably  best  spent  in 
using  graphical  methods  for  finding  the  solution  sets  of  both 
systems  of  equations  and  inequalities .     This  affords  a  wonderful 
review  of  Chapter  6  and  is  usually  quits  enjoyable  for  both^ 
students  and  teacher.    Here  the  teacher  might  suggest  that  the 
students  write  systems  of  equations 
whose  solution  sets  will  give  a 
Christman  tree,  a  jack-0» -lantern, 
a  boat,  and  many  other  interesting 
figures.    Another  suggestion  is  to 
sketch  a  solution  set  (as  show  here), 
then  ask  the  student  to  set  up  the 
equations  ( inequalities) of  the  system. 
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Exercises 


\oO  ^  0 


4x  2O 


Thl£ 


is  squivalent  to 


x"^  +  X    -  20  =  0 


'^^n       written  as 


4x  -  y    +  20  =  0, 

(X  +  5)(x  -  4)  =  0 
4x  -         +  20  =  0. 


The  sa^\f^n  ^e''^  <if  tha  first 
equati^^  f^B  ^°^rti 
(-5,b)  ^^v)    for  some 

real    '^^^    ^b^^e  ^b©  elements 
of  the^\;^^t^%  ^^t  of 

-  y .  \  ^0  ^  ^'    if  and 
only  if'     ^(^5)  -        +  20  =  0 

^  t>  =  0 

or  /  b    +  ^0  =  0 

^  ^  +  6. 
Hence,  \/  s^^u^^^n  set  of 
the  sy/V  1^  ^(-5,0),(4,6),(4,>6)) 

2y2      \  "  is  equivalent  to 

hence,   \y  o^^^e^^^  pair  having  the  form    (a,^^|  "  ■^^) 

will  s/^^^y  ^0'''^  equations  for  any  real  number  a.  Two 
ellipg/^  ^Ihx^h  ^03.j,oide. 

f  x2      H  .  ^0 


iyi 

1 

6 

8 

(4,6 

4 

2 

4 

(-5,0) 

2 

6 

-> 
X 

(4-6) 

+         =  100 

+  r=  100 


1  *^ 


^  "  is  equivalent  to 


2  2 


20 


x2  +  y2  ^  6 


by  lln/\  ^Qf^^lf^^^ior*    a  =  1     b  =  -l 

J  \     -  ^0  ^  ^2  ^  /  ^  e  ^  0 

.14  =  0 

hence,   \^  set  is  the  empty  set.    two  circles  which 

are  co/^V^^^^> 
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4. 


5. 


6. 


2 

X 

- 

25  = 

0 

2 

y 

2x  - 

1  = 

x2 

12  = 

0 

x2 

y^- 

25  = 

0 

if    a  =  1      b  =-1    Is  equivalent  to 

f(x  .f-  4)(x  -  3)  =0 

is  equivalent  to     |  +       -  25  =  0 

hence,  the  solution  set  ( (-4, 3) , (-4, -3) , (3, 4) , (3, -4) ) 
geometrically  this  is  two  intersecting  straight  lines, 
intersecting  the  circle  at  four  distinct  points. 

2  P 
X    -  5xy  +  4y''  =  0 

xy  =  1.      Since  no  ordered  pair  with  first 
element  zero  satisfies  the  second  equation,  this  system  is 
equivalent  to  the  system 


2  P 
X    -  5xy  +  4y''  =  o 


y  = 


The  solution  set  of  y  =  ^  is  of  the  form  (a,i),  therefore, 
it'  is  a  member  of  the  solution  ^set  of  the  system,  if  and  only 

if      a^  -  5a(i)  +       =  0 

a^ 

+  4  =0 


4  ^2 
a    -  5a 


(a^  .  4)(a^  -  1)  =  0 
(a  -  2)  (a  +2)(a  -  1)  (a  + l)  =0 

hence,  the  pair  (a,i)  belongs  to  the  solution  set,  if  and 
only  if    a  =  2,     a  =  -2,     a  «  1,     or    a  =  --1.    Hence,  the 

solution  set  is     ( (2,^) , (-2,.|) , (1,1) , (-1, -i) ) . 

(a)  ((  a/io,  ^/6),(  yiO,-^^)A-^,^)A-^,-^)] 

(b)  {(^37,  5),  (-737,  5),  (4, 2),  (-4, 2)) 

(c)  {(4, 75),  (4,-^5),  (-4,^5),  (-4,-75)} 

(d)  ((1,-2), (-1,2), (3^,4), (-  i^^.^pr 

(e)  Empty  set  if  considering  only  real  roots. 
((2,3i),(ia,-3i),(-2,3i),(-2,-3l)  ) 

(f)  ((1,0), (-1.0)) 
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( s)    ( (|,  -1) ,  (- 1, 1)  (Vi,.^)  ( -  VF,-=#) } 

(h)  ((4,1), (4,-1), (2, 2), (-2, -2)3 

(i)  ((5, 3), (5, -3), (-5,3), (-5, -3)) 

(J)     ((2,-2), (-2,2), (2^,ii^),(2^,.it^)} 

(k)  ((2,-2)(3,"3)) 

(1)     ((1,2), (-4, 2), (4, -2), (-1,-2)) 

(m)     ((6,0), (-6,0), (0,6), (0,-6)) 

(n)     ((1,1), (-1,-1), (1,0), (-1,0)) 

?.      The  solution  set  of  each  system  is  the  Intersection  of  the 
solution  set  of  each  of  the  component  equations. 

(a)  (b) 
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Suppl ementary  Exei'clses  -  Answers 

(a)  [(^-1)] 

(b)  U^,--^)) 

(c) 

(d)  {(|,8)) 

(e)  ■  Empty  set 

( f\     f  r^d  +  3b    2d  -  3b  v , 

/  -y::  Y  ,2V  +-3rw  2v3_-3w\ 

(h)  ((H^-IM))  484 
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The  solution  set  of  each  of  the  systems  are  the  number  pairs 
which  are  coordinates  of  the  points  in  the  dotted  region. 
This  is  the  intersection  of  the  solution  sets  of  the  component 
inequalities . 


(a)  (b) 
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(h) 


(1) 


"1 

X 

 i 

y 

\ — 

■/ 

o 

1 

>  > 

X 

D 

[ 

y 

Solution  set 
is  null  set.. 


(J)     Null  set.     Complex  roots:  {(2lV6^,-l'V  6)  ,(-2i'V  6,1  "\/6) } 
(k)  !  Null  s_et.     Complex  roots;  ( ( 31  VTj^^-^)  ^  ( 31-^, -41^^  ^ 
|(z3iVll,iiiO),  (:.3l^,:d^j, 

(in)     ((5, -5), (0,-10)) 

(n)     ((2, 3), (-2, -3), (1,-1), (-1,1)} 

(o)  C(0,-5),(+2V6,l),(-2V6,l)) 

(p)     ((2,|);(-2,-  ^),(Vi,Vl),(-Vi,-Vi)) 
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1  1 

(q)  ((l,-4),(-l,4),(72,-3^/2),(-^/2,3^/2)} 
(r)  ((0,-6),(v^,5),(-r/ll,5))' 

(s)  ((|,5),(-|,-5),(|,-5),f|,5)} 

(t)    {(1,4), (4,1)) 
(u)  ((-1,1)) 

(v)    ((f /5,  ^y5),(-fv^,f  ^/5),(f./5,-f  v^), 
(-^75,-^75)) 


(w)  i(  ^/||4^/iT^'^' ''^/ip't^/ir^^ 

(x)  ((1,-4),  (^,§)) 

(y)  ((4,2),(^,-^)) 

The  solution  set  of    y  =  mx  +  k    Is  In  the  form,     (a, ma  +  k) 


y  =  X 
y  =  mx  +  k 


The  pair  belongs  to  the  solution 
2 


for  real  ^  jn,  and 
set  of  the  system, 

if  and  only  if, 

2 

ma  +  k  =  a 

2 

a    -  ma  -  k  =  0. 

For  the  line  whose  eqiiation  is    y  =  mx  +  k    to  be  tangent  to 

p 

the  conic  whose  equation  is  y  =  x  ,  the  discriminant  of  the 
equation  .a^  -  ma  -  k  =  0    for        must  be    0.  Hence, 

m^  +  4k  =  0 
m^  =  -4k 

m    =  +  2  for  real    m,    k  <  0 , 

.  • .    y  =  +  2        X  +  k,    k  <  0,    is  tar?gent  to    y  =  x  . 


4  87 


[page  408] 


481 


7-7. 


Illustrative  Test  Questions 


Find  all  the  ordered  pairs     (x,y)    such  that  the  square  of 
the  first  Is  one  more  than  three  times  the  second  while  the 
square  of  the  second  minus  the  square  of  the  first  Is  one 
less  than  five  times  the  second. 

2 

Find  the  solution  set  of  the  system  J  x    +  2y  =  19 

2x  -    y  =  1. 

The  ordered  pair  (6,0)  belongs  to  the  solution  set  of  the 
statements : 


+  y^  =  25. 
+  y^  <  25. 


(c)         +  y^  >  25. 


(a) 
(b) 


(d)  X  =  y  -  6. 

(e)  X  +  y  =  -6. 


Which  of  the  following  systems  has  no  real  number  pairs  In 
Its  solution  set? 


(a) 
•  (b) 
(c) 


-    y2  =  16 

9x^  -  25y^=  0 


X    =  y 

x^  +  =  25 
4x^  +  4y2  =  4 
gx^  +  4y^  =  36 


(d) 
(e) 


X  =  0 

x^  -  y2  =  36 
x'^  +  y'^  =  il- 


A  choice  of    a    and    b    which  will  eliminate    y    from  the 


equation  a(x'^ 


2y^  +  2x 


-  3)  +  b(3x^  +  y^  -  X  -  2)  =  0  is! 


(a) 

a  =  3, 

b  = 

2. 

(d)     a  =  7,      b  =  2. 

(b) 

a  =  -1, 

b  = 

-2. 

(e)    a  =  0,      b  =  -2. 

(c) 

a  =  1, 

b  = 

-2. 
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Which  of  the  following  systems  are  equivalent  to  the  system 
5x  +  4y  -  3  =  0 

} 

1 

y 

X  =  1 

x(5x+4y-3)  -2x(x  +  2y)=0 
+  2y  =  0 

Determine  whether  or  not  the  following  systems  are  consistent: 
-2  '^^      '  x^  +  4y2  =  4 


2 

X 


2  2 
X    -    y    =  1 


=  2r 


?  ? 
2x    +    y    =  0 

8.      Show  graphically  the  region  in  the    xy-plane  which  satisfies 
both  of  the  following  inequalities: 

2  2 


Sketch  the  graphs  of  the  equations  in  the  following  system 
and  label  the  Intersection  points  of  the  two  curves  with  the 
letters    P^,  •    Use  as  many  letters  as  there 

are  intersection  points.    You  need  not  find  the  coordinates 
of  the  intersection  points. 

o 

X  -=  y  +1 

2  2 
x''  +  y^  =  25- 
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10. 


For  what  values  of    k    will  the  system  of  equations 
3x  +  4y  =  12 

be  dependent. 

4 


4x  +  ky  =  l6 

(a)  None 

(b)  3 

/  X  l6 
(c) 


(d)  ^ 

(e)  All  values . 


11. 


The  solution  of  the  system  of  inequalities,  J    x    +  y    <  i> 

S  ^  '? 
2x~  <  y 

is  represented  by  which  of  the  niimbered  regions  in  the 
accompanying  figure? 

(a)  I 

(b)  II 

(c)  III 

(d)  IV 

(e)  V 


pz: 

— — 

) 

— 

12.    Which  of  the  following  systems  is  equivalent  to  any  system 

of  equations  in  two  variables  whose  solution  set  is  the  single 
ordered  pair  (p,q)? 


(a) 
(b) 
(c) 


X  +  y  =  p 

X  -  y  =  q 

X  =  p 

y  ==  q 

X  =  q 

y  =  p 


(e) 


X  -  y  =  p 

X  +  y  =  q 

2  2 
X    =  p 

2  2 

y  =  q 
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An  ordered  pair  of  numbers  with  first  element  equal  to  p  is 
in  the  solution  set  of  the  system    fx  -  y  =  0 

|x  +  2y^  -  3  =  0 

if  and  only  if, 

(a)  =  p2  (d)  y3^r7=2p 

(b)  y^-^  =  p  (e)     3p2  -  3  =  0 

(c)  6  -  2p  =  p2 

For  what  value  of    k    will  the  lines  whose  equations  are 

X  +  2y'=  3    and    (k  +  l)x  +  (3k  -  l)y  =  4 
be  parallel? 

(a)  I  (d)  2 

(b)  1  (e)  3 

If  a  system  of  equations  consists  of  a  linear  equation  and  a 
quadratic  equation,  how  many  pairs  (x,y)  does  the  solution 
set  contain? 

(a)  0    or    1    or    2  (d)    1    or    2    or  3 

(b)  1    or    2  (e)    0    or    1    or    2  or 

infinitely  many. 

(c)  2 

Which  of  the  following  describes  the  graph  of  the  solution 
set  of  the  system    Jxy  =  0 

I  X  «  0? 

(a)  The  point  (0,0) 

(b)  The  X-axis 

(c)  The  y-axis 

(d)  The    X-axis  and  the  y-axis. 

(e)  There  is  no  graph  because  the  solution  set  is  the  empty 
set. 
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What  are  all  ordered  pairs    (x,y)    In  the  solution  set  of 


(a)  (-16,-21  yiB) ,  (-l6,2iyiB) ,  (16,21  yi5) ,  (16,-21  yiB) 
(0,2), (0,-2). 

(b)  (-16,21  ^/l5) ,  (-16, -£1715) ,  (16,21  v^)  ,  (l6,-2i^/T5) . 

(c)  (-16, 21  >/r5),  (-16, -21^15),  (0,2),  (0,2). 

(d)  (0,2), (0,-2). 

(e)  (0,2), (0,-2), (2,0), (-2,0) 


How  many  ordered  pairs  of  real  numbers  are  there  In  the 


solution  set  of  the  system 


(a)  0 

(b)  1 

(c)  2 


(d)  k 

(e)  Infinitely  many. 
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7-8.  Illustrative  Teat  Questions  -  Answers 

1.  ((1,0), (.-1,0), (5,8), (-5,8)) 

2.  ((-7 

3.  c 

5.  (b) 

6.  (a),  (b),  (c) 

7.  (a)     inconsistent  "over  the  reals";    consistent  "over  the 

complex" . 

( b )  inc  ons  is  tent 

(c)  dependent 

(d)  inconsistent  "over  the  reals";    consistent  over  the 
complex" . 

(e)  consistent. 

8.  9- 
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10. 

(c) 

11. 

(c) 

12. 

(b) 

13. 

(a) 

14. 

(e) 

15. 

(e) 

16. 

(c) 

17. 

(c) 

18. 

(d) 

Chapter  8 


SYSTEMS  OP  FIRST  DEGREE  EQUATIONS  IN  THREE  VARIABLES 

8-0.  Introduction 

Systems  of  first  degree  equations  arise  in  many  branches  of 
mathemati        ad  science  as  well  as  In  many  modern  theories  of 
econor     s  a.  business  problems,  particularly  those  concerned 

with  In      '        and  production  questions.    The  geometrical  signifi- 
cance of  the  subject  Is  emphasized  by  our  presentation  of  the 
geometry  along  with  the  algebra  of  the  problem. 

With  the  current  use  of  computing  machines  to  solve  engineer- 
ing and  scientific  problems,  this  subject  has  become  one  of  the 
most  Important  branches  of  applied  mathematics.  Every  day,  Indust 
rial  and  research  organizations  must  solve  systems  of  first  degree 
equations,  some  of  them  with  hundreds  of  equations  and  hxindreds  of 
variables.  A  thorough  understanding  of  the  simpler  cases  Is  there 
fore  a  necessity  for  any  one  hoping  to  take  almost  any  kind  of 
mathematical  Job  in  Industry  or  scientific  research. 

T).e  central  problem  studied  In  this  chapter  is  an  algebraic 
one:    under  what  circumstances  do  two  or  more  equations  In  three 
variables  with  real  coefficients  have  common  solutions,  and  If 
there  are  common  solutions,  how  many  are  there  and  how  are  they 
related  to  one  another?    Because  we  restrict  our  attention  to 
first  degree  equations  with  real  coefficients  having  only  three 
variables,  we  are  able  to  translate  the  problem  Into  geometric 
language.    This  translation  makes  It  possible  to  cast  our  rissults 
In  the  form  of  statements  about  planes  In  three  dimensional  space 
In  such  a  way  that  statements  about  common  solutions  of  the  equa- 
tions become  statements  about  configurations  of  planes  and  their 
Intersections.    The  insights  gained  in  this  way  are  perhaps  most 
strikingly  illustrated  by  the  diagrams  in  Figure  8-9b  where  the 
many  types  of  intersection  and  parallelism  of  planes  are  used  to 
de  crlbe  the  typee  of  solution  sets  that  may  be  expected  when  a 
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system  of  three  first  degree  equations  in  three  variables  is 
studied.     In  this  presentation,  Section  8-9  gives  cases  where 
there  are  solutions,  and  also  gives  cases  where  the  solution 
set  is  empty.     Although  it  is  not  essential  that  the  student 
understand  all  these  cases,  some  students  will  enjoy  the 
opportunity  to  see  a  classification  of  this  kind.    Thus,  these 
students  who  learn  to  handle  the  ideas  presented  in  discussing 
the  correspondence  between  the  geometry  and  algebra  of  these 
(31.    other)  systems  of  equaMons  will  benefit  from  the  ability 

1  -.ualize  the  geometry.     If  they  go  on  to  the  study  of  mathe- 
matics at  college,  they  will  find  that  the  development  of  this 
ability  gives  them  real  advantages. 

Degrees  of  Freedom 
■     vOne  of ,  the  basic  ideas  that  will  throw  light  on  the  approach 
to  the  problems  studied  in  this  chapter  is  the  concept  of  degrees 
of  freedom.     An  understanding  of  this  concept  will  improve  the 
teacher's  intuitions  about  all  the  problems  discussed  here.  (For 
a  more  sophisticated  treatment  tyf  this  question  and  of  linear 
dependence,  see  Birkhoff -MacL^i-:^'--:,  Survey  of  Modern  Algebra., 
p.  l66ff.) 

A  point  J.n  space  has    3     i     rdinates  (x,  y,  z) .     It  is  said 
to  have    3    degrees  of  freedo:   since  each  of  the  variables  may  be 
assigned  arbitrary  values.     As^  v-nch  of  x,  y,  and    z    assimies  all 
possible  raal  values,  the  poin.   (x,  y,  z)    assumes  all  passible 
positions  in  space.     If,  howeve.^  the  values  of  the  variables  are 
constrained  to  satisfy  a  single  equation  (here  an  equatior:  of  first 
degree  -  the  equation  of  a  plane),  the  number  of  variables  that 
may  be  assigried  arbitrary  values  is  reduced  to  2.     The  point  now 
has  only  2    degrees  of  freedom  and  is  constrained  to  remain  in 
the  plane  whose  equation  is  given.    We  say  that  the  number  triples 
in  the  solution  set  of  the  equation  can  be  described  in  terms  of 

2  parameters.  (This  case  is  treated  in  the  first  part  of  Section 
8-^,  but  the  word  parameter  is  not  used  in  the  text.) 
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If    2    first  degree  equations  are  given,  there  are    3  possibil- 
ities: 

1.  In  the  most  interesting  case  there  are  points  (x,y,z)  whose 
coordinates  satisfy  the    2    equations;  the    2    equations  im- 
pose   2    independent  conditions  on  the  point,  and  only  one 
variable  may  be  assigned  arbitrarily.     The  point  (x,y,z)  now 
has  only  one  degree  of  freedom.     The  number  triples  in  the 
solution  set  of  the  system  of    2    equations  can  be  desci^ibed 
in  terms  of  a  single  parameter.    The  point  is  constrained  to 
remp'.u  on  a  line--the  line  of  intersection  of  the    2  given 
planes . 

Section  8-8  develops  methods  for  describing  the  line  of 
intersection  in  different  ways,  depending  on  which  variable  is 
assigned  arbitrarily  (which  variable  serves  as  parameter). 

2.  In  the  second  case,  the    2    equations  are  Inconsistent ,  They 
rsx^resent  pc-rallel  planes  (discussed  below  and  in  starred 
Section  8-7),  and  no  number  triple  can  satisfy  both  equations, 
ifere  there  Is  no  point  that  is  coranon  to  both  planes. 

3.  Za.  the  third  case,  the    2   equations  represent  the  same  plane, 
"ciHid  we  have  actually  only    1_    condition  on  the  coordinates  of 
-points  in  this  plane.     Again,  the  number  triples  in  the  solu- 
tion set  are  described  in  terms  of    2    parameters.  (This 
c^se  is  also  discussed  below  and  in  Section  8-7.) 

I[t  a  third  first  degree  equation,  consistent  with  the  .first 
: two  apd  independent  of  them,  is 'given,  an  additional  condition 
'iP^  Imposed  on  the  number  ^  triple  (x,y,z).     In  this  case,  no  variable 
•ggg  be  chosen  arbitrarily,    TItiit  coordinates  (x,y,,z)  are  completely 
"'idfc^f^ined,  and  the  point     (x,r.z)    is  the  single  point  of  inter- 
t' ■  ,n  of  the  three  planes.    This  is  one  of  the  cases  studied  in 
Sedation  8-9.    The  cases  in  whl:-a  the  systems  are  dependent  reduce 
to  ^nc:  of  the  two  cases  studier.  above:     a  line  of  intersection  (one 
degree  of  freedom) --one  parameter,  or  a  plane  of  intersection  (two 
degr^'-.'  of  freedom) --two  parameters.     If  the  system  is  inconsistent 
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(and  this  can  happen  in  a  variety  of  ways,  as  illustrated  in 
Figure  8-9b),  then  there  is  again  no  point  that  is  common  to 
the  three  planes. 

Throughout  Chapter  8  the  manipulations  that  enable  us  to  find 
the  solution  set  for  a  system  of  equations  are  justified  by  the 
fact  that  the  given  system  is  consistently  replaced  by  an  equiva- 
lent system.     The  new  system  is  equivalent  to  the  old  because  the 
new  equations  are  derived  by  taking  linear  combinations  of  the 
expressions  defining  the  given  equations.    Hence,  the  planes  defined 
by  the  new  equations  pass  through  the  intersection  of  the  given 
planes;  when  we  have  described  the  solution  set  of  the  new  equations, 
we  have  also  described  the  solution  set  of  the  given  equations. 
General  Comments:     An  Outline  of  our  Procedure— 5ugp;estions  t£ 

the  Teacher. 

We  give  here  an  outline  of  our  procedure  in  this  chapter  and 
an  indication,  in  certain  parts,  of  teaching  techniques  that  may 
make  the  presentation  easier  or  of  aspects  of  the  problem  that  are 
not  developed  in  the  text  but  may  be  useful  for  the  teacher  to  know. 

The  Purpose  of  the  First  Three  Sections  (Sections  8-1,  8-2,  8-3). 

The  first  three  sections  are  included  in  order  to  establish 
our  basic  geometric -algebraic  correspondence;  na:nely,  the  theorem 
that  the  equation  of  a  plane  is  always  of  first  degree,  and  that 
a  first  degree  equation  always  represents  a  plane.    There  are 
several  points  that  should  be  made  here: 

8-1.     Comments.     T';e  Coordinate  System  (Section  8-l) 

The  coordinate  system  used  is  a  "right -handed'^  one.    This  is 

an  arbitrary  choice  that  is  made  throughout  this  book  because  of 

the  widespread  use  of  this  system  in  physics,  vector  analysis,  and 

other  courses  in  mathematics  and  its  applications. 

What  do  we  mean  by  a  "right-handed'*  or  a  *'lef t-handed"  system? 
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The  difference  between  these  systems  may  be  expressed  some- 
what picturesquely  perhaps,  as  follows:     In  a  right-handed 
coordinate  system,  a  person  impaled  on  the  positive  Z^axis  and 
looking  toward  the    XY    plane  views  it  Just  as  he  always  did  in 
plane  geometry--the  positive    X    axis  positive  to  the  right  of  the 
positive    Y    axis.    In  a  left-handed  system  our  observer  on  the 

positive    Z    axis,  on  looking  toward 
the    XY    plane  sees  the  positive  X 
Y  axis  extending  to  the  left  of  the 

positive    Y  axis. 


Y 


X 


The  following  sketches  illustrate  a  variety  of  the  views  an 
observer  may  have  of  each  type  of  system. 


Right 

Handed 

System 


Wall  — 


X  xFloor^ 
V//  / 


Exercises    8-3  .  -  Answers, 


1. 

See  graph 

6. 

Point  not 

plotted* 

2. 

Point  not 

plotted , 

7. 

See  graph 

3. 

See  graph 

8. 

Point  not 

plotted. 

4. 

Point  not 

plotted. 

9. 

See  gi'^aph 

5. 

See  graph 

■1  o 

t  not 

plobued. 
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11 


12. 


13, 


14. 


(a 
(b 

(c 

(a 
(b 

(a 

(b 


On  the    yz  plane 


On  a  plane  | 
2. 

On  a  rTane  | 
at  -3. 


On  the    xz  plane 


On  a  plane  | 
axis  at  3. 

On  a  plane  | 
axis  at  2. 

On  a  plane  | 
axis  at  -2. 


to  the  yz  plane  cutting  the  x  axis 
to  the    j      plane    utting  tr.      x  axis 


TO  the  xz  plane  and  cutting  the  y 
1:0  the  xy  plane  and  cutting  the  z 
to  the    xy    plane  and  cutting  the  z 


A  plane  | |  to  the  z  axis  and  cutting  the  x  and  y 
axis  at  4, 


8-2.    Comments*    The  Distance  Formula  in  Space , 

In  teaching  the  distance  formula  in  space,  many  teachers  have 
found  that  a  box  or  other  model  constructed  with  pieces  of  hard- 
ware, cloth,  window  screen,  or  ordinary  cardboard  is  very  helpful. 
Even  the  corner  of  a  room  can  be  used  to  assist  the  student  to 
visualize  this,  an^i  other  parts  of  geometry  in  space.    The  indus- 
trial arts  teacher  can  be  very  helpful  in  providing  large  drawings 
for  display  purposes;  and  it  may  be  possible  to  secure  film  strips 
that  will  show  figures  in  three  dimensions. 


Exercises    8-2.  -  Answers, 

1.  472  6,  29 

2.  13  7.  3 

3.  7  8,  yi29 

5.    12  IC. 

[pages  411-414] 
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F  ^mments  •    The  Corx\     ondenoe  Bo'  >£een  Planes  and  Plrst 

^^egree  Equations  ir  VariaDles^. 

In  pi   vlng  the  theorem  establishing  the  correspondence  between 
planes  in  space  and  first  degree  equations  in    3    variables  (Sec- 
tion 8-3),  we  did  not  have  available  the  customary  techniques  of 
solid  analytic  geometry  for  deriving  the  equation  of  a  plane.  Thus 
instead  of  viewing  the  plane  as  the  locus  of  points  on  lines  per- 
pendicular to  a  given  line  through  a  point  on  that  line,  we  have 
adopted  a  different  definition.    We  have  viewed  the  plane  as  the 
locus  of  points  equidistant  from  two  given  points.     This  defini- 
tion enables  us  to  derive  the  equation  of  the  plane  with  no  analy- 
tic  machinery  beyond  the  distance  formula,    ^ince'  our  defini- 
tion embodies  a  property  that  characterizes  a  plane,  the. 
equation  we  derive  represents  precisely  the  plane  with  all  the 
properties  studied  in  geometry.     In  particular,  a  pair  of  distinct* 
planes  are  either  parallel  or  they  intersect  in  a. line. 

If  the  teacher  is  pressed  for  time,  it  is  suggested  that  the 
proof  in  Section  8-3  be  omitted.    The  student  should  then  accept 
without  proof  the  theorem  -that  every  plane  in  three  dimensions 
can  be  represented  by  an  equation  of  the  form 

Ax+By+Cz+D=0 

where  A,  B,  C,  D,  are  real  constants,  and  A,  B,  C,  are  not  all 
zero.;  and  the  converse  theorem,  that  every  equation  of  this  form 
represents  a  plane. 


Exercises    8-3 .  - 

1.     (a)  lOx 

(b)  2x 
(c) 


Ansv;ers . 

lOy  -  8z  -  10  =  0 
6y  -  12z  +6=0 

20x  +  4y  -  8z  =  0 
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(d)  il-x  +  i|-y  -  l6z  =  32 

(e)  6x  +  8y  -    6z  =  -14 

-    (f )    4x  -  8y  +  12z  =  0 

2.  (^,0,0),  (-2,0,0), 

Plane  has  equation 
X  =  1 

Plane  is  parallel  to 
YZ    plane  and  cuts  the 
X    axis  at    1 . 

(b)  (0,3,0),   (0,  -1,0). 
Plane  has  equation  " 

y  =  1  . 
Plane  is  parallel  to 
XZ    plane  and  cuts  the 
Y    axis  at  1. 

(c)  (0,0,0),  (4,2,0). 
Plane  has  equation 

8x  +  4y  =  20 
or      2x  +    y  =  5 
Plane  is  parallel  to 
the    Z    axis,  and  cuts 
the    X    axis  at  ^ 
and  the    Y    axis  at  5 

(d)  (0,0,0),  (0,5,3). 
Plane  has  equation 

lOy  +  6z  =  34 

or      5y  +  3z  =  17 

Plane  is  parallel  to 

the    X    axis,  and  cuts 

17 

the    Y    axis  at 
and  the    Z    axis  at 
17 
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3,     Let     P(x,y,z)    be  any  point  on  the  plane  that  is  the  locus 
of  points  equidistant  from    ^R(A,B,C)     and  S(-A,-B,-C). 
Since  these  points  are  symmetric  with  respect  to  the  origin, 
we  would  expect  the  required  plane  to  pass  through  the 
origin, 

PR  -  PS 

(x  -  kf  +  (y  -  B)^  +  (z  -  C)^  =  (x  +  A)2  +  (y  +  B)^ 

+  (z  +  C)^ 

-.2Ax  -  2Bv-  -  2Cz  +  A^  +  B^  +  C^=  2Ax  +  +  2Cz 

2        2  2 
+  A"^  +  3  + 

4Ax  +  ^By  +  4Cz  =  0 

Ax  +    By  +  .  Cz  =  0 

Since  (0,0,0)     is  a  point  'in  the  solution  ser  of  this 
equation,  the  plane  passes  through  the  origin, 

8-4,  8-5,     Comments.     The  Graph  of  a  First  Degree  Equation  in  Three 
Variables , 

The  correspondence  between  a  plane  and  a  first  degree  equation 
is  introduced  to  throw  light  on  the  algebraic  problem.     The  ability 
to  draw  the  graph  of  an  equation  will  enable  the  student  to  gain 
insight  into  some  of  the  special  situations  that  may  occur  when, 
in  the  later  sections,  we  study  the  solution  sets  of  systems  of  two 
or  three  equations.     In    Sections  8-4    and    8-5    we  try  to  develop 
this  ability  to  draw  graphs,  first  for  the  special  planes  that  are 
parallel  to  an  axis  but  not  parallel  to  a  coordinate  plane  (one 
variable  has  a  zero  coefficient,  e.g.,    x  +  y  =  4);  second  for 
planes  parallel  to  a  coordinate  plane  (two  variables  have  zero 
coefficients— the  equation  gives  a  constant  value  for  one  coor- 
dinate, e.g.,    X  =  3);  and  last  for  planes  that  have  equations  with 
no  coefficients  equal  to  zero.     In  all  these  cases,  we  consider 
the  trace  of  the  plane  in  each  of  the  coordinate  planes. 
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(The  trace  is  the  intersection  of  the  given  plane  with  a  coordinate 
plane,)    The  trace,  like  every  line,  is  described  by  two  first, 
degree  equations,  but  one  of  these  is  the  equation  of  a  coordinate 
plane,  i.e.,    x=0    or    y=0    or  z=0. 

Some  Generalizations  About  Planes  and  Their  Equations --Suggestions 
for  Constructing  Problems . 

We  are  novf  in  a  position  to  make  certain  general  observations: 
1,     Any  plane  has  infinitely  many  equations . 

If  a  given  plane  is  represented  by  the  equation 

,Ax  +  5y  +  Cz  +  D  =  0, 
it  is  also  represented  by 

k(Ax  +  5y  +  Cz  +  D)  =  0, 
where    k    is  any  non-zero  constant. 

The  proof  of  this  may  be  either  algebraic  or  geometric: 

(a)  every  number  triple  satisfying  either  equation 
satisfies  the  other;  or 

(b)  the  traces  of  the  two  planes  are  identical. 

The  converse  is  also  true.     Equations  in  v;hich  the  coefficients 
are  proportional  represent  coincident  planes . 
For  if  two  planes  have  equations 

A^x  +  B^y  +  C^z  +  =  0 
AgX  +  B^y  +  CgZ  +        =  0 


and 


then  the  first  equation  is    k    times  the  second,  and  the 
equations  represent  the  same  plane. 

These  results  are  useful  throughout  our  algebraic  study. 
For  example,  if  we  have  a  system  of  two  equations    in  which 
one  equation  is  a  multiple  of  the  other,  we  know  that  the 
second  equation  contributes  no  information  not  already  given 
by  the  first.     Thus,  a  point  whose  coordinates  satisfy  the  two 

[pages  417-^21] 
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equations  still  has  the  two  degrees  of  freedom  that  character- 
ize the  point  whose  coordinates  satisfy  a  single  equation. 
This  is  the  third  case  described  under  Degrees  of  Freedom  for 
two  equations. 

2.  If  two  planes  have  equations  that  can  be  reduced  to  the  f om 

Ax  +  By  +  Cz  =  D 

v/here    D  /  F 

Ax  +  By  +  Cz  =  P 

the  planes  are  parallel,  and  there  is  no  common  solution. 
Again,  the  proof  may  be  algebraic  or  geometric: 

(a)  If     (Xq,  y^,  Zq)    is  any  number  triple,  it  cannot 
satisfy  both  these  equations  since 

AXq  +  By^  +  CZq 

cannot  be  equal  to  both    D    and    P    if    D  /  P;  or 

(b)  the  traces  of  the  planes  are  parallel  lines. 

3.  These  two  cases,  are  summarized  in  the  following  rule: 

If  corresponding  coefficients  of  two  first  degree 
equations  are  proportional,  then  their  graphs 

(a)    are  the  same  plane  if  the  constant  terms  have  the 
same  ratio  as  the  coefficients, 

i^)  parallel  planes  if  their  constant  terms  are 

not  in  the  same  ratio  as  the  coefficients . 

This  information  gives  us  a  xvay  to  recognize  at  a  glance  two 
equations  that  are  Inconsistent  or  dependent.     It  e*lso  gives 
the  teacher  the  ability  to  make  up  problems  v/ith  great  ease. 
He  need  merely  put  down  any  left  member  of  first  degree  and 
any  constant  term  for  the  first  equation.     Por  the  first  case, 
double  the  first  equation,  triple  it,  or  transpose  some  terms. 
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For  example: 

Start  with  the  equation    3x  +  5y  -  z  =.  7 
Double  the  equation  and  transpose  the  y  term 
6x  -  22  =  l4  -  lOy. 
The  resulting  equations  represent  the  same  plane. 
Po7?  the  second  case,  copy  down  the  same  left  member  for  the 
equation  but  make  its  constant  term  different; 

3x  +  5y  -  2  =  12, 

This  equation  represents  a  plane  parallel  to  the  first. 
A  more  sophisticated  version  of  this  procedure  involves  doubl- 
ing, trebling,  or  changing  the  sign  of  the  left  member  while 
taking  care  to  do  something  else  with  the  constant, 

4 .    Conversely,  two  i)lanes  meet  in  a  line  if  and  only  if  their 
corresponding  coefficients  are  not  proportional . 
Again,  examples  of  this  sort  can  be  invented  in  the  time  it 
takes  to  write  them  down:     take  any  first  degree  equation  as 
the  first,  and  change  the  coefficients  for  the  second  one 
somehow,  so  that  they  are  not  proportional  to  the  first  ones. 
Having  accomplished  this  much  one  is  safe.    Any  constant  term 
whatever  will  do.    New  coefficients  not  porportidnal  to  the 
first  ones  can  be  obtained  in  many  ways.    For  example:     keep  one 
of  them  the  same  and  change  some  other  onfe;    or  add  one  to  each 
of  them;  or  change  some  of  the  signs,  but  not  all,  etc.    We  give 
a  collection  of  such  equations: 

3x  -f  5y  -  2  -  7 
3x     5y  +  2  =:  7 
^x  -  5y  +  22  =  5f  etc. 

The  four  results  stated  above  may  be  made  the  basis  of  a  pre- 
liminary examination  of  a  system  of  equations.  If  we  can  tell  by 
inspection  that  two  of  the  given  equations  are  inconsistent,  we 
know  Immediately  that  the  system  has  no  solution.  If  we  can  tell 
by  inspection  that  one  of  the  given  equations  is  dependent  on  the 
others,  we  know  that  the  number  of  degrees  of  freedom  is  larger 
than  would  be  in  the  case  if  all  the  equations  were  independent. 


[pages  417-421] 

507 


503 


2x  +  y  =  6 

A(3,0,0).     Also  on  the 
graph  are 

(3,0,1),   (3,0,2),  (3,0,4). 
B(l,4,0) .    Also  on  the 
graph  are 

(1,4,1),  (1,4,3),  (1,4,4). 
C(2,2,0) .     Also  on  the 
graph  are 

(2,2,1),   (2,2,3),  (2,2,4). 
D(0,6,0).    Also  on  the 
graph  are 

(0,6,1),  (0,6,2),  (0,6,3). 
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Exercises    8-5.  -  Answers. 

l.(a)  'dr 


3^5 


iQii  (i) 
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8-7,     aonment , 

The  geometric  information  pr«s:it3ii^ed  in  Section  8-4  and  8-5 
is  sufficient  for  the  minimal  pnT"pose3S  of  ths  chapter.     Section  8-7 
presents  addition?,!  geometric  inTEorniatlon  tnat  will  throw  light  on 
the  later  work  and  will  be  of  inv  ^est  to  those  students  who  euijo^r 
three-dimensional  studies.    If  t:;;^-  :>-i^.aher  finds  time  to  include 
this  material,  and  if  some  studestf5^  f:j:nd  the  graphing  of  space 
figures  excessively  difficult,  It         be  helpful  if  such  assign- 
ments are  made  to  groups  of    2    gh?    r     students.    If  Section  8-7 
is  omi1:ted,  the  teacher  should  be  ..yrx:^  to  teacli  the  material  pre- 
sented in  Examples  2  and  3^  of  the  gs^bion.    Bils  is  covered  by  the 
discussion  siunmarized  in  point  (3;  ib£ve.    (See  page  491.) 

Parametric  Representation  of  the  I^ljcvt  of  Intersection  of  Two 

Intersecting  Planes. 

(a)    The  line  intersects  all  the  coordinate  planes . 

Once  we  have  disposed  of  systems  of    2    equations  in  3 
variables  in  which  the  planes  are  coincident  or  parallels, 
we  must  undertake  the  more  formidable  problem  af  repre- 
senting the  line  of  intersection  of  pQanes  that  do  inter- 
sect.   Actually  this  line  is  represented  by  the  two 
equat:'  ons  of  the  given  intersecting  planes;  but  since 
we  know  from  our  discussion  above  thai;  the  point  describ- 
ing tho  line  has  a  single  degree  of  freedom,  we  seek  a 
representation  of  the  line  in  which  the  three  coordinates 
of  the  point  are  described  in  terms  of  a  single  parameter. 
We  seek  to  describe  the  coordinates  of  any  point  on  the 
line  as  functions  of  a  single  variable — this  is  the  vari- 
able to  which  we  can  assign  Hrottrary  values  in  finding 
as  many  points  as  we  want  in  the  solution  set.    Our  mani- 
pulation of  the  given  equations  is  aimed  at  expressing 
all  three  variables  in  te.rms  of  one  of  them  so  that  the 
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varlai.,     that       ar  oitrary  Is  cleac^ly  indicated.     In  the 
non  sr.:    Lai  car^e,  "hen  the  line  of  .  r-'-^rsection  cuts  all 
three   :cDrdinE.x-^  -lanes,  any  one  o:      o  three  variables 
may  be     nosen  arbitrarily,  so  that     *-^e  are  three  'liffer  - 
ent  pax  ....-ne trie  representations  of  zh-.   line,  one  in  vniich 
.X    is    Liroitr^^-,  one  in  vjtdLch    y    i:.:  -'.rbitrary,  anc  one 
in  which    z         ar-i^itrary.     To  derive  each  of  these,  v;e 
find  tlie  equarionr  of  a  pair  of  planes  through  the  line, 
each  equation  having  in  it  one  variable  with  a  zero  co 
efficient.     TLxs  is  achieved  by  eliminating  each  variable 
in  turn  "rom  the  given  equations,  and  combining  the  re- 
sulting three  equations,  two  by  two.     For  example,  an 
equation  containing  only    x    and    y    (the  coefficient  of 
z    is  zero)  is  combined  with  an  ecuatlcn  containing  only 
X    and    z.     Since    x    and    y    are  ir:    r^-^  first  equation, 
y    can  be  expressed  in  terms  of    x.     Szsice    x    and  z 
are  in  the  second  equation,  :z    can  :be  expressed  in  terms 
of    X,     In  thi3  case,     x    serves  as  pairameter.  (Note 
that  geometricrally  the  planes  corr.e£;p:arnilng  to  equations 
that  have  a  single  zero  coefLficient  are  parallel  to  an 
axis,  e.g.,  Eqxiation  S-Sd  is    x  +  3z  +  1  =  0;  this  plane 
Is  parallel  to  the  y-axis.) 

(b)    The  line  is  perpendicular  to  one  of  the  coordinate  planes . 
If  the  line  "we  seek  to  describe  is  perpendicular  to  one 
of  the  coordinate  planes, the  situation  is  special.     For  • 
example,  if  the  line  is  perpendicular  to  the  XY-plane, 
the  plane  that  passes  through  it  and  is  parallel  z;^  the 
X-axis  is  also  parallel  to  the  XZ-plane.    Slmiia*  L^r,  the 
p:^ane  that  passes  through  the  given  line,  parallel  'to  the 
3?-axis,  is  also  parallel  to  the    YZ    plane*    Ind^d  any 
plane  tAat  passes  through  the  given  line  Is  paraliel  to 
ir^ie  z-axls.    Thus  the  coordinates  of*  a  point  onrthe  line 
have  a  ven^y  special  parametric  i?epz^  sent  at  1  on ,  ~a.me  ly , 

X  —  a(y  and.     have  zero  casf  fidssits) 

y  =  b(x  and.— have  z^ro  cc^sf f iclisnts) 

z  ±s  arbitrary 
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(c)    Tr^e  line  Is  parallel  to  one  of  the  coordinate  planes > 
In  a  similar  way,  we  find  that  if  the  line  we  seek  to 
deh  ribe  is  parallel  to  one  coordinate  plane,  but  inter- 
?.r:"  '".s  the  other  two,  the  situation  is  special.  Here, 
rm^'  variable  will  be  constant,  but  either  of  the  others 

be  expressed  in  terms  of  the  third.    This  case  Is 
cnjcussed  m  Example  2  of  Section  8-8. 


The  MethGn:  of  Elimination 

The  Jiz^.cif ication  for  th^^  familiar  procedure  used  in  -elimina- 
ting one    :r_riable  from  the  given  equations  is  the  theorem  that  1: 
illustrate-i  for  a  special  case  in  starred  Section  8-10.,  This 
argument  i.   the  same  as  that  given  in  Chapter  7  for  ecuaulons  in 
two  variables.     It  establishes  the  fact  that  the  solution  set  for 
any  given  ^system 

'    =  °' 


Is  the  sacis  as  for  a  new  system 


1 


or  f  a  second  system 
Eq .      (2  : 


a^f. 


a^f. 


^^1 


-f  b^f^ 


0, 

-  0. 

=  0, 
=  0. 


(a^  and  a^  not  :20th  zero) 


(b^  and  b^  not  bct^h  zeiro.) 


The  ^wc  new  systems  are  thus  equivalent  to  the  given  sysi:Hm. 
Eie  e^ores^onis  in  the  left  member n.  of  Equations  (l)  and  (2)  aire 
llne^ar  cominations  of  f^  and  f^.    Equations  (l)  and  {2)  represeirt 
^ilaues  through  the  line  of  intersection  of  the  planes  of  the  given 
irjsteir. -if  ihese  intersect;  they  represent  planes  parallel  to  the 
giiven  plEiiss  if  these  are  parallel;  they  represent  the  same  plane 
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if  the  Qrigir:2uL  equations  did.     It  is  the  case  for  intersecting 
planes  that  -i3  studied  for  a  special  pair  of  equations  in  Section 
8-10.     (The  tsacner  is  urged  to  study  this  section,  even  if  it  is 
not  coverad       c  .ass,  to  gain  some  familiarity  with  these  ideas.) 

Exercise^,    t^-  ' .   ~  Answers  . 
1.     X  -  2y  -  5z  =  IC 


Intercept  3 :  ( 10 , 0 , Q ) 
(0,-5,0) 
(0,0,2) 

Z  =  1    Parallel  to  XY 

plane,. 


Z 


X  -2y+52=1Q' 


Line  of 
Intersection 


.515 
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3.      X  -  2y  +  52  =  10 
y  =  -2 


Z 

Line  of 
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5.    X  +  y  =  5 

X  +  y  +  z  =  10 


6.    3y  +  z  =  9 

X  +  4y  =  4 
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X  +  4y  =  4 

X  -  z    =  0  Z 
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10.     X  =^  -2 
z  =  4 

Line  of 


11.    X  +  2y  +  z  =  5 
-X  +  2y  +  z  =  5 


Z 
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12.    X  +  2y  +  z  =  8 
X  -  2y  =  0 


Z 


8-8.  Comments. 

In  Section  8-8  the  equations  we  obtain  represent  planes  through 
the  dine  of  Intersection  we  seek  to  describe.    Therefore  when  we 
use  the  new  equations  to  write  In  parametric  form  the  coordinates 
of  a  point  on  the  line  of  Intersection,  we  have  actually  described 
a  point  on  the  line  of  Intersection  of  the  given  planes  as  well  as 
on  the  line  of  Intersection  of  the  planes  represented  by  the  new 
equations. 
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X 

-2 

6 

14 

22 

y 

-2 

0 

2 

4 

z 

-7 

-5 

-3 

-1 

Exercise a    8-8.  -  Answers . 

1.  X  -  3y  -  z  =  11 
X  -  5y  +  z  =  1 

2x  -  8y  =  12 
-2y  +  2z  =  -10 
.  •  .     X  =  4y  +  6 
y  arbitrary 
z  =  y  -  5 

Check  by  substituting  in  given  equations. 
4y  +  6  -  3y  -  y  +  5  i  11 

4y  +  6  -  5y  +  y  -  5  ^  l 

2.  X  +  2y  -  z  =8, 
X  +  y  +  z  =0. 

y  -  2z=  8 
2x  +  3y  =  8 
. *.     X  =  I  (-3y  +  8) 
y  arbitrary 

z  =  |(y  -  8) 

Check  by  substituting  in  the  given  equations. 
-3y  +  8  +  4y  -  y  +  8  =  l6 
-3y  +  8  +  2y  +  y  -  8  i  0 


X 

4 

1 

-2 

-5 

y 

0 

2 

4 

6 

z 

-4 

-3 

-2 

-1 
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3.  x+y-z=5 
X  +  2y  +  z  =  0 
y  +  2si  =  -5 
2x  +  3y  =  5 

X  =  |(-3y  +  5) 

y  arbitrary 
5) 


5. 


i 


-I 


-3 


z  =  |(-y 


Check  by  substituting  in  the  given  equations 
-3y  +  5  +  2y  +  y  +  5  =  10 

9 

0 


3 

1 

i 

2 

2 

y 

0 

1 

2 

3 

z 

0 

0 

0 

0 

-3y  +5+%  -y  -  5= 

2x  +  Uy  -  5z  =  7 
4x  +  8y  -  5z  =  1^^ 
2x  +  4y  =  7 
z  =  0 

y  arbitrary 
jx  =  -  2y  +  J 

Check  by  substituting  in  the  given  equations. 

-4y  +  7  +  %  -  5(0)    =  7 

-8y  +  14  +  8y  -  5(0)  ^  l4 

-2x  +  y  +  3z  =  0, 
-4x  +  2y  +  6z  =  0. 

Since  the  second  equation  is  twice  the  first,  the  two 
planes  coincide.    Thus  there  is  no  line  of  intersection. 
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6. 


X 

-15 

0 

15 

30 

y 

-3 

0 

3 

6 

z 

-3 

1 

5 

9 

7. 


8. 


2x  +  6z  -  l8y  =  6 
X  -  3z  -  y  =  -3 
2x  -  lOy  =  0 
6z  -  By  =  6 
. • .    X  =  5y 

y  arbitrary 

z  =  ^(4y  +  3) 
Check  by  substituting  in  the  given  equations. 

lOy  +  8y  -f  6  -  l8y  I  6 
5y  "       -  3  -    y    ^  «3 

3x  -  4y  -f  2z  =  6 
6x  -  By  -f  4z  =  14. 

If  we  divide  both  members  of  the  second    equation  by  2, 
we  obtain 

3x  -  4y  -f  2z  =  7 

We  can  see  by  inspection  that  no  number  triple  can  be  in 
the  solution  set  of  both  these  equations.    Therefore  the 
corresponding  planes  have  no  point  in  common.    The  planes 
are  parallel. 


-5x  -f  4y  -f  8z  =  0 
-3x  -f  5y  +  15z  =  0 
13x  -f  20z  =:  0 
13y  -f  512  =  0 

20 

^  =  "  17^ 
z  arbitrary 

Check  by  substituting  in  the  given  equations 

100„       204     ,  o    ?  ^ 
-  +  8z  =  0 


X 

20 

0 

-20 

-40 

y 

51 

0 

-51 

-102 

z 

-13 

0 

13 

26 

1^^ 


■z  +  15z  =  0 
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9.    i^x  -  7y  +  6z  =  13, 
5x  +  6y  -..  z  =  7. 
-59y  +  34z  =  37 
34x  +  29y  =  55 

X  =  ^(-29y  +  55) 


X 

13 
17 

k2 
17 

3 

-  M 

y 

0 

1 

-1 

2 

z 

37 

k8 
If 

-11 
17 

y  arbitrary 

z  =  ^(59y  +  37) 

10.     -lOx  +  i^y  -  5z  =  20 
2x  -  ^y  +  z  = 

If  we  multiply  both  members  of  equation  2  by  -5,  we  obtain 

-lOx  +  4y  -  z  =  -20 

We  can  see  by  Inspection  that  no  number  triple  can  be  in 
the  solution  set  of  laoth  these  eqmstcions.    Therefore,  the 
corresponding  planes  have  no  poirt  In  common.    The  planes 
are  parallel. 


8-9.  Comments.    Application  of  tjie  Method  of  Elimination 

The  same  idea  dominates  Section  8-9.     Consider  an  example 
studied  there.    We  discussed  the  system  (Example  l) 

X  +  2y  -  3z  =  9 
2x  -  y  +  2z  =  -8 
-X  +  3y  -  4z  =  15 

and  converted  into  the  equivalent  system 

X  +  2y  -  3z  =  9 
5y  +  8z  =  -26 
z  =  -2 

by  repeated  application  of  exactly  the  same  technique  used  in 
Section  8-8:  selecting  two  of  our  equations  and  playing  them 
off  against  one  another  to  get  rid  of  variables  one  at  a  time. 
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Even  the  final  stage  of  the  discussion  of  Example  1  is  an  instance 
of  the  same  process.    We  arrive  eventually  at  the  system 

X  =  -1 
y  =  2 
z  =  -2 

by  subtracting  appropriate  multiples  of  the  last  equation  from  the 
first  two,  eliminating    z,  and  then  using  the  second  equation  to 
get    y    out  of  the  first.    This  leaves  us  with  the  last  system 
given  above  which  is  equivalent  to  the  original  system.    The  last 
system  is  so  extraordinarily  simple  that  we  can  read  uxx  its  sol-  ^ 
ution  set  at  a  glance. 

A  Systesatlc  Method  x^or  Studying  Thi^ee  Equations  inZThree  Variables 

Thenproblem  discussed  in  Section  8-9  is  the  most  complicated 
case  we  oionsider  with  three  variable.s--the  case  in  wnich  there 
are  as  niHmy  equations  as  variables.    Figure  8-9b  illustrates  the 
eight  essentially  different  configurations  formed  by-^three  planes 
in  space.     These  pictures  are  included  only  for  the±r  interest. 
If  is  not  important  at  this  point  that  the  student  understand  all 
the  details. 

With  three  planes  there  are  four  different  types  of  solution 
sets  (there  were  only  three  in  the  case  of  two  planes): 

1.  The  empty  set  3.     A  line 

2.  A  single  point  4.    A  plane 

The  main  business  of  Section  8-9  is  the  presentation  of  a  systema-- 
tic  algebraic  method  for  determining  everything  there  is  to  know 
about  systems  of  first  degree  equations:     whether  there  are  any 
solutioias  and  how  to  find  all  of  them.    This  method,  "elimination", 
is  appliicable  to  systems  having  any  number  of  equations  and  any 
number  of  variables.    It  is  spelled  out  in  detail  only  for  three 
equations  in  three  variables,  since  this  case  is  probably  the 
smallest  one  complicated  enough  to  be  of  any  real  interest. 
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Restricting  ourselves  to  this  case,  we  give  examples  to  illustrate 
the  application  of  the  method  not  only  to  the  type  of  system  in 
which  the  solution  set  consists  of  a  single  number  triple,  but 
also  to  several  types  in  which  the  systems  are  inconsistent  or 
dependent . 

This  method  (sometimes  called  triangi.aation)  is  attributed  to 
Gauss  (1777-1855),  the  greatest  mathematician  since  Newton.  It 
gives  the  student  the  basic  point  of  view  he  will  need  if  he  goes 
on  to  work  in  a  large  computing  center.    Its  popularity  reflects 
the  facr  that  it  gives  an  orderly  procedure  for  handling  systems 
of  linear  equations  v/hich,  for  many  important  cases,  involves 
3ubstar;-ially  fewer  arithmetic  operations  than  other  methods. 
Using  :tr.is  method,  we  have  the  system  essentially  solved  by  the 
time  w&  discover  whether  or  not  the  solution  is  unique. 


Relation  of  Method  of.  Elimination  to  Cramer's  Rule. 

Those  familiar  with  Cramer's  rule  (this  is  discussed  in  many 
of  the  older  texts  on  College  Algebra;  it  is  usually  not  included 
in  the  newer  texts)  may  be  interested  in  its  relation  to  the  method 
of  Gauss  that  we  have  presented.    Observe  first  that,  if  the  given 
equations  are 

A^x  +  B^y  +  C^z  = 

AgX     +      Bgy      +      CgZ  = 

A3X  +  Bgy  +  C3Z  =  D3 
then  our  "triangu.lation"  method  replaces  the  given  system  by 

A,x  +  B,y  +  C,z  =  D 


A,B^ 

Vi 

A,D^ 

AgBg 

y  + 

AgCg 

z  = 

AgDg 

A,B^ 

A,C^ 

^1^1 

y  + 

V3 

z  = 

^3^3 
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and  then  by 


D 

A,D, 

y  + 

V2 

z  = 

A2D2 

A,B, 
A2B2 


A2C2 


A,C, 


z  = 


A^B, 
A2B2 


A3B3 


The  last  equation  can  be  shovm  to  be  equivalent  to 


A,B^C^ 
A2B2C2 

^3^3°3 


z  =  A, 


A,B^D^ 
A2B2D2 
A3B3D3 


A,D, 
A3D3 


This  Is  one  of  the  equations  derived  by  applying  Cramer's  rule. 
But  for  practical  computing,  the  "ellmlnatlOiV'  or  "trlangulatlon" 
method  has  the  great  advantage  that  the  nature  of  the  solution 
becomes  clear  at  this  point;  If  It  Is  unique,  we  find  the  solu- 
tion with  a  minimum  of  additional  computation.    The  mastery  of 
this  method  should  be  a  principal  objective  in  teaching  the  chapter 


Exercises  8-9.  -  Answers 

1.  (3,  5) 

2.  (2,  3,  3) 

3.  (2,   -1,  1) 
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4.  The  three  planes  have  a  lir.==-  in  common.    The  solution  set  . 
is  an  infinite  set  of  tripii=3  corresponding  to  the  points 
on  this  line,  and  described  by  the  equations. 

X  =  3~  +  5 
y  =  22  +  4 
z  arbitrary 

5.  (1,  -1,  1) 

6.  (1,  -1,  2) 

7.  The  three  planes  coincide.    The  solution  set  is  an  infinite 
set  of. triples  corresponding  to  all  the  points  in  the  plane, 

8.  (-1,  -2,  3) 

9.  The  system  is  inconsistent.    The  solution  set  is  empty. 

10.  The  three  planes  have  a  line  in  common.  The  solution  set 
is  an  infinite  set  of  triples  corresponding  to  the  points 
on  this  lint^,  .tad  describ=?.d  by  the  equations, 

X  =  2z 
y  = 

z  arbitrary 

11.  (4,  6,  3) 

12.  (1,  2,  -1) 

13.  The  system  is  inconsistent.    The  solution  set  is  empty. 

14.  The  system  is  inconsistent.    The  solution  set  is  empty. 

15.  |>  1) 

16.  The  three  planes  have  a  line  in  common.     (The  second  equa- 
tion represents  the  same  plane  as  the  first  equation.) 
The  solution  set  is  an  infinite  set  of  triples  correspond- 
ing to  the  points  on  this  line,  and  described  by  the 
equations, 

X  =  I  -  y 
y  arbitrary 


3 
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17.  (|,  |,  3) 

18.  The  three  planes  have  a  line  In  common.  The  solution  set 
Is  an  Infinite  set  of  triples  corresponding  to  the  points 
on  this  line,  and  described  by  the  equations, 

X  =  i(-7z  +  17) 

y  =  -1(2  -  1) 
z  arbitrary 

19.  -  f,  |) 

20.  The  three  planes  have  a  line  in  common.    The  solution 
set  is  an  infinite  set  of  triples  corresponding  to  the 
points  on  this  line,  and  described  by  the  equations, 

X  -  -  i(6z  -  5) 

y  -  -f  i(l6z  -  11) 
z  arbitrary 

21.  The  three  planes  have  a  line  in  common.  The  solution  set 
is  an  infinite  set  of  triples  corresponding  to  the  points 
on  this  line,  and  described  by  the  equations, 

X  =  i("Z  +2) 

y  =  i(-5z  +  17) 

z  ^  arbitrary 

22.  The  three  planes  have  a  3ine  in  common.    The  solution 
set  is  an  infinite  set  of  triples  corresponding  to  the 
points  on  this  line,  and  described  by  the  equations, 

X  =  -7z  -  10 
y  =  -5z  -  6 
z  arbitrary 
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Vitamin  Content 
ABC 


I 
II 
III 


1 
2 

3 


3 
3 
0 


4 

5 
3 


Requirements  11  9  20 
If  we  buy    x    units  of    I,  y 

X  +  2y  +  3z  =  11, 

3x  +  3y  =    9,  or 

4x  +  5y  +  3z  =  20; 

Eliminate  x: 

X  +  2y  +  3z  =  11, 

. -y  -3z  =  -8, 

-  3y  -  9z  =  -24; 


of    II,    z  of  III,  we  want 
X  +  2y  +  3z  =  11, 
X  +  y  =  3, 
4x  +  5y  +  3z  =  20. 


or 


X  +  2y  +  3z  =  11, 
y  +  3z  =  8, 
y  +  3z  =  8. 

Answer  for  (a):    No--Our  conditions  are  dependent, 
for  (b):     Consider  the  system, 

X  +  2y  +  3z  =  11, 

y  +  3z  =  8, 

6x  +  y  +  z  =  10. 
Eliminate  x:  x  +  2y  +  3z  =  11, 

y  +  3z  =  8, 
lly  +  17z  =  56. 

Eliminate  y:  x  +  2y  +  3z  =  11, 

y  +  3z  -  8, 

l6z  =  32. 

Thus  z  =  2,  y  =  8  -  3z  =  2,  X  -  11  -  2y  -  3z  =  1 
Answer  for  (b):    Yes.    1  unit  of  I  and  2  each  of  II, III 
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X  +  y  -  5  =  0, 
-X  +  3z  -2  =  0, 
x+  2y  +  z  -  1  =  0, 
y  +  z  +  4  =  0. 

Suppose  we  apply  the  standard  procedure  given  in  Section 
8-9,  if  only  to  see  what  happens.    We  eliminate    x  by 
subtracting  appropriate  multiples  of  the  first  equation 
from  others: 

X  +  y  -  5  =  0, 
y  +  3z  -  7  =  0, 
y  +  z  +  4  =  0, 
■      y  +  z  +  4  =  0. 
We  have  found  that,  in  our  original  system,  the  first,  third 
and  fourth  equations  are  dependent;  indeed 

X  +  y  -  5  =  l(x  +  2y  +  z  -  l)  -  l(y  +  z  +  4). 

These  three  therefore  all  meet  in  a  line.    Since  we  were 
p;lven  the  fact  that  the  system  has  only  one  solution  triple, 
this  line  must  pierce  the  second  plane  in  a  single  point. 
Hence  any  one  of  the  four  equations  except  for  the  second 
may  be  omitted,  the  line  being  determined  by  any  pair  of 
the  three  planes  containing  it. 
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Exercises  8-10.  -  Answers. 

1.     (a)    a(x  +  2)  +  b(z  -  4) =  0 
a  =  1,  b  =  1; 
X  +  z  -  2  =  0 


x  =  -2- 


z=4 


x+y-  2=0 


(b)    a(y+  4)  +  b(z-  5)  =  0 
a  =  1,  b  =  1; 
y  +  z  -  1  =  0 


z=5- 


y=-4 


f 

-x+  z-1 

V  yy 

2.     (a)     a(x  +  2y  -  3z)  +  b(x  -  y  +  z  -  1)  =  0 
Substituting  (l,  2,  l)     for     (x,  y,  z); 
a(l  +  4  -  3)  +  b(l  -  2  +  1  -  l)  =  6 


2a  -  b  =  0 


b  »  2a 


Take    a  =  1,  b  =  2; 

(x  +  2  y  -  3z)  +  2  (x  -  y  +  z  -  1)  =  0 
or    3x  -  z  =  2 
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(b)  a(2y  -  3z  -  2)    +  b(x  +  y  +  z)  =  0 
Substituting    (3,  -1,  O)    for     (x,  y,  z): 
a(-2  +  0  -  2)  +  b(3      1  +  0)  =  0 

-4a  +  2b  =  0 
2a  =  b 
Take  a  =  1,  b  =  2 
(2y  -  3z  -  2)  4-  2(x  +  y  +  z)  =  0 

2x+4y-.z-2  =  0 

(c)  a(x  +  z)  +  b(2x  -y+z-8)=0 
Substituting  (0,0,0)    for     (x,  y,  z): 

-8b  =  0     ;     b  =  0. 
The  equation  is    x  +  z  =  0. 

This  shows  that  the  plane  represented  by  the  first 
equation  is  the  only  plane  through  the  given  line  of 
intersection  that  also  passes  through'the  origin. 

(d)  a(2x  -  y  +  z  -  3)  +  b(x  -  3y  +  4)  =  0 
Substituting  (2,2,1)    for  (x,y,z) 
a(4  -  2  +  1  -  3)  +  b(2  -  6  +  4)  =  0 

0-0 

For  all  values  of    a    and    b    the  plane 

a(2x  -  y  +  z  -  3)  +  b(x  -  3y  +  4)  =^  0 

passes  through  the  point  (2,2,1).     This  is  because 
the  given  point  lies  on  the  line  of  intersection  of 
the  given  planes. 
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*3.     Since  the  second  equation  can  be  written 

3(2x  -  .y  +  3z)  =  5, 
It  is  clear  that  any  triple  In  the  solution  set  of  the  first 
equation  (and  therefore  reducing  the  parenthesis  to  l) 
will  not  be  In  the.  solution  set  of  the  second  equation. 
Similarly  for  any  triple  in  the  solution  set  of  the  second 
equation.    Thus  the  planes  have  no  point  in  conmon  and  are 
parallel . 

The  equation  8-lOe 

a(2x  -  y  +  3z  -  1)  +  b(6x  -  3y  +  9z  -  5)  =  0 
can  be  written 

(a  +  3b)  (2x  -  y  +  3z)  +  (-a  -  5b)  =  0 

If  this  plane  passes  through  a.  point  on  the  first  plane, 
we  knovf  that 
2x  -  y  +  3z  =  1 

Therefore  a+3b-a-5b=0, 

-  2b  =  0 
b  =  0 

Thus,  any  plane  represented  by  (8-lOe)  that  passes  through 
a  point  in  the  first  plane  must  coincide  vflth  the  first 
plane.     Similarly,  if  a  plane  represented  by  (8-lOe) 
passes  through  a  point  of  the  second  plane,  vje  have 

(a  +  3b)  (f)  +  (-a  -  5b)  =  0 

2a  =  0 
a  =  0 

Therefore  the  plane  coincides  with  the  second  plane. 

We  conclude  that  if  a  /  0    and    b  /  0,  any  plane 
represented  by  (8-lOe)  has  no  point  in  common  with  either 
of  the  given  planes.    It. is  therefore  parallel  to  these 
planes. 
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z-4=0 

Line  of 
Intersection 


(3^0,4) 


•^4.    a(x  +  y  -  3)  +  b(z  -  4)  =  0 

Substituting  (1,-1,1)  for  x,y,z 

a(-3)  +  b(-3)  =  0;  a  =  -b. 
Take    a  -  1,  b  =  -1 

x  +  y-  z  +  l  =  0 
The  trace  of  this  plane 
In  the    XZ    plane  Is 
X  -  z  +  1  =  0.  This  line 
Intersects  the    XZ  trace 
of 

X  +  y  -  3  =  0 
which  Is    X  -  3  =  0.  The 
point  of  Intersection  Is 
(3,0,4).     Similarly  the  trace 

of  the  plane,  x+y-z+l=0.  In  the    YZ    plane  Inter- 
sects the  trace  of    x+y-3=0    In  the    YZ    plane  In 
the  point  (0,3,4).    These  points  are  both  In  the  plane 
z  =  4.    Thus  the  line  joining  these  2  points  Is  the  line 
of  Intersection  of  the  three  planes. 


x+  y-2+  1  =  0 


Exercises  8-11 .    Miscellaneous  Exercises  -  Answers. 

1.  The  niomber  Is  364. 

2.  3x  +  4y  +  5z  =  a, 
4x  +  5y  +  6z  =  b, 
5x  +  6y  +  7z  =  c. 

Eliminate  x:     3x  +  4y  +  5z  =  a, 

y  +  z  =  4a  -  3b, 

2y  +  2z  =  5a  -  3c. 

Condition:     5a  -  3c  =  2(4a  -  3b) 
or    a  +  c  =  2b 

3.    The  nximber  is    456    or  654. 
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4.  $6500,  $1300,  $2200. 

X  =  -  2y  +  7 

5.  a  =  7j  the  line  Is  given  t>y     y  aJ^^ltrary 

2  =  y  -  1 

6.  5  cu.  yds.,  6  cu.  yds.,  8  cu.  yds. 

7.  12  dimes,  8  nickels,  20  pennif?^. 

8.  75  units,  80  units,  50  units. 

9.  12  days,  8  days,  6  days. 

10.  8  hours,  4  hours,  8  hours, 

11.  AS  =  AR  =  h^}  BS  =  BT  =:  ^}         =  CR  =  2^ 

12.  y  =  -x^  -f  2x  +  4 

13.  y  =  3x^  +  2x  -  1 

14.  160  "elementary  school  pupils 

8o    high  school  pupils 
8o  adults 

15.  K  =  -8;  A  =  50,  B  =  0 

16.  Rewrite  the  given  equation 

as 

w^(T  -  A)  +  W2(Q  -  A)  +  WgCE  ^  A)  =  0. 

Using  the  table  of  scores  we  .-.onstruct  the  following  table; 


T  -  A 

Q  -  A 

E  -  A 

Prank 

-4 

-4 

4 

Joyce 

-2 

18 

-6 

Eunice 

3 

-17 

5 

from  which  we  write  our  system 
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W-|^      +     Wg      -  =  0, 

3w^  -  ITWg  +  5W3  0. 

Eliminate  x; 

[w^]         +  Wg  -  W3  =^  0, 

-lOWg  +  0, 

-2OW2  +  8W3  =^  0. 

Each  of  the  last  two  equations  reduces  to 

-  2W3  =^  0 

2  3 
So  Wg  =  and         =  Wg  ^  Wg  =  . 

(Equivalently,  w^:    Wgt    v;^  =  3:2:5) 
For         +  Wg  +       =  1,  we  ob.x\  write 

or 

IOW3  =  5    30    W3  -  0.5,  Wg  =^  0.2,  w^  =  0.3. 

Let  a  =  niomber  of  air  mail  stsunps  purchased 
f  =  niomber  of  4  cen^  ststmps  purchased 
s  =  niomber  of  one  cen"*^  stamps  purchased 

.07a  +  .O^f  +  .01s  =  10  , 

a  =  2f 

observe  that  there  are  only    2    equations  in    3  unknowns. 
However,     s    must  be  an  in^^ger  less  than    18  (the  price  of 
one    4    cent  stamp  and    2    9-lr  mail  stamps)  since  only 
the  change  is  spent  for    1    cent  stamps. 
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Substituting    a  -  2f  in 

7a  +  i|-f  +  s  =  1000 

we  have    l8f  +  s  =  1000 

s  =  1000  -  l8f 

f  =  55  is, the  largest  integral  value  that  leaves  s 
positive .  Therefore 

f  =  55,  s  =  10,  a  =  110 

Note  that  the  problem  can  be  solved  simply  by  observing 
that  we  are  to  buy  the  largest  nximber  possible  of  l8 
cent  mits  consisting  of    2    air  mail  and    1    four  cent 
stamp),  and  spend  the  change  on    1    cent  stamps. 

iB,     Actual  score  Is    8l.     Reported  score  is    63.     Par  is  60. 

*19,     If    A,  B,  C,  D    are  the  coefficients  of  our  desired  plane, 

Ax+By+Cz+D=0, 

we  obtain  three  equations  for  the  four  "unknowns"    A,  B, 
C,  D    by  demanding  that  the  coordinates  of  the  three  given 
points  shall  satisfy  this  equation: 

A- (-1)  +  D  =  0, 

A-1  +  B-(-l)  +  D  =  0, 

A- (-1)  +  B-3  +  C-2  +  D  =  0; 

or  -A  +  D  =  0, 

A  -  B  +  D  =  0, 

-A  +  3B  +  2C  +  D  =  0, 

Eliminating    A    from  the  second  and  third: 

-A  +  D  =  0 

-B  +  2D  =  0, 

3B  +  2C  =  0. 
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Eliminating    B    from  the  third: 

-A  +  D  -  0, 

-B  +  2D  =  0, 

2C  +  6D  =  0. 

Hence  A  =  D,  B  =  2D,  C  =  -3D, 

an  answer  being    x+2y-3z+l=0  (D=l) 

Since  any  other  choice  of    D    will  give  an  equation  with 
coefficients  proportional  to  these,  only  one  plane,  is 
determined. 

20.     A.     (a)  Ag  +  (b)  HNO3  — >(c)  Ag  NO3  +  (d)  NO  +  (e)  H,^0 

Ag:a  =  c;  H:b  =  2e;  N:b  =  c  +  d;  0:3b  =  3c  +  d  +  e 
-    3Ag  +  4HNO3  — >3AgN03  +  NO  +  2H2O 

B.  (a)  AUCI3  +  (b)  KI->(c)  AuCl  +  (d)  KCl  +  (e)  1^ 

Au:a  =  c;  Cl:3a  =  c  +  d;  K:b  =  dj  I:b  =  2e 
AUCI3  +  2KI  — »AuCl  +  2KC1  +  I2 

C.  (a)  HNO3  +  (b)  HI— >(c)  NO  +  (d)  1^  +  (e)  E^O 

H:a  +  b  =  2e;  N:a  =  c;  0:3a  =  c  +  e;  I:b  =  2d 
2HNO3  +  6hI  — *  2N0  +         +  4H2O 

D.  (a)  Mn02  +  (b)  HCl — s>(c)  MnCl2  +  (d)  CI2  +  (e)  H2O 

iyin:a  =  c;  0:2a  =  e;  H:b  =  2e;  Cl:b  =  2c  +  2d 
Mn02  +  ^HCl — >  MnCl2  +  CI2  +  2H2O 

E.  (a)  Cr(0H)3  +  (b)  NaOH  +  (c)  H2O2  — >  (d)  Na2Cr0i^  +  (e)  H2O 
Cr:a  =  d;  0:3a  +  b  +  2c  =  4d  +  e;  H:3a  +  b  +  2c  =  2e; 
Na:b  =  2d 

2Cr(0H)3  +  UNaOH  +  3H2O2 — >  2Na2Cr0i,^  +  8H2O 
[pages  kk2-kk3] 
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Illustrative  Test  Questions 


Part  I:     Multiple  Choice. 

Directions;     Select  the  response  which  best  completes  the 
the  statement  or  answers  the  question. 

1.  The  set  of  points  in  space  equidistant  from  two  given  points 
is 

(a)  a  cylinder. 

(b)  a  plane. 

'(c)  a  straight  line. 

(d)  the  midpoint  of  the  line  segment  which  Joins  the  two 
points. 

(e)  two  parallel  straight  lines. 

2.  The  point  whose  coordinates  are     (4,0,4)  is 
(a)  A. 

'  (b)  B. 


(c)  C. 

(d)  D, 

(e)  E. 


4->y 


Which  of  the  following  is  an  ordered  triple  of  real  numbers 
that  corresponas  to  a  point  in  the  xz-plane 

(a)  (0,2,0).  (d)  (2,3,2) 

(b)  (0,3,-2).  (e)  (-2,0,3) 

(c)  (3,2,0). 
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4.  The  distance  between  the  points  (2,3,4)    and    (4,3,2)  is 

(a)  0.  (d)  8.. 

(b)  4.  (e)  372". 

(c)  2/2: 

5.  Which  one  of  the  following  points  is     5    units  from  the 
origin? 

(a)  (-4,3,0).  (d)     (^2,73",  0). 

(b)  (1,2,0).  (e)  (5,3,4). 

(c)  (^/2,  1,^2). 

6.  The  equation    ax  -f  by  -f  cz  +  d  =  0,  where  a,  b,  c,  d  are 
real  constants,  represents  a  plane  if  and  only  if 

(a)  all  four  constants  are  different  from  zero. 

(b)  d  /  0. 

•(c)    a,  b,  c    are  all  different  from  zero. 

(d)  at  least  one  'of  the  constants  a,  b,  c,  is  different 
f  roin....zero . 

(e)  at  least  one  of  the  constants  a,  b,  c,  d,  is  different 
from  zero. 

7.  Which  of  the  following  statements  about  the  plane  whose 
equation  is    x-fy-fz  =  0    is  not  true? 

(a)  It  is  the  perpendicular  bisector  of  the  line  segment 
joining  (l,l,l)    and  (-1,-1,-1). 

(b)  It  passes  through  the  origin. 

(c)  It  contains  the  point  (0,1, -l) 

(d)  It  intersects  the  xy-plane  in  the  line    x  +  y  =  0. 

(e)  It  intersects  the  z-axis  in  the  point  (l,-l,0) 
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The  set  of  points  in  space  defined  by  the  equation  y  =  5  is 

(a)  a  plane  parallel  to  the  y-axis. 

(b)  a  plane  perpendicular  to  the  y-axis. 

(c)  a  plane  containing  the  y-axis. 

(d)  a  line  intersecting  the  y-axis. 

(e)  a  point  on  the  y-axis. 

What  is  the  equation  of  the  plane  -whose  graph  is  sketched 
at  the  right?  ^ 

(a)  X  +  y  =  3. 

(b)  X  +  y  -  z  =  3. 

(c)  -x-y+z=3. 

(d)  X  -  y  +  z  =  3. 

(e) '    x-y-z  =  3. 
V/hlch  one  of  the  following  points  lies  in  the  plane  whose 
equation  is    x  -  2y  =  6? 

(a)  (0,-3,9).  (d)  (0,3,-6). 

(b)  (2,2,7).  (e)  (12,-3,6). 

(c)  (0,6,0). 

The  solution  set  of  the  equation    px  -f  qy  +  rz  =  0  contains 

the  element 

(a)  (p,q,-r).       ^  (d)  (0,r,q). 

(b)  (r,-p,q).  (e)  (r,0,-p). 

(c)  (0,0, r). 
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12*    Which  of  the  following  number  triples  is  in  the  solution 

0.    ^  4-1.         4-  -2y  +  z  =  4  „ 

set  of  the  system  W  2 

I.  (2,0,2). 
II.  (0,-2,0). 
III.  (4,1,2). 

(a)  I.  only  (c)    III.  only  (e)  I.,  II.    and  III 

(b)  II.     only     (d)     I.  and  III.  only 

13.  How  many  number  triples  are  in  the  solution  set  of  three 
equations  which  represent  three  coincident  planes? 

(a)  0  (d)  3 

(b)  1  (e)  Infinitely  many 

(c)  2 

14.  The  trace  of  the  graph  of  the  equation    x  -  2y  +  2  =  5  in 
the  xy-plane  is 

(a)  -2y  +  z  -  5.  (d)  X  -  2y  =  0. 

(b)  X  -  2y  =  5.  '     (e)  X  +  z  =  0. 

(c)  X  +  z  =  5. 

15.  The  trace  ox'  the  graph  of  the  equation    ax  +  by  +  cz  =  d 
in  the  xz-plane  is  given  by 

(a)  by  =  d.  (d)  x  +  z  =  ^  ^  ^  > 

(b)  +  by  +  cz  =  d.  ^^^g  ^^^.^3^ 

(c)  ax  +  cz  =  0. 

i 

16.  Which  of  the  following  represents  a  straight  line  in  a 
three  dimensional  coordinate  system? 

(^)  [yZllW  (Ofx  =  o'  (e)    x  =  3 

fb)  /  X  +  y  =  6 
I  X  +  y  =  7 


y  =  0 

2=0 


(d)    X  =  y 
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5^0 


17. 


i8. 


19. 


In  each  of  the  following  systems  the  three  equations  re- 
present three  planes.     In  which  system  do  the  three  planes 
Intersect  In  a  line? 

(a) 


(b) 


(c) 


(e) 


X 
X 


2y  =  0 
2y  =  4 
z  -  5 


X  +  y  +  z  =  4 
2x  +  2y  +  2z  =  8 
3x  +  3y  +  3z  =  12 


Which  statement  is  true  of  the  solution  set  of  the  follow- 
ing system  of  equations? 

/  3x  -  y  +  2z  =  6 
i  6x  -  2y  +  ^z  =  7 

(a)  The  solution  set  has  an  infinite  nimber  of  elements. 

(b)  The  graph  of  the  solution  set  is  a  straight  line. 

(c)  The  solution  set  is  empty. 

(d)  The  solution  set  contains  exactly  one  element. 

(e)  None  of  the  above  statements  is  true. 

Which  one  of  the  following  systems  of  equations  represents 
a  pair  of  parallel  planes? 


(a) 
(b) 
(c) 


4z 
3z 


/2x  +  3y  + 
\  X  +  2y  + 

{ 

/2x  -  3y  -  4z 
1  2x  -  6y  -  8z 


2x  +  3y  -  4z 
2x  +  3y  +  4z 


=  0 
=  0 


=  1 


=  3 


(e) 


/  2x  + 
\4x  + 


3y 
6y 


4z  =  2 
8z  =  2 
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20. 


21. 


The  solution  set  of  the  system  ^ 


X  +  y  +  z  =  2 

3x  -  3y  +  3z  =  9 
X  +  y  -  z  =  6 


(a)  is  empty, 

(b)  contains  a  single  niiinber  triple, 

(c)  contains  an  infinite  set  of  number  triples  which 
correspond  to  points  of  a  straight  line. 

(d)  contains  an  infinite  set  of  number  triples  which 
correspond  to  points  of  a  plane. 

(e)  contains  exactly  three  nmber  triples, 

Vmat  is  thtj  solution  set  of  the 
following  system? 

(a)  (-1,3,2).  (d) 

(b)  (1,-3,6).  (e) 

(c)  (5,-3,2). 


(5,-3,-4). 
(-5,-3,12). 


Part  II:  Problems. 

22.  If  the  X,  y,  and  .  z  axes 
are  chosen  as  shown  in  the 
figure,  what  triple  of  real 
niombers  (x,y, z)    are  the 
coordinates  of  P? 

23.  Find  the  distance  between 
the  points     (3,4,2)  and 
(-3,4,0). 

24 4    Find  an  equation  for  the 

locus  of  points  equidistant 

from  the  points  (2,4,-1)    and  (0,5,6). 

25.    Make  a  free-hand  drawing  of  the  graphs  of  the  following 
equations  in  a  three  dimensional  coordinate)  system. 

(a)    X  -f  y  =  2.  (b)    3x  +  y  +  2z  =  6. 


If  the  planes  whose  equations  are  given  in  the  following 
system  intersect  in  a  line,  express  two  of  the  variables 
of  the  solution  set  in  terms  of  the  third  variable.  If 
the  planes  do  not  intersect  in  a  line,  describe  their 
position  with  respect  to  each  other. 


Find  the  solution  .set  of  ^he  following  system  of  equations 


Find  a  three  digit  nxomber  such  that  the  svxa  of  the  digits 
is    19;  the  sxom  of  the  hundreds  digit  and  the  units  digit 
is  one  more  than  the  tens  digit,  and  the  hundreds  digit 
is  four  more  than  the  units  digit. 

Three  tractors.  A,  B,     and    C,  working  together  can  plow 
a  field  in    8    days.    Tractors    A    and    B    can  do  the 
work  in    1^    days.     Tractor    A    can  plow  the  entire  field 
in  naif  the  time  that  it  takes  Tractor    C.    Write  a  system 
of  equations  which  could  be  solved  to  find  the  number  of 
days  it  would  take  each  tractor  to  do  the  work  alone. 
(You  need  not  solve  the  system) . 

Give  the  coordinates  of  the  point  which  is  symmetric  to 
the  point     (1,-2,3)    with  respect  to 

(a)  the  origin.  (e)  the  yz-plane 

(b)  the  X-axis  (f)  the  zx-plane 

(c)  the  y-axis  (g)  the  xy-plane 

(d)  the  z-axis 


X  +  3y  -  2z 
X  -  2y  +  z 


^  6 


!2x  -  4y  +  3z  -  IT 
'    X  +  2y  -  z  =  0 
4x  -  y  -  z  =^  6 


548 


Answers  to  Illustrative  Test  Questions 


Part  I 

Multiple  Choice: 

1. 

B 

12. 

D 

2. 

C 

13. 

E 

3. 

E 

14. 

B 

4. 

C 

15. 

B 

5. 

A  ^ 

16. 

A 

6. 

D 

17. 

B 

7. 

E 

18. 

c 

8. 

B 

19. 

D 

9. 

B 

20. 

B 

10. 

A 

21. 

C 

11. 

E 

Part  II 

Problems: 

22. 

(3,4,-2) 

23^ 

2710 

24. 

2x  -  y  -  7z  +  15  =  0 

25. 

(a) 

(b) 
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ERIC 
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ERIC 


26. 


X 


y  = 


z  +  24 


3z  +  2 


27.  (3,1,5) 

28.  793. 


29. 


A      B  ^  C  F 


A 

1 
A 


2 
C 


30.   (a)  (-1,2,-3) 

(b)  (1,2,-3) 

(c)  (-1.-2,-3) 

(d)  (-1,2,3) 


or 


or 


3x  -  14 
5x  -  24 

y  +  14 

5y  -  2 
3 


(e)  (-1,-2,3) 

(f)  (1,2,3) 

(g)  (1,-2,-3) 
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